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TOM TAT

Bai bao dwoc thuc hién nham nghién ciru cdc tinh chat chinh quy
cua ho cac anh xg da tri trong khong gian métric va khong gian
dinh chudn. Céc tinh chdt nay la cdc dang mo rong twong iung cua
cdc tinh chinh quy cua ho cdc tap hop. Cac diéu kién can va di
trong khéng nén cho cdc tinh nira chinh quy dwoc thiét lip duwdi
dang do doc dia phuwong va toan cuc. Truong hop anh xa da tri
nhén gid tri 16 ciing dwoc nghién ciru.

Tir khéa: Anh xa da tri, do doc, tinh nira chinh quy, tinh chinh quy
ABSTRACT

The paper studies transversality properties of collections of set-
valued mappings. These are generalizations of the corresponding
transversality properties of collections of sets. Necessary and
sufficient conditions in primal spaces for semitransversality in
terms of slopes are established. In the case of set-valued mappings
with convex values, geometric and metric characterizations of
these properties admit simplifications.

Keywords: Transversality, set-valued mapping,
semitransversality, slope

1. GIOI THIEU

Céc tinh chat chinh quy cua ho cac tap hop dong
vai tro quan trong trong giai tich bién phén va tbi uu
hoa. Chung duogc sir dung dé thiét 1ap cac quy tic
tinh toan cho cac d6i tuong quan trong ctia giai tich
phi tuyén va giai tich khong tron nhu non tiép xuc
va non phép tuyén cua tap hop, dao ham suy rong va
dudi vi phan ctia ham thuc, dao ham va ddi dao ham
xem Chuong 3 trong

cuia anh xa da tri;

Céc tinh chét chinh quy ciia ho cac tap hop con
c6 mbi lién hé chat chd véi tinh cuc tri (extremality),
tinh dung (stationarity) va tinh xdp xi dimg
(approximate stationarity) (Kruger, 2005). Tinh ntra
chinh quy (semitransversality) va tinh chinh quy
(transversality) 1a cac dang phu dinh twong Gng cua
tinh dung va tinh xép xi dung Céc tinh chat nay
dong vai tro quan trong trong viéc thiét 1ap cac didu
kién can ti wu dbi ngiu trong cac bai toan t6i uvu da
muc tiéu (Cuong & Kruger, 2025).

(Mordukhovich, 2006). Ngoai ra, cac tinh chat chinh

quy con 1a cong cu hiéu qua trong viéc dénh gia toc
do hoi tu cua cac thudt toan toi uu, dac biét trong
nhitng bai toan c6 dir liéu khong tron hodc khong 161

(Drusvyatskiy et al., 2015).

Viéc nghién ctru tinh cuc tri cua ho cac anh xa
da tri duoc dé xuit boi Mordukhovich et al. (2003),
khi cac tac gia nhén thay trong mot s6 bai toan diéu
khién t6i uu, nghiém t6i wu dugc mod ta théng qua
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cac quan hé phi tuyén; do d6, khai niém vé tinh cyc
tri ciia ho céc tap hop khong thé van dung. Cac Kkét
quéa nay da dugc mo rong va phat trién trong cong
trinh gan day ciia Anh et al. (2024).

Nhu da phan tich ¢ trén, tinh cyc tri/dung va cac
tinh chinh quy c6 mdi lién hé mat thiét. Do do6, viéc
nghién ctru cac tinh chinh quy cta ho cac anh xa da
trj la rat can thiét. Trong bai bao nay, chung t6i dé
xudt va nghién ciru cac tinh chinh quy méi ctia ho
cac anh xa da tri. Cac cong cu hién dai cua gidi tich
bién phan da dugc van dung, chung t6i thiét 1ap cac
ddc trung hinh hoc va bat dang thirc métric cho cac
tinh chinh quy méi trong trudng hop 16i va khong
16i. Céc diéu kién can va du dudi dang d¢ ddc cho
tinh nira chinh quy trén khong gian nén ciing dugc
nghién ctru.

