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TOM TAT

Trong bai bdo nay, viéc chirg minh céng thirc tong qudt va cdc
tinh chat co ban ciia ham Green trén tap hitu han doi véi bude di
ngau nhién don gian trong mét chiéu va hai chiéu da dwoc tdp
trung thue hién. Trén co s¢ moi lién hé giita ham Green va phdn
phoi xdc sudt thodt, cong thikc ham Green thu duoc da dién gidi ro
rang vé mat y nghia nhw ky vong s6 lan ghé tham truoc khi thoat
khéi mién. Cudi cing, mot van dé doi voi tdp A gom 3 diém trén
lwGi hai chiéu dwoc ddt ra va gidi quyet thong qua viéc tinh toan
ma trdn va gidi hé phwong trinh tuyén tinh.

Tir khoa: Buoc dti ng,dNu nhiép, dinh Iy lya chon dieng, ham Green,
ham hat nhan the, két qua so

ABSTRACT

In this paper, we focus on proving the general formula and
properties of the Green function on a finite set for the one-
dimensional and two-dimensional simple random walk. Based on
the connection between the Green function and the exit
distribution, the resulting Green function formula admits a clear
probabilistic interpretation as the expected number of visits before
the walk exits the domain. Finally, we pose and solve a problem
for a three-point set A on the two-dimensional lattice, using matrix
computations and the solution of a linear system.

Keywords: Green function, numerical results, optional sampling
theorem, potential kernel, random walks

1. GIOI THIEU

Budc di ngdu nhién don gian mot chidu va hai
chiéu 1a nhitng mé hinh co ban cia xac suét roi rac,
¢6 lich sir gén lién véi nhimg dong gop dau tién cua
Pearson (1905) khi 6ng néu ra bai toan “random
walk” trong tu nhién va sau d6 la cong trinh kinh
dién cua Pélya (1921). Theo d6, mot bude di ngau

nhién don gian trén Z¢ 1a

Sp=x+ X+ X+ + X,
v6i X; 1a cc bién ngau nhién doc lap cung phan
phéi 13y gia tri trén Z¢, P(X; = e) = i trong do
lel = 1. Mot bai toan dugce quan tdm dbi véi bude
di ngau nhién don gian la so lan ghé tham y tu diem
x trong n bude, te 1a Yk _o P*(S, = y), khin = oo,
ta goi do 1a bai toan hoi quy (recurrence). Polya

(1921) da ching minh dinh Iy n6i tiéng vé tinh quy
hdi: budc di ngau nhién don gian trén Z (mot chiéu)
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va Z? (hai chiéu) gén nhu chic chén quay lai vi tri
ban dau vo han lén, trong khi & cac chiéu cao hon
(d = 3) thi ¢6 xac suat duong dé khong bao gioy tro
lai diém gbc. Chen et al. (2022), Doyle & Snell
(1984), Kozma & Popov (2021) va Lyons & Peres
(2016) da mg dung 1y thuyét cac qua trinh ngiu
nhién trén mang va do thi.

Trong bbi canh do, ham Green dong vai tro then
chot. Véi bude di ngau nhién don gian, mot dang
ham Green tai diém x € Z¢ dugc dinh nghia 1a

Glx) = Z P(S, = x).
n=0

Ham Green do sé_lﬁn ky vong ma budc di ghé
tham mot vi tri cu thé, dong thoi gan két chat chd
v6i cac khai niém cdt 161 nhu xac suét quay lai, hat
nhan Markov va toan tr Laplace roi rac. Trong khi
v6i d = 3, G(0) hitu han, n6 phan anh tinh khong
hdi quy (transience) ctia budc di ngiu nhién, thi
trong mot chiéu va hai chiéu, G(0) = oo, phan anh
tinh hoi quy. Vi vy, v6id < 2, ngudi ta dinh nghia
mot ham khéc hiru han ¢6 lién quan dén s6 1an ghé
thim cua S dén x. Ham hat nhan thé (potential
kernel) dugc dinh nghia badi Spitzer (2001) da chi ra
rang trong trudng hop mot chiéu a(x) = |x|, trong
truong hop hai chidu a(x) thoa Aa(x) = 8(x), voi
A 1a toan tir Laplace roi rac.

a(@) = ) [P(Sy = 0) = P(S, = M)
n=0

Ngoai ra, theo Lawler and Limic (2010), ham
Green con hai dang khac:

i. V6ia € [0,1) va T 1a mot bién ngiu nhién co
phan phdi hinh hoc, doc 1ap voi S va ty 1& bi giét
(killing rate) 1 — A, ham Green trong truong hgp
nay dugc dinh nghia la

T
Gy(x,2) = ZP"(Sj = Z),x,z € A.

j=0

ii. Néud c Z% thi ham

Gy(x,2) =ZP"(S}- =271 >j), X,Z €A

j=0

Biéu thi ky vong s6 1an ghé tham cua S t6i z trude
khi thoét khoi 4, xuat phat tir x, trong do, T la thoi
diém ma S cham dén bién cua 4 lan dau tién, tic la

T=inf{j =0:5 € dA}.

