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TOM TAT

Trong bai bdo nay, cdc diéu kién t6i wu can va dii cho bai todn t6i
wu diéu khién mo voi nhiéu bien phu thuéc da dwoc nghién ciiu
bang cach sir dung dao ham granular. Trueoc tién, diéu kién can toi
wu dung cach tiep can dao ham theo huong dwoc khao sat. Tiep
theo, diéu kién du toi wu dwoc thiet Idp bang cach s dung cdc gia
thiet loi. Tinh thiet yeu cua diéu kién du, it duoc khao sdt trong cdc
bai bao vé toi wu diéu khién mo trucc day, dwoc minh hoa thong
qua mot vi du chi tiet. Cuoi cung, mot mo hinh vung dung cho bai
todn dieu khién mo theo sat quy dao dwoc trinh bay.

Tir khéa: Gia thiét 16i, bai todn t6i uu diéu khién mo, bai todn diéu
khién mo theo sat quy dao, dao ham granular, diéu kién toi vu
ABSTRACT

In this paper, we investigate the necessary and sufficient optimality
conditions for the fuzzy optimal control problem with several
dependent variables via granular derivatives. By using the
directional derivative approach, we first examine the necessary
optimality condition. Then, the sufficient condition is established
under convex assumptions. To emphasize the significance of the
sufficient condition, which has received limited attention in
previous fuzzy control optimization studies, a detailed example is
provided. Finally, an application model for the fuzzy tracking
problem is presented.

Keywords: Convexity, fuzzy optimal control problems, fuzzy
tracking problem, granular derivatives, optimality conditions

1. MO PAU

Bai toan toi uru diéu khién hay diéu khién t&i uvu
(optimal control problem) 1a mot bai toan quan trong
trong cac bai toan tdi wu hoa. Trong truong hop mot
bién, bai toan téi wu didu khién thay ham van téc
x(t) = v(t) trong bai toan toi uu héa bién phan
(variational problem) ciia mét chuyén dong x =

x(t) bang mot ham van téc dang x(t) =
g(x(t),u(t),t); trong 6, u(t) 1a ham diéu khién.
Khi d6, nghiém ti wu trong bai toan t6i wu hoa bién
phan ciia mot chuyén dong x = x(t) c6 thé xem la
quy dao chuyén dong t6i wu theo cic quy luat tir
nhién; con nghiém t5i vu cia bai toan tdi uu diéu
khién 14 quy dao chuyén dong tdi wu khi co sy diéu
khién cta con ngudi boi ham diéu khién u = u(t).
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Céc kién thirc co ban cua bai toan t6i wu diéu khién
va bai toan t6i uu hoa bién phan c¢6 thé tham khao
trong cac sach (Hestenes, 1966; Seierstad &
Sydsaeter, 1986; Lewis et al., 2012). Trong cac bai
toan tdi wu hoa, c6 nhiéu yéu t6 dan dén sy thiéu
chinh xac trong dit li¢u (Bellman & Zadeh, 1970)
chang han nhu cac yéu t6 anh huong ciia moi truong
bén ngoai gdm c6 nhiét do, ap suat, thoi tiét, cac yéu
t6 sai s6 do do dac, cac yéu té thiéu chinh xac trong
qua trinh 1dy ¥ kién khao sat. Bé xac dinh nghiém
toi wu chinh x4c hon, céc bai toan téi wu héa bién
phan va téi wu diéu khién dugc mo rong thanh cac
bai toan tdi uru hoa diéu khién dang thoi gian lién tuc
gi4 tri khoang (Tung & Tam, 2022), bai toan ti uu
hoéa bién phan mo (Farhadinia, 2011; Tung & Tam,
2023; Bohner et al., 2025; Le et al., 2025) hay cac
bai toan téi wu diéu khién md (Najariyan & Zhao,
2017; Dong et al., 2020; Treantd, 2022). Trong thoi
gian gan day, mot cach biéu dién méi cho s6 mo sir
dung ham thudc dang khong gian dugc dé xuit boi
Piegat and Landowski (2015). Céc biéu dién nay c6
mét s6 loi thé hon so véi cac dang dao ham theo tap
mirc hay dao ham Hukuhara trong mét sb truong
hop, do khong phai chia bai toan thanh nhidu bai
toan theo cac trudong hop biéu dién cua sé mo. Nhidu
két qua gin day da st dung cach biéu dién nay va
thu duoc nhidu két qua méi trong phuong trinh vi
phan mo (Son et al., 2019), h¢ dong lyc mo (Truong
et al., 2025), bai toan t6i wu diéu khién phan sé mo
(Najariyan & Zhao, 2017; Dong et al., 2020), mo
hinh quan ly kho hang m¢ (Khatua et al., 2021). Cac
diéu kién t6i uru 1a mot trong cac diéu kién thlet yéu
trong vi¢c tim nghiém chinh xac cua bai toan t6i wu
diéu khién mo cling nhu xdy dyng cdc thuat toan aé
tim nghiém xap xi. Diéu kién can t6i wu cho bai toan
tdi wu didu khién mo mot bién su dung ham thudc
dang khong gian da duogc khdo sat trong (Mustafa et
al., 2021). Tuy nhién, diéu kién can tdi wu cho tbi uu
diéu khién mo nhiéu bién chua duoc khao sat. Hon
nira, hau hét cac két qua vé diéu kién t6i uu cho bai
toan t6i wu diéu khién mo trude day nhu (Najariyan
& Zhao, 2017; Fard et al., 2018; Dong et al., 2020;
Khatua et al., 2021; Mustafa et al., 2021) chi 1a diéu
kién can, va rat it cac bai bdo khao sat diéu kién du
t6i wu. Dua trén nhirng phan tich trén, diéu kién can
va diéu kién du tdi vu cho bai toan tdi ru md nhiéu
bién phu thudce dugce khao sat trong bai bao nay. Mot
vi du chi tiét cling duogc trinh bay dé minh hoa cho
tinh can thiét cua didu kién du tdi wu. Ngoai ra, mot
mo hinh tmg dung cho bai toan diéu khién mo theo
sat quy dao dugc trinh bay.
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2. KIEN THUC CHUAN BI