2. KIEN THUC CHUAN BI

Cho X 1a mot khong gian dinh chudn, hinh cau
mo tdm x véi ban kinh § > 0 duoc ki hiéu 1a Bg(x),
hinh ciu mé& don vi tim 0 dugc ki hiéu 1a B. Khoang
cach tir x dén Q < X 1a d(x, Q): = infeq l|x — ull,
trong do d(x, ®) = +oo. Mién hitu hiéu va dd thi
cua anh xa da tri F: X 3 Y duoc ki hiéu lan luot 1a
domF:={x€eX| F(x)#*0} va gphF:=
{(x,y) eXXY|y€eF(x)}.

Pinh nghia 2.1 (Cuong & Kruger, 2021)

Cho X la mot khong gian métric, f: X - RU
{+oo}vax €domf ={x€X|f(x) < +o0} Do
dbc dia phuong va do dbc toan cuc cua f tai x duoc
dinh nghia lan luot 1a:

[f () - @]

V() = sup=——Fr =
NG EIADIR
e T I

trong d6 a, := max{0,a}voi moi « € R va
i) =[fW)]; véimoiu € X.

Ménh dé 2.1 (Cuong & Kruger, 2021)

Cho X 1a mot khong gian métric, f: X - RU
{+00} vax € domf vodi f(x) > 0. Khi do:

(@) VA1) < [VFI° (o)

(ii) néu X 1a khong gian dinh chuan va f 1a ham
16i thi |VF|(x) < [VF]°(x).
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B6 dé 2.1 (Ekeland, 1974)

Cho X 1a khong gian métric day, f:X - RU
{#+00} ntra lién tuc dudi, x € X, € > 0,4 > 0. Néu
f(x) <infyf + ¢, thi 3% € X sao cho:

(i) dxx) <4

(i) f(&) < f(x);
(i) fQ) + (¢/Ddw, %) = f(x), Vu € X.
Pinh nghia 2.2 (Cuong & Kruger, 2021)

Cho Q,,Q, 1a céc tap con cta khong gian dinh
chuan X, vax € Q; N Q,.

(i) Ho {Q,, Q,} 14 ntra chinh quy tai ¥ néu ton tai
T>0vad > 0saocho

Q=x)NQ; —x)NB,(x) #0

véi moi p € (0,6) va x; € X; (i = 1,2) thoa
max{||x, ||, [|lxz[1} < zp.

(i) Ho {Q,, Q,} 14 chinh quy tai % néu ton tai t >
0vad > 0sao cho

(Q —wy—x)N(Qy —w; —x3) N (pB) # @

v6i moi p € (0,8), w; € Q; N Bs(X) va x; €
X; (i = 1,2) théa max{|lx, [l, [|x, |} < 7p.

3. TINH CHINH QUY CUA HQ CAC ANH
XA PA TRI

Cho (X;,d;) va (X,,d,) 1a cac khong gian
métric, X 1a mot khong gian dinh chuan. Xét cac dnh
xa da tri F:X; 3 X va F:X, 3 X, va cac diém
X1 € Xy, X%, € X,, X € Fy(%,) N F,(%,).

Pinh nghia 3.1

(i) Ho {F,, F,} 1a ntra chinh quy tai ¥ néu ton tai
T>0vad > 0saocho

Fi(x1) N Fy(x) N B,(x) # @
véimoip € (0,6) vax; € X; (i =1,2) thoa
.mlag({di(xi; x;), d(x, Fi(x;))} < tp. (1)
i=1,

(ii) Ho {F, F,} 1a chinh quy tai X néu ton tai 7 >
0vad > 0sao cho

(F1(x1) — w1) N (F2(xz) —wz) N (pB) # @

voi m01p S (0, (S), w; € Fi(xi) n Bg(f) va Xx; €
X, (i = 1,2) thoa (1).
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Nhan xét 3.1

(i) Binh nghia 3.1(i) 1a trudng hop dac bi¢t cua
Dinh nghia 3.1(ii) véi w; = w, = X. Do do, tinh
ntra chinh quy 1a y&u hon tinh chinh quy.

(i) XétQ, 0, cX,x €N, vaF: X3 X
véi Fi(x) :=Q; — x, Vx € X. Ta c6 F;(x;) = £;
voix; = 0 (i = 1,2) vax € F;(x;) N F,(x;). Do
d6, cac tinh chat trong Dinh nghia 3.1 1a cac dang
mé rong twong mg cta cac tinh chit trong Dinh
nghia 2.2.