158

Tdp 62, S6 44 (2026): 157-161

Tt ca cac ham Green déu dugc ky hiéu 1a G. Do
d6, chung chi duoc phan biét boi cac chi s6 dudi,
tire 1a mot s6 tu nhién, mot sb thuc duong nho hon
1, mot tap hop hay khong co chi so.

Trong bai bao nay, chung t6i tap trung vao cong
thire va két qua s6 ctia ham G, (x, z), trong mot chiéu
va hai chiéu véi 4 1a mot tap hiru han. Cong thuc
ctia ham Green cho budc di ngiu nhién hai chiéu va
mot chiéu duoc trinh bay trong dinh ly 3.2 va dinh
ly 3.3. Ngoai ra, mot vi du s6 cho mét tap A hitu
han trong Z?2 ¢ dugc dua ra. Pay cling 1a mot vi du
minh hoa cho phuong phép tim gié tri ctia G4 (x, z).

2. PHUONG PHAP NGHIEN CUU

Chung t6i dung dinh Iy lya chon dung (Optional
Sampling Theorem) trong 1y thuyét martingale xac
dinh phan phéi cta S, tir d6 dung tinh chit didu hoa
ctia hat nhan thé dé suy ra biéu thirc tong quét cua
ham G, (x, z). Cubi cing, chung t6i dua ra két qua
s0 d6i voi ham G, (x, z) véi tap A.

Céc dinh 1y co ban duge phat biéu nhu sau:

Pinh Iy 2.1. (Durret, 2019) Gia st f 12 mot ham
s6 bi chan, didu hoa trén tap A c Z% va

T = inf{j = 0:§; € 0A}.

Khi d6, M, = f(S,) 1a mot martingale tuwong
ung véi o-dai so sinh boi S.

Pinh ly 2.2. (Optional Sampling Theorem,
Lawler et al. (2021)). Néu My, M;, M,,... 1a mot
martingale va T 1a mot thoi diém dung tuong tmg
v6i o-dai s6 sinh boi S thi qué trinh Y, = M,,,, 1a
mot martingale. Hon nira,

E[MTAn] = E[Mo]-

Viéc két hop hai dinh Iy 2.1 va dinh 1y 2.2 ta c6
hé qua sau:

H¢ qua 2.3. Néu f 1a mot ham diéu hoa trén 4
thi M,, = f(Spae) 1a mOt martingale va

E*[Mrpn] = f(x).
3. KET QUA VA THAO LUAN

O phén nay, mot s6 dinh 1y vé cong thirc cia ham
H(x,y) d6i véi mot tap A hitu han di dugc dua ra.
Trén co s& d6, ta suy ra biéu thirc cuia ham Green
G,(x,z) d6i v6i tap hitu han trong mot chiéu va hai
chidu. Cubi cung, cac két qua thu dugc duge van
dung dé dua ra két qua sé ciia ham Green trong bai
toan bién ctia budc di ngiu nhién hai chiéu.
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Dau tién, mot dinh 1y vé cong thirc xac dinh cua
ham H(x, y) dugc dua ra nhu sau:

Pinh Iy 3.1. Cho A c Z%. Ung v6i mdi y € 94,
ham so0 H(x,y) = P*(S; =), x€ A thoa man
phuong trinh

1
H(x! .V) - ﬁ2|z—x|=1 H(Z' Y) =
1
ﬁz|z—x|:1 1{y}(z) (1)
Chirng minh.
Str dung tinh Markov manh, ta cé

H(x,y) = P*(S; = y)

P*(S; = 2)P*(S; = y|S1 = 2)

|z—x|=1
_ 2 z Hzy) + — Z H
=24 (z,y 2d (z,y)
|z—x|=1 |z—x|=1
Z€EA ZEOA

Véi z€ 04, ta ¢6 H(z,y) =1 néu z=y va
bang 0 néu z # y.

Tur do

1 1
HGY) =52 Z HGY) + 5 Z 14,(2).

|z—x|=1 |z—x|=1
Tur viéc chuyén ve, ta c6 diéu phai chiing minh.

Tiép theo, dinh 1y 3.2 v& cong thic xac dinh
G4(x,z) duge chirng minh nhu sau:

Pinh ly 3.2. Cho tap A ¢ Z%,(d = 1,2) 1a mot
tap hitu han. Khi do, voi moi

Ga(02) = | D HEuYaw = )| - alz - 0.
y€EdA
Chirng minh.

Xét h(x) = a(z — x) thoa man
Ah(x) = 6(z — x) Vx € AU 0A.
Khi @6

RGO = BXR(SI] - | ) 15|
=0

Tu do ta cod

Ga(x, z) = E*[a(z — S)] — h(x)
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Vi a(x) 1a ham chin nén ta co
E*[a(z — Sp)] = E*[a(S; — 2)]

= > P = e -2)
y€E A

= . HEyaw -2

yeEJA
Do vay, ta cé

Gi(x2) = ) HExy)ak-2)-a(z-2)

y€EdA
Diéu phai chimg minh.
Tiép theo, két qua vé ham Green cho tip A =
{1,2,...,n—1} c Z dugc duara.
Pinh Iy 3.3. Ham Green ddi véi tap
A = {1,2,3,..,n—1} c Z dugc xac dinh boi
cong thuc

) max{x, z}
G4(x,z) = 2min{x, z} (1 - T)
Chirng minh.
Void = {1,2,3,...,n— 1}, tacd 0A = {0,n}.