Trong bai bao nay, ki hi¢u K, 1a 16p cua tat ca
cac khoang dong va bi chan trong R. Tap hop A
duoc xac dinh boi

A = {(,uz(w)| u € R, pz(w) € [0,1])

duogc goi la mot tdp con mo cua tap R. S6 mo A
1a mot tdp con md A thoa tinh chét: pz la ham nua
lién tuc, tua 16m; ton tai uge R sao cho pz(uy) = 1
va cl {u: uA(u) > 0} 1a tdp compact trén R. Tap tat
ca cac sO mo trén R dugc k1 hiéu 1a F(R). Mot sb
mo i dugc goi 1a s6 chuan tac trong truong hop cac
ham s6 17, () = uk va n, (1) = uf 1a lién tuc trén
doan [0,1], véi [ul, ul] = [@]#. Tap tat ca cac sd
mo chuén tic trén R ki hidu F-(R). Him s6 ¢: R -
Fo(R) voi gia tri ¢(t) 1a mot sé6 mo trong Fo(R)
dugc goi 1a mot ham mo.

Pinh nghia 2.1. (Piegat & Landowski, 2015)
Cho i: [a, b] = [0,1] & trong F-(R). Khi d6, ham
thugc dang khong gian cta #i dugc dinh nghia nhu
sau

u9":[0,1] x [0,1] - [a, b]

(@) o 6= u (0 = uf + (u —up)a,

Trong d6, “gr” ki hiéu cho thong tin ¢t 15i
(granule) dugc chta trong t € [a, b],u € [0,1] va

€ [0,1]. Ham thudc dang khong gian cua i €
F¢(R) cing dugce ki hiéu 1a H (&): = u9" (4, ay,).

Ménh @& 2.1. (Piegat & Landowski, 2015; Son
et al., 2019) Ham nguoc H~*(u9" (u, a,)) ciia
u9" (u, a,) la s6 mo 1 véi tdp mire-p la

71w )] =

infminu9 (8, ay,), supmaxug B, ) |-
Bzu ay Bzu

Pinh nghia 2.2. Cho #, 7: [a, b] - [0,1
F-(R).

[ﬁ]l‘- =

] trong

(i) =7 néu H(il) = H@B) voi moi a, =
a, € [0,1] vau € [0,1].

(i) % =¥ néu H (i) = H (D) véi moi a, =
a, € [0,1] vau € [0,1].

(iii) i > ¥ néu H (&) > H(¥) véi moi a, =
a, € [0,1] vau € [0,1].

Hi¢u granular cua $6 mo @ va sb mo 7, ki hiéu
boi &t O U, 1a mdt s6 mo c6 ham thudc dang
khong gian xac dinh boi
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H(0 O, ¥) = H (W)
Céc phép toan khac dinh nghia tuong tu.
Pinh nghia 2.3. Cho ¢:[a, b] = F-(R) 1a mot
ham mo.

(i) (Mazandarani et al., 2017) Him mo ¢ dugc
goi la kha vi granular (gr-kha vi) tai t, € (a, b) néu

— H (D).

ton tai s6 mo dgréto) T(p(tO) € F-(R) sao cho giéi han sau
tdn tai:
$(to + 1) Ogr P(to) _ dgrd(to)
m =
h—0 h dt ’

trong d6 gii han dugc ldy trong khong gian
métric (F¢(R), Dgp).

Ménh dé 2.2. (Mazandarani et al., 2017; Son et
al.,, 2019) Ham mo ¢ : [a,b] — F;(R) kha vi
granular tai ty € [a, b] néu va chi néu ham thudc

dang khong gian ciia no H ((ﬁ(t)) = ¢pI" (t, U, a¢)

kha vi iumg véi t tai diém d6. Hon nita,
dgrd(®)\ _ 8HP(®)
‘7{( dt )_ at

Pinh nghia 2.4. Cho ¢ : [a,
ham c6 gia tri mo.

b] - F(R) 1a

(i) C([a, b]) 1a khong gian cia tit ca cic ham mo
lién tuc trén [a, b], nghia 14,

C([a,b]) ={¢ : & lién tuc trén [a, b]}.

(i) C*([a,b]) 14 khong gian cua tit ca cac ham
mo gr-kha vi lién tuc trén [a, b], nghia 1,

C'(la,b]) = (¢ : 3¢: [a,b]
- F;(R) va ¢ lién tuc trén [a, b]}.

Nhan xét 2.1. Him mo ¢: [a, b] — F.(R) kha
vi lién tuc trén [a, b] néu va chi néu ham thudc dang

khong gian H ((ﬁ(t)) = ¢ (t, 1, a¢) kha vi lién
tuc trén [a, b].

Pinh nghia 2.5. (Mazandarani et al., 2017; Son
et al., 2019) Tich phan cia ham mo ¢:[a, b] —»

~b _ \ L ‘
F¢(R), ki hiéu [, ¢(t)dt, ton tai néu ton tai mot s6
~b _
mo M = [ (t)dt va

# (Tf@(t)dt) — () = fab:n (6®)at

b
= f 9 (t, 1 ay) dt.
a
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Céc dinh nghia va m¢nh dé trong muc nay dugc
dung trong cac tinh toan cac phép toan dang granular
trén sO mo trong phan tiep theo.