(iii) Céc tinh chét trong Dinh nghia 2.2 yéu cau
cac tap thu duoc béng céch tinh tién cac tap ban dAu
phai c6 phan giao khac rdng trong mot lan can cia
diém dang xét. Nguoc lai, cac tinh chat trong Dinh
nghia 3.1 dam bao sy khac rdng ciia phan giao théng
qua viéc sir dung cic anh xa da trj. RS rang cach tiép
can thong qua anh xa da tri 1a linh hoat va téng quét
hon cach tiép can théng qua phép tinh tién. Sy hi¢u
qua cua cach tiép can ny da dwoc chirng minh trong
cong trinh cia Mordukhovich et al. (2003) thong
qua viéc van dung tinh cyc tri cia ho cac anh xa da
tri dé nghién ctru cac bai toan diéu khién t6i uu trong
d6 nghiém khong duoc phat biéu theo quan hé nén.
Dbi véi tinh chinh quy ctia 4nh xa da tri, viéc nghién
ctru cac khia canh 1y thuyét da duoc tap trung thuc
hién trong bai béo, cac Kkét qua thu duogc co thé duoc
van dung dé nghién ctru cac bai toan ti uu véi dir
liéu phi tuyén va/hoac anh xa da tri.

Y

pB

Hinh 1. {F4, F,} 1a nira chinh quy tai x
Vidu 3.1
Cho X := R? duoc trang bi chuan Euclid,
Q:={(x,y) € R¥|x=0 hoicy =0}
% :=(0,0) € . XétFy, F, ¢ R? = R? véi
Fi(x1) := Q—xy va F(xy) i= Q—x,

Vxl, Xy € Rz. Ta,C(’) Fl(‘fl) = Fz(fz) = Q V(’Yi
X, =%, :=1(00). Lay 7€ (0,1), §>0 va p€

130

Tdp 62, S6 44 (2026): 128-133

(0,8). D& thay Fy(x;) N Fy(x;) N B,(X) = @ véi

moi x;,x, € R? théa max{||x, ||, ||x||} < tp. Theo

Dinh nghia 3.1(i), {F;, F,} la nira chinh quy tai x.
Chon p € (p,8), 1€ (0,7), %, =(1p,0), X,

= (_fp, 0), (1)1 = (1)2 = (0, _ﬁ). Khi dé

(F1 (%)) — @1) N (F(X;) — @) = {(x, y)ly = p}.
Do do

(F1 (&) — @1) N (Fy(%,) — @3) N (pB) = 0.

Theo Pinh nghia 3.1(ii), {F;, F,} khong chinh
quy tai x.

\ . ~

y (Fi(%1) — @) N (F(%) — dn)

pB

Hinh 2. {F4, F,} khéng chinh quy tai x
Pinh ly 3.1

(i) Ho {F,, F,} nira chinh quy tai X néu va chi néu
tontait > 0vad > 0 sao cho

Td(%, Fi(x1) N Fy(x,)) < {E%{dz(xi'fi)'d(f. Fi(x)}

véimoi x; € X; (i = 1,2) thoa
max{d; (x;, %), d(%, Fy(x;))} < 76. (2)

(ii) Ho {F;, F,} chinh quy tai X néu va chi néu
tontait > 0va d > 0 sao cho

7d(0, (F1(x1) — w1) N (F(x3) — wy))
< ?zl?)z({dl (xi' fi)' d(f, Fi(xi))}

voi m01 w; € Fl(fl) ﬂBg(J?) va X; € Xi (l =
1,2) thoa (2).

Chirng minh
(i) Gia st {F,, Fz} 1a ntra chinh quy tai x véit >
0 va 6>0. Lay x;€X; (i=12) thoa
v = max{d;(x;, x;),d(x, F;(x)))} <18 va pE€
i=1,2

(0, 8) sao cho p > t71y. Theo Dinh nghia 3.1(i), ta
dugc d(%, Fy(x;) N Fy(x,)) < p. Lay giéi han p
771y, ta duoc bét ding thic can chimg minh. Nguoc
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lai, ldy p € (0,8) vax; € X; (i = 1,2) thoa (1). Khi
a6, d(x, Fy(x;) N Fy(x;)) < p. Theo Dinh nghia
3.1(i), {F,, F,}1a ntra chinh quy tai x.