Vi a(x) = |x| trong trudng hop mot chiéu nén
su dung két qua dinh 1y trén ta c6

6i(x.2) = | ) HExyaG -2)|-az-)

yeEIA
= H(x,0)|0 — z| + H(x,n)|n — z|

=z — x|
x x
=(1——)Z+—(n—z)—|z—x|.
n n
Néuz > xtaco Gy(x,2) = 2x (1—%).

Néu z < x ta b Gu(x,z) =2z (1 - %)
Tom lai

max{ x, z}).

G4(x,2z) = 2min{ x, z} (1 - -

Cudi cung, dé minh hoa cach van dung tryc tiép
cac dinh 1y 3.1, dinh 1y 3.2 va dinh ly 3.3 vao tinh
toan cu thé, chung t61 xét bai toan bién Dirichlet cho
bude di ngau nhién don gian trén Z2.



Tap chi Khoa hoc Dai hoc Can Tho

Bai toan: Cho tip A = {xy,x,,x3} € Z? va
0A = {y,, ..., yg} nhu trong hinh v&. Ta can tim gia
trj ciia G,(x,2) v6ix € A, z € A.

ﬁy

Y2 Ys Ya
{ ] ] { ]
_Zl/1 L1 T2 3 _'!/5 _):n
0
ys Y Ye
{ ] o { ]

Tir phwong trinh (1), 1an luot cho x nhan cac gia
tri x4, X, X3 va y nhan cédc gia tri y;,¥,,...,Yg ta
nhén dugc hé phuong trinh sau:

trong d6 7 1a ma tran don vi kich thudc 3 X 3,

va

S bR

0

H¢ nay co nghiém la

15
56
1
14
1
56

1

14
2
7
1

14

(I-P)X =4,
0 ! 0
4
1 1
P=]— 0 -—
4 4
0 ! 0
4
0 0 0 0O !
4
! 0 0 O ! 0
4 4
0 1 11 0 0
4 4 4
1 1 1 1
56 56 56 14
1 1 1 2
14 14 14 7
15 15 15 1
56 56 56 14

=N

15
56
1
14
1
56

15
56
1
14 |
1
56

MJi hang cta ma tran H chinh 1 phan phéi xéac
suat cua S; xuat phat tu di€ém x tuong Gng.

Tiép theo 1a két qua sb ddi v6i ham Green
Gu(x,z) v6ix,z € A.

Bang gia tri cia a(x — z),x,z € A.
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X1 X2 X3
8
x1 O 1 4’ - =
X, 1 0 1
8
X3 4’ - 1 0

Y1 Y2 V3 Va Vs Ye Y7 Vs
4 8 48 4
X 1 - 4—— 17—-— —-14- - 1 1
b1 b1 T T
4 4 8 4 4 8
X, — 1 — 4 —— — 1 — 4——
b1 b1s b1s b1s b1s b1
8 4 4 8 48
X3 —14+4-—- = 1 1 1 - —14+4- 17——
T T b1s b1 b1s

Ta ky hiéu ma trdn phén phéi cua S, boi
H(A,0A), ma tran gia tri cua a(x — z),

x,Z €A bdi a(0A — A) va ma trdn gia tri cia
a(y —z),y €04,z € Abdia(4A — A).

Khi do,
Gy(x,z) = H(4,04) x a(0A — A)T —a(A - A)

Tur do ta cod

15 2 1
14 7 14
2 8 2
Ga(x,z) = 7 7 7
1 2 15
14 7 14

Céc phan tir cia ma trin G,(x,y), ching han
Ga(x1,%3) = i nghia 1a xuit phat tir x;, binh quan
bude di ngiu nhién ghé qua x; 1a i lan trude khi
thoat khoi tap A.

15 o aaa

Tuong tw, G4(xy, %) = T, > 1 nghia la budc di
ngiu nhién chic chin & x, tai thoi diém xudt phat va
c6 thé s€ quay lai thém mot sO lan trude khi thoat
khoi tap A.

4. KET LUAN

Trong bai viét nay, viéc tinh toan s6 cho ham
Green cuia budc di ngau nhién trong trudng hgp mot
chiéu va hai chiéu di dugc 1am rd thong qua viée sir
dung cac dinh 1y va cong thirc cu thé lién quan dén
ham phan phdi xac suat thoat H(x,y). Trén co s&
d6, chung toi da thiét 1ap duoc biéu thic ciia ham
Green G,(x,z) dbi v6i cac mién hiru han, ddng thoi
xdy dung mdt quy trinh tinh toan hiéu qua dua trén
viéc giai hé myén tinh cho xac suét thoat véi ma trn
gia tri cua ham hat nhan thé. Pac biét, bai toan bién
trong trudng hop hai chiéu da dugc giai quyét nhu
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