B6 dé 2.1. (Hestenes, 1966; Lewis et al., 2012;
Clarke, 2013)

Gid siur rd’ng q,’)(t) la ham c6 gia tri thuc lién tuc
trén [a, b]. Neuf dnt)dt =0 voi  moi
n(t) € Ca,b] sao cho n(a) = n(b) = 0,thi
¢(t) =0véimoit € [a,b].

B dé 2.2. (Hestenes, 1966; Lewis et al., 2012;
Clarke, 2013)

Cho hé m ham (n + m bién s6) F;: R* X R™ —
R(i = 1,...,m) théa

(1) Fi(x4, o Xy V1y 0 V) = 1, ...,m) la cdc
ham lién tuc ciing voi cac dao ham riéng trong lan
cian A cua diém (0, ...,0,0, ...,0) = (0,,0,,);

(ii) F;(0,,0,,) =0 (i =1, ..,m) va dinh thic
Jacobi

(F1)311 (On' Om) (Fl);/m (On' Om)

)y (00 00) e (En)l (O Oy

Khi dé, ton tai ldn cin S5(0,) va Sc(0,,) sao
cho

* 0.

(a) Véi moix € S5(0,)) ton tai duy nhdt y €

Se(om)’ ki hléu Yi = fl(x) = fi(xlu ""xn)(i =
1,...,m) sao cho
Fy(%q, s X, [y (1 s X)), o fin (4, 0, X)) = 0
Fm(xl, v X, J1 (X105 e, X)), ooy fin (X4, ...,xn)) =0.
(b) Hon nita, cic ham y; = fi(xq,, .., %) =
1,..,m) ciing ¢é cic dao ham riéng lién tuc

Wi i
6x-(] =1,..,n).

Céac Bb dé 2.1 va 2.2 dugc dung trong chung
minh diéu kién cin t6i wu trong muc tiép theo.

3. PIEU KIEN TOI UU

Trong bai béo ndy, xét bai toan t6i wu diéu khién
m¢ cua nhiéu bién s6 phu thude dang nhu sau

(FOCP): AT (%, &) = J(Zy, o, &y Gy, o) i)
= T, F (D), o Bn(O), Ty (O), -, T (1), D),
A2t

x71 (t) = gl (fl (t)' S JAc'n (t)'ﬁl (t): 'ﬁn(t)! t)
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in(t) = gn(fl (t), b fn(f:)' ﬁl(t)' " ﬁn(t)l t)
551(0) = J?0,1' ---'fn(o) = fo,n'f1(T) =
fT,l' !fn(T) = fT,ns
trong d6, X, ..., %, @y, ..., &, € C1([0, T]), ham

[0 Fe(R)*" X R > F(R)(j = 1,...,n) la céc
ham thude 16p C* va J: (C*([0, TD)™ - Fc(R). Bé
thuan tién, ta ki hiéu
flx,@l®)
’ fn (t)' ﬁl (t)' LA ﬁn (t), t)dt;
g;[xa](®)
g (xl(t) f‘n(t)i ﬁl(t)' ...,ﬁn(t),t),j
1,.

=f@Q©, .

fo = (fo,l’ e ,forn), fT = (fT,b’ ey fT,n)'
Tap céac diém chép nhan dugc cia (FOCP) 1a
Q= {& ) € (C*([0, TD)*" |%,(t) = g;[%, @](D),
j=1,..,n%0) = %, #(T)
= Xr}

Ham (%, @) € (C'([0, T)?" langhi¢m t6i wu
dia phuong ciia (FOCP) néu ton tai 1an can N cua
(%*,1") sao cho

J& 4" < J(x, @), V(% %) e Un Q.

Néu N = (C*([0,T]))?" thi % la nghiém t5i wu
toan cuc ciua (FOCP).

Bai toan t6i wu diéu khién mo dang granular
tuong tng vdi (FOCP), ki hi¢u (GOCP), cé dang
nhu sau

(GOCP): min J97 (x9",u9"))
= [ )l ),
véi
(tmay,), . xn (6w ay,),

.
Un (6, ), t)

(6w ay,) = g7 ("
uf” (t, oy,

.X'.gr(t, U, (Xxn)
= ggrxigr (t' u axl)' o xgr tw axn)

.
uf" (t, oy ety (6, ), t)
70, ) = xé’_:(u, a'xo‘i),

gr — 497
xi (T; I’lﬁ axi) - xT,i ('U., ax—r_i>'
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Yy = Ay, = “xm(i =1,..,n).
DE thuén tién, ta ki hiéu

fI7[x9",u9"] (t u, af)
= fg‘r(x (t Wy Qg '-'xn (t ”ﬁaxn)

Jun (61, a,), b)

g/ [x,u")(t 1w )
=97 (b way,), ) (6w ax,),

.
uf" (t, oy ety (6, @y, ), )

j=1,..,n
H(%(t)) = (H(fl(t)),..,:}[(;zn(t))) = x97,
() = (2T, . 7 (6T)) = 20,

tuong tu cho #(t), u9".

1 "(t,u, Ay ) e

Vé6i  cac  ham  @:R?"*3 5 R dang
@(X1, ooy Xy Uy ooy U, E U1, a(p) (nhu céc ham f, g;)
ki hidu 8,0 = @y, (i = 1,...,n) va 0,0 = @y, (i =
n+1,..,2n).

Tap céac diém chép nhan dugc cia (GOCP) 1a
& = {(x9",uf") € (C*[0, TDH*" |

# (6ssy) = 97900 (v, ).
= 1,..,nx9" (0)
=xJ ,ng(T) =x7}
Ham (x*9",u*9") € (C[0,T]?" duogc goi la
nghiém t6i vu dia phuong cua (GOCP) néu ton tai
lan can N97 ctia (x™97,u™9") sao cho

JCer9T, ut9T) < J(x 9T, uEY), vx 9T € UIT 0 QFF.