(i) Gia st {Fy,F,} 1a chinh quy tai x véi
>0 wva §6>0. Lay x;€X; thoa
v = max{d;(x;, x;),d(x, F;(x;))} <16 va w; €

i=1,2
Bs (%) N F;(x;) (i =1,2). Chon p € (0,6) sao cho
p > t~1y. Theo Dinh nghia 3.1(ii), ta duoc
d(0, (Fi(x1) — w1) N (Fr(xz) — w,)) < p. (3)

Léy gi6ihan p | 77y, ta dugc bat déng thirc cAn
ching minh. Ngugc lai, 1dy p € (0,8) va x; €
do, bat déng thie (3) duogc théa. Theo Dinh nghia
3.1(ii), {F;, F,} 1a chinh quy tai x. [ ]

Pinh ly 3.2

Cho anh Xa l/),::X,: d X, fi € X,: vo1 lp(fl) = 0,
Q, va Q, 1a cac tp con 16i cua X, ¥ € Q,; N Q,. Xét
Fi:Xi 3X du’oc cho bdi Fi(xi) = l,bi(xi) + ‘Q‘i voi
moi x; € X; (i = 1,2).

(i) Néu ton tai T > 0 va § > 0 sao cho
(1 (1) + Q) N (@1 (x2) + Q) N Bs(x) # @
véimoi @, =y; (y > D vax; €X;, (i =12)
voi
max{d; (x;, %), llo:Ceoll} < 76, thi (Fy, F,} 1a
ntra chinh quy tai x.
(i) Néu tén tai 7 > 0 va § > 0 sao cho

(p1(x1) + Q4 — w1) N (@2(x2) + Qy — w3)
N (6B) =@

voi moi @; =y (y > 1),
Bs(%) N F;(%;) (i = 1,2) thda
E?)Z({di(xi:fi)' lo;(x)II} <76, thi {F,F,} la

chinh quy tai X.

X EXl', w; €

Chirng minh

(i) Liy p € (0,8) va x; €X; (i = 1,2) thoa
}frzl?)z({di(xi:fi}: [lp; (x)II} < Tp. Khi d6

m?)z({di(xi,fi)' d(x, () + Q)} < 7p.
=1,

Patt =2 va g, (x,) = @ (i = 1,2). Khi do

5
0<t<1 va [loall =" < = 75 (i =
1,2), va 3x" € (@1(x1) + Q1) N (@2(x2) + Q) N
Bs(x). Ta c6 x' € Bg(x) va x' = @;(x;) + v; voi
Vi € ‘Q‘i (l = 1,2) Do d6 l,l}i(xi) = t(x' - vl') (l =
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1,2). Tir gia thiét 16i, ta dwugc tv; + (1 — )X €
Q;(=12). Pat x =%+ t(x' —x). Khi d6 x =
t(x' - Ui) + tv; + (1 - t)f € l/),:(xi) + ‘Qi (l =
1,2).Mat khic, |lx — x|l = tllx’ — %l <58 = p.
Do d6 (11(x1) + Q1) N (P1(xz) + Q) N Bp(f) *
@. Theo Dinh nghia 3.1(i), {F;, F,} 1a ntta chinh quy
tai X.

(ii) Lay p € (0,8), w; € Bs(X) N F;(%;) va x; €
Xi (1=12) voi max{d;(x;, %), i (x)l} < zp.
Theo Dinh 1y 3.2(i), v6i mdi w; va w,, ho {F; —
w1, F, — w,} 1a ntra chinh quy tai 0. Do d6 {F;, F,}
1a chinh quy tai x. [

4. PIEU KIEN CAN VA DU CHO TINH

CHINH QUY

X dugc cho la mt khong gian dinh chuén, ta
trang bi cho khong gian X 3 chuan phu thudc vao
tham s6 y > 0 nhu sau:

| (w1, vo, VI, = max{|[v]l, ¥llvill, ¥ llv I}
voi moi v, vy, v, € X.
Pinh ly 4.1

(1) Gia st X 1a khong gian Banach, F; va F, c6
gia tri dong. Ho {F;, F,} 1a nira chinh quy tai X néu
ton tai T>0, §>0 va y> 0 sao cho v&i mdi
X € B‘L'6 (fl’), U; € Fi(xi) n Bé‘(fl) (l = 1,2) thi

max|lv;- xll-max]jv; - '

sup
(vivgx")#(we,v2,%)
v €F;(x)(i=1,2)x'eX

T

[@1022)=(v1v2x )|

voi m01 X € Bé‘(f), v; € Fi(xi) n Bg(ul) (l =
Y
1,2) thoa
0 <max{l|vy — x|, [lv, — x|} <7z6. (4

(ii) Néu {F;, F,} 1a ntra chinh quy tai X v6i T > 0
va 8 > 0, thi

max]lv;- f“‘{é‘i’é””i’_ x| .-

sup
(v vpx")#(ve,v2,%)
v €F;(x)(i=1,2)x'€x

@102 0-(v1v2x )|

voiy:=(t+ 1) va véi moi x; EX; vav; €
F;i(x;) (i = 1,2) théa (4).

Chirng minh

(i) Ta ching minh béng phan chimg. Liy 7 >
0,6 >0vay > 0.Giasu {F,F,} khong ntra chinh
quy tai x. Theo Dinh nghia 3.1(i), ton tai p € (0, 8)
vax; € X; (i =1,2) théa (1) sao cho

Fy(x1) N Fy(xz) N B, (xX) = 9.
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€

Do d6, x; € B;s(x;) (i=1,2) va max{||z,
z||,lzz — 2z} > 0 v6i moi z € B,(X) va z
Fi(x;) (i =1,2). Khi @6 ton tai @; € F;(x;) (i
1,2) sao cho max{||@; — x||, ||, — X[|} < tp < 16,
tic 1a, @; € F(x;) N B.s(X) (i = 1,2). Viéc xét

f(z1,25,2) = max{||z, — z||, [|z; — z||}  duoc
thyc hién véi moi Vz,,2,,z € X va

=

Ta c6 0 < f(fiy,,,%) < Tp. Chon &£ > 0 sao
cho f(il;,0,, %) < € < 7p. Bb dé 2.1 duoc ap dung
cho ham f trén khong gian Banach F,(x;) X
F,(x;) X X, ta tim dugc x € X vav; € Fi(x;) (i =
1,2) thod

f+ iFi(x1)><F2(xz)'

f(v1,v5,x) < f(Ty, 8y, %),
| (w1, v2, %) = (@, 2, DIy < p,
f1, 172,?) — f(vy,v2,x")
< ’ |(v1, vz, x) — (v1, 03, 2Dl
v6éimoi (vq,v5,x") € Fi(xy) X Fy(x3) X X. Khi
do
x € Bs(%) va v; € Fi(x;) N Bs,, () (i = 1,2),

va
max||v; — x|| — [ —x'
max|lv; — x|| - maxljv; — X'l
TR <—-<r
| (w1, v2, %) = (g, v3, x| p
voi moi  (vy,v3,x') € Fi(x1) X F(xz) X X,

diéu nay mau thudn vai gia thiét.

(ii) Gia str {Fy, F,} 1a ntra chinh quy tai X v6it >
OVélS.Léyxi € X,: Vélvi € Fi(x,:) i = 1,2) thoa 0 <
max{|lv; — ||, [|lv, — xI[} <76. DPat y:=(r+
D™ va M:= 1 Imax{||lv, — x|, l|lv, — %||} < 6.
Cho n € (0,1) va chon y' € (ny,y). Khi do
) '—1t>1.Choné >1saochoé<nLE&<
')t —1, va EM < 5. Theo Pinh nghia 3.1(i),
xeXvav; € Fi(x) (i =1,2) v6i v, = D, = £ sao
cho || —x|| <éM. Do max {||D; — x|, |D, —
x|} =0 va max {|lv; —x||,|lv; —x|[} > 0, nén
(ﬁll ﬁZIﬁ) * (vll lef)'

Hon nira,

1D; — vill < 1D — x|l + llv; — x|
<EM+TM <MY <M@y) Tt (E=12),

Vé ”(i}li ﬁZIﬁ) -
= v} < Mmax{§,n~'} = Mn~!

Wy, v, O, = grzlgg{llﬁ -

x|l yllo;
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Do d¢,
{rzl?)z(”vl - JZ” > 77'[”({71, ﬁZI 53) - (vll vZPf)”y'
Khi do,

max||v; — X|| — max||v] — x’
max|lv, - | - maxllv; - x'|

sup
(v1v3x" ) #(w1,02.%)
v]eF;(x)(i=1,2)x'€x

| (w1, v2, %) = (g, w3, Xy

max|jv; — ]|

> nt.