Néu N9 = (C'[0,T])*" thi (x*9",u9") la
nghiém t6i wu toan cyc cua (GOCP).

Ménh dé sau dugc ching minh tuong ty nhu cac
dang khac cua bai toan bién phan mo trong (Tung &
Tam, 2023; Le et al., 2025).

Ménh d¢ 3.1. Gida s H:0 c F.(R)*" -
NI" c R™ dwoc xdc dinh boi H((X(t),1(t))) =
(x97,u97) la song anh thi

() H(Q) = Q& vaH~1(Qe") = O;
(ii) Néu (%*,1*) la nghiém t6i wu cia bai todn

(FOCP) thi 3 (%" (£), @ (t)) = (x"97,u"9") ciing la
nghiém t6i wu ciia bai todn (GOCP);
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(iti) Néu x*9" la nghiém t6i wu cia bai todn
(GOCP) thi (%*(t),@*(t)) = H 1 (x*9",u*9") ciing
la nghiém t6i wu ciia bai todn (FOCP).

Khi xét bai toan tdi uu diéu khién tong quat véi
x97, u9"ndm trong 16p ham rong hon 16p ham
C'[0,T], nghia Ia gia thiét nhe hon, hodc cac mién
cho x97,u9" bi han ché tai cic bién nhu bai toan
diéu khién bang-bang, nguyén 1y cuc tri Pontryagin
thuong duge dung trong chirng minh diéu kién can
t6i wu, voi chi tiét co thé tham khao trong cac sach
(Hestenes, 1966; Seierstad & Sydsaeter 1986; Lewis
et al.,, 2012). Trong bai bdo nay, k¥ thuat chung
minh ding bién phan hay dao ham theo huéng dugc
sir dung, tham khao thém cach tiép can nay trong
(Hestenes, 1966; Clarke, 2013; Tung va ctv., 2024).

Ménh daé 3.2, Néu(x*97,u*9") =
(17, 0w, w7 ) € (CHO, TN la

nghiém t6i wu ciia (GOCP) thi ton tai cdc ham lién
tuc /'lj‘.qr = A}gr(t, U, 0-’/1]-) (J =1,...,n) sao cho bién
trang thdi x99 = (x*gr, ...,xngr

— *gr gr
= (O,

) va bién diéu
khién u*9
trinh sau:

) thoa cac phwong

(i) Cdc diéu kién toi wu theo bién diéu khién
l+7’lfg + aL+ng1 lgr T+t aL+ngn lg?’ - 0 (l
=1,. )

(il) Cdc diéu kién téi wu theo bién lién hop
l“iqr =—0;f9" - 191 lgr - algn Ag‘r
(i=1,..,n),

trong do, f97 = fI"[x*9T, u*gr](t, W, af),

T T * *
97" = o o wen) (6,

G=1,..,n).

Chirng minh.

Xét mot bién phan cua  (x*97,u*9") =
(17, 9w )

dang (x™9",u™") + e(hy, ) € Q9" hay

(x99 w7, )

+e(hy, oo, by, (L4, 0 1)

véi |€]/< 6,0 >0 nho va ham tuy ¥
(hy, s By, b,y o 1) € CH([0,T])?™ théa h;(0) =
h,(T) =0(i=1,..,n).

(i) Do (x*97,u*9") la nghiém t6i uu cua
(GOCP), nén (x*97,u*9") € QFF, do do
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)'Cj-gr = g]'[xgr:ugr](t'#l a])(] = 1’ ""n)'

Sir dung ki hiéu (h,1) =
(hyy s hy Ly o, 1) VO By = Ry (0), 1; = 1 (1),
(D) = (hy, oo Ay by o, 1) VO Ry = Ry(0),
[; = [;(t) vacacham G;(.,.):R*" > R1a
Gj = Gi(hy, oo, hny Ly, oo Ly By, e ).

Hé gébm n ham voi 3n = 2n +n bién s6 xac
dinh boi

Gy(hyy oo b by ey Ly gy o By

=g7" (x,%" + €hy, ., x)7 + ehn,uzgr +€ly, ..,
wI + ely, 1,7 + €hy, ., %, + €hy, t, 1, ag,)
-% (t #:am)

B Ly ey L By o o)

*gr *gr
=g (x,° +eh1,...,xng + €hy,uy"

Gn(hy, ...,
+e€ly, ..,
W+ ely, 277 + €hy, 17 + €yt )
47 (6 a,)-

Céac ham G; lién tyc cung cac dao ham riéng
trong 1an can A cua (0, ...,0,0, ...,0) = (0,,,0,),

Gj(02n, 0,) = g7 [x"9", u"9"] (t, 78 ag].) -
" =0(G=1,..,n)va
a(Gy, ..., Gp)
G = 0,,0
] a(xll ---;x‘n,l xl' ---:un) ( an n)

[01G1(02p,,05,)

aSn Gl (Oan On)l
-61 Gn (OZn' On)

a3n Gn (OZn' On)

0,97 Oongi —¢ 0
=| .. A
algrgr 62ngr€r 0 —€
voi alg] = (')lg] (x*97,u*9"), c6 mot dinh thirc
con cap n khac khong
—& 0
D =det [ l =e(-1D)" = 0.
0 —£

Do cdu triic ddc biét cta bai toan diéu khién téi
uu, nén diéu kién chinh quy hay dinh tinh rang budc
(constraint qualification) thuong c6 trong céc diéu
kién can toi vu ludn thoa. Dinh Iy ham an dwoc ap
dung trong B6dé2.2, ta suy ra sy ton tai lan can U
ctia (04, 0,,) va cac ham Ay, ..., h,: U = R v6i



Tap chi Khoa hoc Dai hoc Can Tho Tap 62, S6 CP:
hl = hl(.xl, vy Xy Uq, ...,un), sy
hy = by (g, oery Xy, Uy, e, Uy,) thoa

hi(05,0,) =00 =1,...,n)
sao cho,vj =1,..,n,

G] (‘xll ey xnl ull :un' hl(xll :xn' ul’ ey un);
, .,fzn(xl, ey Xy Ugy e, Up)) =0,
V(X1, ey Xy Uy, -, Uy) € UL

Diéu nay din d&n sy ton tai & > 0 di nho sao
cho

H;(e) = (x*gr +€hy, o, (07 + €hy,

uw "+ ell, o el t ag,)
(%" + ehy) = 0.
véimoi |e] < 6. Nén,
H(0) < H(e),V|e| < 8.

Do dé, theo diéu kién can cuc trj ham 1 bién
Hi:R - R, tacod

dH;

j _ gr gr
de |, = 019t Ongy
Onsrg] L+ + 0309 In
—hy——h,=0( =1,..,m).(3.1)

(i) Do (x*9",u*9™) 1a nghiém t6i wu cua
(GCOP), nén phiém ham tich phan

I(e) = f fI a7 + €hy, o 077 + €hp, ul?"
+ely, o, w7 + €l tp, ap)de

thoa 1(e) —1(0) = 0,Ve = 0. Do do, theo diéu
kién t8i vu cho ham mot bién

dl

7e =] (0)=0.

€=0

Diéu nay din dén
fT[alfgr.h1 Foe o O I Ry + Oy fIT Ly
0
+ ot Oy fOT.1,]dE = 0. (3.2).
(iii) Nhan hai vé (3.1) voi A7 = 297 (t, m a,lj)

rdi ldy tich phan 2 vé trén [0, T] va sau d6 cong véi
(3.2),tacod
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f {097 + 270,97 + -+ 297.0,97"). hy
+
+ (a for+ 27" 0,97 + -
+2A97.0,97 )h
+A‘§_]T.an+1g1 + A
+ A 00197 )y 4+

+ (an+1fgr

(aangr Agr aanigr + et Agr aan )l
—(Ahy+ -+ A A )}t =0
Dﬁt LI97 = Lgr[ x*gr *gr] (t, U, aLgr) =
for+2 gl 4 Ay g L tacod

f (angr.hl + -+ anLgrhn + -
0

+an+1Lgrl1 + e + aangrln
AT hy — = 29 hy)dt = 0.

Cong thie timg phan duoc st dung:
du (A«‘") AT

{uzlfr
d'U:hidt v_fhdt_

Véi gia thiét h;(0) = hy(T) = 0(i = 1, ...,
co

n), ta

b
@ LI+ ARy + -+ (0,197 + A9 A,
1

+0p41 LIl +. . +0,,L97 1, }dt = 0.(3.3).

Chuy réng do hy, ..., h, khong chon tiy ¥ nén

hq, ..., h, cling khong tuy y. Véij = 1, ..., n, xét cac
hé thirc sau
HLI™ + 7" = 0;(f9" + A{"g{" + -

+27 g0 )+ A
= A"+ 0, f9 + 207097 + -+ A7 0,97
Do d6, hé phuong trinh vi phan
angT + i‘fr = 0
0L + A7 =0
twong duong
’ifr + Afraﬂ?iqr +o+ 270197 = —0.f9"



Tap chi Khoa hoc Dai hoc Can Tho

A+ A 00 gy 4 AT 0ngl = —0uf O
hay dang ma tran
ATl fowgf” 0,97 | |A9" [alfgrl
e |t | == R
e I MY 09" | 207 Onf "
6191‘” 0197
bat B(t) =| .. N
07" Onln
/iglyr Ai]r alfgr
A(t) = JA() = ,C(t) = [ l
A A Onf9"

ta ¢6 hé phuong trinh vi phan dang ma tran
A() + BOA(L) = —C(¢).

Do cac ham f97, gfr, ) g;‘fr kha vi lién tuc nén
ta chon diéu kién bién A(a) = A, nao d6. Teo Dinh
Iy Picard-Lindelof (Jacob & Evans, 2018), hé
phuong trinh vi phan trén luén c6 nghiém A(t). Do
d6, phuong trinh luén tdn tai cac ham l‘fr, ,lﬁr
sao cho

angr + i‘lqr = 0
e (3.4)

0,L9" + 9" =0
Cha ¥ rang (I, ..., 1,,) tiy ¥, ta suy ra tir B6 dé
2.1,

Op1l9" =0,(i =1,..,n).
Két hop véi (3.4) va khai trién, ta c6

M= —0,f9" — 0,977 A]" — - — 0,97 A

Opnf9" + aL+n91 Agr +t al+ngn Agr =0,
[ |

Trong Mustafa et al. (2019), diéu kién can t6i wu
cho bai toan diéu khién mo v6i nhiéu bién phu thude
st dung dao ham Hukuhara téng quat da dugc khao
sat. Tuy nhién, dao ham granular tdn tai trong mot
sO truong hop ma dao ham Hukuhara tong quat
khong ton tai (Najariyan & Zhao, 2017; Le et al.,
2025), nén két qua trong Ménh d& 3.2 ap dung tdt
hon cac két qua trong (Mustafa et al., 2019).

voii=1,..,n

Nghiém cua h¢ phuong trinh trong diéu kién can
t6i wu méi chi 1a cac diém dimg (stationary point).
Dé cac diém dung nay la nghiém t6i wu can thém
cac didu kién du véi cac gia thiét 161 hodc dao ham
cép 2. Trong bai béo, cac gia thiét 16i dang vi phan
dugc st dung theo cich tiép cén trong
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(Mangasarian, 1966; Bazaraa et al., 2006; Torres &
Malinowska, 2012; Treantd, 2022; Tung & Tam
2023; Tung va ctv., 2024)