”(vlﬁ V2, x) (ulﬁuZﬁje)”‘y

Chon T 1, ta dugc diéu phai chimg minh.
Nhin xét 4.1

(1) DPinh ly 4.1(i) 1a mét truong hop riéng cua
Dinh 1y 4.1(ii) voi x == X vau;: = v; (i = 1,2).

(ii) Két qua cua Dinh 1y 4.1(ii) luén dung véi bat
ky O<y < (r+ 1)L

(iif) Viéc nghién ctru trén cac khong gian tich
dugc trang bi chudn phy thudc tham sé 1a mot k§
thuat thuong dugc st dung trong viée thiét 1ap cac
diéu kién can va di cho cac tinh chét chinh quy. Khi
cac diu kién duoc phat biéu trén khong gian nén,
vai tro ctia tham sb chua thuc sy ndi bat. Tuy nhién,
khi cac diéu kién nay dugc van dung dé nghién ctru
céc didu kién twong tmg trén khong gian ddi ngau,
vai trd ciia tham sb tro nén rd rang hon vi né6 mang
lai sy linh hoat trong qué trinh tinh toan va dua ra
cac ude luong trong khong gian ddi ngiu.

(iii) Dinh 1y 4.1 trinh bay diéu kién can va du
dudi dang d6 dbc toan cuc cho tinh nira chinh quy
cua ho cac anh xa da tri. V&i cach tiép can tuong tu,
ta c6 thé thiét 1ap cac diéu kién can va du tuong tng
cho tinh chinh quy trong dinh nghia 3.1(ii).

H¢ qua 4.1

(1) Gia st X la khong gian Banach, F; va F, nhan
gia tri dong. Ho {F;, F,} 1a nira chinh quy tai ¥ néu
ton tai T>0, §>0 va y> 0 sao cho voi mbi
X; € Bys (%), u; € Fi(x;) N Bs(%;) (i = 1,2) thi

! !
max||v; — - P —
max|lv; — x|l — maxlv; — x'l|

=1

limsup
(v1,v3,%")#(01,02,%)

,1( xi)

vi—> v; (i=1,2),x'>x

(w1, vz, %) — (vg, v3,x")||

v6i moi x, v, v, thoa cac diéu kién trong Dinh
ly 4.1(1).

(il) Gia stt Fy, F, ¢6 gi trj 16i. Néu {F;, F, } 14 nira
chinh quy tai X véi T > 0 va § > 0, thi
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max|lv; — %[l — max|lv; — x'|l
limsup =12 =12 >17
(‘U{Vé x")#(v1,0,,%) ||(171'172;f) - (U{,Ué,x’)”
JFilxp)

—» v; (i=1,2),x"->%

voi y := (T + 1)71 va véi moi vy, v, thoa céc
diéu kién trong Dinh 1y 4.1(ii).

Chirng minh

(i) dugc suy ra tr Pinh ly 4.1(1) va Ménh dé
2.1(1).

(il) dugc suy ra tr Dinh 1y 4.1(ii)) va Ménh dé
2.1(11). [
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5. KET LUAN

Trong bai bao nay, mot sd tinh chinh quy méi
cua ho anh xa da tri duoc dé xuét va nghién cuu;
ddng thoi, cac didc trung hinh hoc va métric tuong
mg ciing duoc thiét 1ap. Cac két qua trong trudng
hop anh xa da tri nhan gia trj 10i duoc thiét lap. Cac
cong cu hién dai cua giai tich phi tuyen va gidi tich
16i da dwoc van dung; cac diéu kién can va du dudi
dang d6 ddc cho tinh nira chinh quy ctia ho cc anh
xa da tri dd dugc dua ra trong bai bao. Hudéng nghién
clru tiép theo cua bai bao duge dé xuét 1a van dung
cac quy tic téng cua cac dudi vi phan (Clarke, Ioffe,
Fréchet, 101) dé thiét 1ap cac diéu kién can va du dudi
dang cac phan tir trong khong gian ddi ngau cho cac
tinh chinh quy ctia ho céc anh xa da tri.
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