Pinh nghia 3.1. (Torres & Malinowska, 2012;
Clarke, 2013; Tung & Tam, 2023)

Ham gia tri thuc ¢:R™ X R™ X [a, b] X
[0,1]? >R dugc goi 1a 16i d6i véi 2n-bién
dautrong tip S © R?™*3 néu

Glu+p,v+pl(tmay) — ¢lu,vl(t,may)

2 ) @l vt @)
k=1

+ Osn @, v1(t 1 @) qi)

y U 6 U, a¢), (ul +
D1 s Uy + Dp, U1 + D1y o, Uy + D0 G U, a¢) trong

tap S va d,(k = 1, ..., 2n) la cac dao ham riéng cua
ham ¢ (., ...,., t, u, ap) d6i voi bién thi k.

vOoi moi (ul,...,un,vl,...

Ménh dé 3.3. Gid sir ton tai ham lién tuc
/1;" = /'l?r (t, W a,1].> sao cho (x™97,u*9") théa cdc

phuong trinh diéu kién toi vu sau

Ouunf T +Zal+ng, =0

19T _— r gr
A9 = —a,f9 Zalg] A

voii=1,..,n

Goi K*(K)={=
(S)O'Vt S [a! b]l i a/lj S

1, ...,nl/l}.gr (t,u, a,lj) >
[0,1]}.

Néu f97 la hc‘zm l6i theo 2n-bién dau va
(] EK™T), g "(j € K™) ham I6i theo 2n-bién

dau thi (x*97, *gr) la nghiém t6i wu ciia (GOCP)
va H™1(x*97, w9y = (%(t),1i(t)) la nghiém ciia

(FOCP).

Chirng minh.

Xét (x97,u*97) + (h,1) € Q97 1a mot bién phan
cua( x*9",u*9") vé6i hi(O,/x, ahi) =0=

hi(T, WU, ahi) (i =1,..,n) thi ta suy ra tir tinh 15i
tuong Ung v6i 2n-bién dau cua 97 46 la

JIT(x*9" 4 h, w9 + 1) — JI(x*97, w9)
= foT (fgr [x*9" + h, w9 + 1(t, 1, af) —

foI[x*97, u*gr](t, u, af)) dt



Tap chi Khoa hoc Dai hoc Can Tho

> f Tzn @fTT R+ BT L) (35)
o L=
Pit
Ay = g7 o + b, wor + 1 (6,
—g7" [x™9", u*9"] (t, I agj).
Khi d6, véi j € K+,
= g7l + b w + 1] (. a, )
g7 19, w6y )

>

> @) b+ Ouung] )
=
Nhan hai vé v6i 297 = 29" (t, " alj) >0
(JeK*), taco
n
297 ZZ. @] b+ A ng 1)
i
VéijeK,
—4; = ( g )[x*gr + h, w9 + 1] (t wag, )
— (_g] ) *gr’ u*gr] (t, W agj)

n

2 a(=g])hi+ Gen(= )l
i=

SR h)

tuong duong

=Y (G i+ Ouung] L)

Nhan hai vé véi A7 = 27" (&, 0,) < 0
(jeEK),tacod
n
ATA; = Z I(Aj’raig;%”. hi + 27" 0ng?" ).
i=
Nhu vay, trong ca hai truong hop
n
A4y = Z (oG] kit 2 Bng" ).
i=
Mit khac, do (x*97,u*9") + (h,1) € Q97
u*9T) € Q9" nén
hgT — ggT[ *gr 4 hgr’ w9
+197] (t, i, agj>,

va (x*97,

*g‘r
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HIr gV r.,.xgr *gr
%9 = g [x9", wI ](t.u,ag].),

dan dén

Ak
j

o g]gr[x*gr + h97, ur9T + 197 (t, U agj)
= 1

] _g}g‘r [x*gr’ u*gr] (t, U “g,-)
Y
= )lj Aj

n
zz (AT 0,99 by + 297 314ng ¥ 1y).
i=1
Do @6,

n
ozz_ 1(/1;.‘"aigfr.hi+/1~‘” ing? ;)
=

— k.

Dan dén
T n
0 zf {z (A" 097" hy + A" 019" 1)
0 i=1
— /" h;}dt. (3.6)

Cong (3.5) va cac bat dang thirc trong (3.6) voi
j=1,..,n,tacéd

JOT(X*9T 4 b, W + 1) — J9T (X9, ur9T)

T n
2 f Z 0:if 9" hi + 0i4nf97. 1;)dt
i=1

[ (G0 G Oing? 1)
— 2 hy}dt
+...+

[ (G 00+ GE-Bing1)
— 297 h, Ydt

T n
f(alfng /’l;.‘".algfr)hldt+-~-+
0 j=1
+f (a f«‘"+z 20,97 )hndt+
-
T n T T
+[ ((anﬂfm +) A o] >lldt
0 J=

T n
+[ ((amfgf £ 1Afr.62ngfr) Ldt
0 =



Tap chi Khoa hoc Dai hoc Can Tho

T T
. .
—f 29 hldt—---—f A9 b, dt
0 0

1
=f (=A97). hydt + -
+ fl(—/iﬂr).hndt (e (D)
0

1 1
+f 0.lldt+-~+f 0.1,dt (tw (1))
0 0

T . T .
—f lgrhldt—---—f A9k, dt
0

[

f (A9 hy + A9 hy)dt —

+ A9 hy)dt

=0,
do hl(O) = hl(T) =0 va

T T
. T .
f AT hde = A7 byl —f AT hdt
0 0
T .
- f A hdt
0
tir cong thuc ting phan

d
du=—(2") ="

v—fhdt—

Vi du sau cho thdy diéu kién di t6i uu la thiét
yéu dé khang dinh diém dung 1a diém cuec tri.

.
u =2

{dv = flidt

Vi du 3.1. Giai bai toan t6i uru bién phan md
(FOCP): rittn J (%, i)
=T, GO &, (av)’dr,
x(t) = %(t) + 1(t),
%(0) = (0,0,0),x¥(1) = (0,1,2).
Trong d6, (0,0,0), (0,1,2) lacac s6 mo tam giac.

Giai. bat d; = (0,0,0),a, = (0,1,2). Bai toan
granular tuong ung véi (FOCP) la

(GOCP): min J9" (x97,u9")

vol

1
= [ ) - @)

voi
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X9 (t, u, o) = x97(t, w ) + U9 (8w, ),
V“x = (ax' au)
x97 (0,1, @) = 0,Va, = Aq,
xIT(Lpay) =p+ (2 —2Way, Va, = Ug,-
*  Ham  f9"[x9",u9](t,m ap) = (x97)% —
(w9m)?, fr[xgr ugr](t tag ) =x9 +ud".
Theo ménh dé 3.2 ton tai ham 29" = lgr(t U, a,ll)

sao cho cac diéu kién tdi wu cho bién diéu khién va
bién lién hop thoa

B f9" + 0,997 29" =0
{Afr —0,f9" — 0197 . A"
{ —2u9" + 27" =0
/’lgr = —2x9" = 29"
Két hop véi phuong trinh trang thai, ta co
297 = 2ur
AT = —2x9m = Q97 =
X9 = x9" +uI”
Thay vao /'lg —2x97 —
20897 —x97) = =2x9" — 2(x97 —x97)

& FI7T — {97 = —xIT — 3I7 4 x0T

udr = %97 — x 97
ud" = %97 — x97
oy .
s = 2uer,

27, ta o

S X9 =0.
Do d6, nghiém téng quat x97(t, u, a,) = Cit +
C, . Két hop voi dicu kién bién
{ x97(0, 1, o) = 0
xgr(l’#’ ax) =u+ (2 - Zﬂ)ax
CZ = 0

dan dén
{Cl =p+ @2 -2wa,.
Do d6, diém dimg ctua (GCOP) la
Xt ) = (+ (2 = 2Way)t,
urr(t, u, ) = x97 — x97
=p+Q2-2wa, — (u+ Q2 -2wWa)t
=@+ 2-2wa,)(1-1).

Tuy nhién, do f9" khong 16 theo 2-bién dau nén
(x5a*) = (H1(x*9"), H~ 1(u"~‘”)) chi 1a diém
dirmg chir khoéng phai nghiém t6i wru.

Ta chi ra ton tai (%,1%) € Q sao cho J(%, @) <

J(x*,@"). That vay, do



Tap chi Khoa hoc Dai hoc Can Tho

JoT e, ) =

f [(u+ 2 = 2Wa,)?t?
0

—(u+ 2 - 2Wa,)*(1 - t)*]dt
_w+ Q- 2pa)’ (et 2 - 2p)a)?
h 3 3

nén dung cac cong tinh ta co
J@E,a7) = H (9 (x"97,u9")) cb tap mirc
_ A= 4G -

3 ’ 3 '

Xét (X, 1) v6i X(t) = (0,1,2)t + sin(mt),

UG, @)

néu
sin(rt)

thi ¥(0) = (0,0,0),%(1) = (0,1,2) va

x(t) = (0,1,2) — mcos(mt)
nén x(t) = %(t) + i(t), nghia 1a (%, %) € Q.
Tuong ty nhu trén

JT (8", usT) =

1
f (sin(mt) + pt + (2 — 2u)a,t)?

_ (TL’ cos(mt) —sin(mt) + u(1 — t))2 dr
+(2 -2t —2u(1 —-t))a,

A =p(ay—ay)

- 6m

[87-[(1 - :u)(ax + au) + 8mp
+24] m
>
Do d6, c6 thé tinh dugc
J&, @) = H1(J97 (x97,u97)) 6 tap mirc
D 4
U = (#—1)( )
72

bd thi ciia ham 2 bién da duoc st dung:

- 4(u—1 8(1 —
f]—[‘(](j*,ﬁ*))z (#3 )+ ( . #)a],

+4)n+
T 2

4 4
2A-mG + g

H(JED) =@ 1) (g

i(t) = (0,1 —t,2 — 2t) + mcos(mt) —
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Ta co,
HJE W) <HJE, @),V a
nén J(&, 1) < J(&*,1").

Sau day, mot vi du ing dung don gian cho mo
hinh diéu khién t6i wu md cho flycam bay ¢ do cao
khong d6i dé truy vét mot xe chuyén dong trén quy
dao 1 duong cong trong khong gian 2 chiéu.

Vi du 3.2. Mot chiéc xe chay trén dudng cong
dang tham s héa 7(t) = (t +1, t?) c6 van toc
tmng v6i véan toc theo huorng tiép tuyén B(t) =
7 (t) = (1,2t) voi diém xuit phat (1, 0) tai thoi
diém t=0va sau 5 phat t=15 dén vi tri
(6,25). Mot chiée mady quay co thé tu didu chinh goc
quay dit trén 1 chiéc flycam voi diém xudt phat
(0,0) tai thoi diém t = 0 duoc dleu khién bay theo
chiéc xe voi van toc bang van toc chiéc xe dé ghi
hinh. Do nhiéu yéu t& nén viéc diéu khién flycam
dén dung vi tri chiéc xe (6,25); sau 5 phut kho thyc
hién, flycam chi co thé duoc thé diéu khién dén ving
gan chiéc xe biéu thi dang s6 mo (%, (5), %,(5)). Bai
toan diéu khién mo flycam theo sat quy dao
(tracking) chiéc xe trong 5 phit t € [0,5] va it tén
nang luong nhét 6 thé mo hinh hoa dang

T, I — £ — 1)2

+ (% (6) — t3)?]

+[(@ ) + (7,())" [yt
voi %, () = Ty (b), %, (t) = Ty (t)
va ¥, (0) = (0,0,0),%,(0) = (0,0,0)

%,(5) = (5,6,7), %, (5) = (24,25,26).

min J(%,1) =

Cac phép cong trong tich phan theo nghia phép
cong granular. Téi thiéu héa thanh phan trong ngodc
vuong thir nhit dé giit quy dao giita flycam va xe
nho nhat va thanh phan trong ngodc vudng thir hai
1a t6i thiéu héa nang luong, xem chi tiét hon vé mo
hinh trong (Lewis et al., 2012).

bat d, = (5,6,7),d, = (24,25,26). Bai toan
granular tuong ung véi (FOCP) la

(GOCP): min J97 (x 97, u9")
- [ UG ) - ¢ -1
+ (& (b ay,) - )]

[ ) + (1 () e

vol1



Tap chi Khoa hoc Dai hoc Can Tho

B (tway,) =u" (6 p ay,),
2"t ag,) =ug (6w ay,)
‘v’a,-c1 =y, Ay, =y,

x" (0, a) = x5 (0, a) =0
T Lpa) =4+p+ 2 -20ay,
x) (L ay) =25+ u+ (2 - 2wy,

Va,, = a,,,Vay,

= Qy,.

* Ham f9[x,ul(t,pap) = (x" — ¢ — 1)2 +
(" —2)" + (") + (uf7)’,
g7 I ul(tway,) =uf" (i = 1,2).
Tir céc diéu kién ti wu cho bién diéu khién va
_gr

X1

a3fgr + 6391‘97’.1‘]‘_]7’ = 0
a4fgr + 6492‘97’.1“2}7’ = 0

gr .gr

_ — .. gr 2
=u; ,%x, =u, tacod

2ul"+ 129" =0 (A =-2uf"
2uf" + 1.2 =0 (A =-2u)"
AT = —2ud" = 280"
AT = —2ud" = —2x7".

Két hop v6i cac didu kién t6i wu cho bién lién
hop, ta co
{i«fr —0,f9" — 8,977 AT
AT = —0,f9" — 9,977 AT
{/ii" ==2(xy"-t-1)-0
Ar==2x"-t¥)-0
o {—zx'f’ ==2(x)"-¢t-1)
—2i]" = —2(xJ" — t?)

J.C.igr gr
=4

=—t—1

497
X3

_xl

L gT

42
x5 = —t2

Giai cac phuong trinh vi phén tuyén tinh cép hai
ta c6 nghiém tong quat
xJT=Clet+Cet+t+1
xJ" = Cset + Che™t + 2 + 2.

Keét hgp véi cac dicu kién bién, ta co
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et — et
" =(u—-1+Q2-2way,) <—e5 — e‘5>

t=5 _ g5t

e

+
e5> —e5

or et —et
X, = ('u -3+2- Zy)axZ) (m)
Zet—S _ Zes—t
25 — g-5
Nghiém t6i uru ham trang théi cia (GOCP) c6 thé
rit gon bang cach s dung ham hyperbolic véi cong
thic et —e~ =2sinht va (sinht)’ = cosht
nhu sau

+t+1

+ +t%2 + 2.

1
ar _ _ _ .
1 = Sohs -1+ Z,u)axl) sinh t
+sinh(t —5)) +t+1
1
ar _ _ _ .
2 = Shs ((u—3+ (2 -2way,)sinht

+ 2sinh(t — 5)) + t? + 2

tuong (mg v6i nghiém tdi wu ham diéu khién

gr = = ((u—1+ @ -2way,)cosht
+ cosh(t —5)) +1
1
g = prm- (0 —3+(2-2wa,,)cosht

+ 2cosh(t —5)) + 2t.

Khi d6, nghiém t6i wu cua (FOCP) 1a cac ham
mo véi cac tdp mirc tuong Ung
[%, (O)]*
_ [ —1)sinht + sinh(t — 5)
B sinh 5
(1 — w) sinh t + sinh(t — 5)
’ sinh 5
[%,(O]*
— 3)sinht + 2sinh(t — 5
_ (u — 3) sin . sinh( )+t2
sinh 5
—(1 + w) sinht + 2 sinh(t — 5)
- +
sinh 5

+1

+t+1],

+2, t2+2]

[&, (©)]*
_ [(u — 1) cosht + cosh(t — 5)

sinh 5
(1 — u) cosht + cosh(t — 5)

1)
+ sinh 5

1]



Tap chi Khoa hoc Dai hoc Can Tho

[2, (£)]*
(u — 3) cosht + 2cosh(t — 5)
sinh 5
—(u + 1) cosht + 2cosh(t — 5)
+ 2t, + 2t
sinh 5
I=30380
25 7
/
/
/
20 /
/
/
/
/
15 Va
/
x2(0) 7
/
10 .//
/
/
7/
s
> 7
e
e
///
0 1 _; 5 4 5 6
x1(8)
Hinh 1.T; = 3.038
T=40506
23 7
/
/
/
20 /
/
15 7/
/
X209 /
v
10 V2
/
/
/
/
2 7
i
s
///
0 1 ,; l3 4 5 6

x1(0)
Hinh 2. T, = 4.0506

Viée str dung phan mém Matlab hoic Octave c6
thé mo phong chuyén dong dang anh dong
(animation) cua xe trén quy dao #(t) = (t + 1,t2)
v6i van toe B(t) = (1,2t) (duong dit khuc mau
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