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TOM TAT

Muc tiéu cua bai bao la nghién curu buodc di ngd~u nhién voi mot lyc
ngodi tac dong. Cu thé, véi xdc sudt chuyén trang thai théa mét sé
diéu kién cho trucc, mot dang ludt 56 lén dwoc chi ra trong moé
hinh dang xét. Pong thoi, cdc két qua nay ciing dwoc moé phong
thong qua ngon ngir lap trinh Python.

Tir khéa: Buée di ngau nhién, ludt sé lom, mé phong, todn tir
Markov

ABSTRACT

This paper investigates random walks under the influence of an
external force. Specifically, assuming that the state transition
probabilities satisfy certain prescribed conditions, a version of the
law of large numbers is established for the proposed model. In
addition, the theoretical results are illustrated through numerical
simulations implemented in the Python programming language.

Keywords: Law of large numbers, Markov operator, random
walks, simulation

1. GIOI THIEU

Mot bude di ngiu nhién (Xn)nzo duge xet co
khong gian trang thai la tap s6 nguyén Z va véi didu
kién ban ddu X, = 0. Trong md hinh nay ta gia sir
xac sudt chuyén ddi trang thai cia X,, dugc cho boi

nhu moé hinh khong cé luc ngoai tic dong. RS rang
phan phdi giéi han cta qué trinh nay phu thudc vao
didc tinh cua ddy cac xac suat chuyén That vay,
Duong and Lam (2025) da chi ra rang néu day
() ez hoi tu vé mot hang s6 a, tirc 1a

Jim = a ®

P(Xn41 =k + 11X, = k) = ey,

P(Xny1 =k —1X, = k) = ay_q,
P(Xn+1 = k|Xn =k)=1- Ay — ap_yq

v6i moi n = 0. Trong cong thie trén, gid tri k

v6i 0 < a < 1/2, thi ton tai dinh mot dang luét
s0 16n lién quan dén budc di ngau nhién cho truong
hop c6 luc ngoai tac dong, d6 la

X 11
EEELAEY -
n a( )

1a mot s6 nguyén va (ay) rez k¥ hiéu cho mét day
céc s6 thuc dwong dam bao tat c cac xac suat trén
déu khong am. Hang sé dwong A dic trung cho mot
luc ngoai tic dong vao su di chuyén cia budc di
ngiu nhién. Trudng hop dic biét néu A = 1 thi xem

theo xac sudt khi n tién téi vo cung. Trong
truong hgp khong ¢ luc ngoai tac dong thi xuat hién
mdt dang cta dinh ly gidi han trung tam nhu sau
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n
—

Vn

theo phan phdi khi n tién t&i vo cing.

N(0; 2a)

Dic biét hon khi ma x4c suit chuyén ddi 1a cac
hing sd, dinh 1y giéi han trung tim 4p dung cho
budc di ngdu nhién can bang, c6 nghia la xac suat di
chuyén qua phai (ting 1 don vi) va qua trai (giam 1
don vi) nhu nhau. Diéu nay da dugc chimg minh boi
Chuong va Ba (2017), Durrett (2019) va Chuong va
ctv. (2021). Trong khi d6, Chuong (2021) da chi ra
mot dang luat sé 16n duge thoa cho bude di ngiu
nhién khong cin bing véi xac suét di chuyén qua
phai va qua trai khac nhau. Dé tim hiéu thém vé
bude di ngiu nhién trong khong gian mot chidu, doc
gia c6 thé tham khao thém trong cac tai liéu Alili
(1999), Ross (2010) cling nhu trong nghién ciru cia
Lawler va Limic (2010).

O bai bao nay, diy xac suit chuyén (ay)kez
khong thoa diéu kién (1), ttre 1a khong hoi tu duoc
nghién ctru va chi ra rang budc di ngiu nhién van
thoa luat sd 16n trong truong hop c¢6 lyc ngoai
tac dong.

Toan tir Markov P cho budc di ngau nhién X,,
duogc cho boi cong thic

Pfk) = E[f (Xns1)|Xn = K],

trong do6 f la mot ham do duoc trén Z. Khi do, ta
c6 c6 theé viet lai cong thuc trén nhu sau

Pfk) = Aay[f (k + 1) = f (k)]
= aalf (k) = f(k=D]. (2)

Toan tir P nay doéng mot vai trd hét stc quan
trong trong viéc xac dinh phan phdi giéi han cua
budc di ngau nhién dang xét. N6 c6 mot s tinh chat
s€ duogc dua ra trong phan tiép theo.

2. PHUONG PHAP NGHIEN CUU

Ta nhéc lai Dinh ly Stolz-Cesaro lién quan dén
gi61 han cua day s6 dugc phat biéu nhu sau:

binh 1y 1. (Cesaro, 1888; Stolz, 1885) Cho
(an)ns1 va (bp)nsq la hai day so thuc. Gia sir rang
day (by)ns1 la mot day so don diéu nghiém ngdt va
phan ky, va gioi han sau ton tai:
. Ony1 —Qn
lim ——— = L.
n-w by 4 — by
Khi do gici han sau dwoc thoa
a
lim — = L.

-
n—-o00 Py,
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Ta c6 h¢ qua cua Dinh Iy 1 dugc phat biéu dudi
dang b6 dé nhu sau

B6 dé 1. Cho ()1 1a mot diy sé duong sao
cho limu, = u. Khi d6 véi moi s6 nguyén khong

n—oo
am ¢ =0,1,2, ..., gioi han sau day ton tai:
n
T YR
bim T 2, =
i=

Chirng minh. Ap dung Pinh Iy 1 cho a, =
>* L ifu; va b, = nf*t voin > 1 ta duogce két qua
nhu mong muon. X

B6 dé 2. Cho (v,),»; 1 mot day sb thuc. Néu
cac gidi han sau dugc thoa

VUon

. . Vap—1
lim — = lim =
noow 2n n-oo2n—1

thi ta cling c6
le

lim — = L.
n—-o N

Ching minh. St dung ngén ngit § — € trong
dinh nghia gidi han ta s& c6 dugc két ludn mong
muon. ¥

Lién quan dén toan tir P ta c6 cac ménh d& sau

Ménh dé 1. Cho h 1a mot ham s duogc xac dinh
trén tap Z va thoa man phuong trinh

(P-Dh(m) =1

v6i moi m € Z, I 1 toén tir dong nhat, va diéu
kién bién dugc cho béi h(0) = 0. Khi d6, dang thirc
sau day luon ding

E[r(X)] =n

voimoin = 0.

Ching minh. Vi X, nhan gia tri nguyén nén ta
c6 thé thay m bang X,, thda

(P —-Dh(X,) =1 3)
v6i moi n > 0. Ly ky vong ciia ca hai vé ctia
(3) ta duogc
E[h(Xp+1)] — E[A(X,)] =1

béng cach ap dung tinh chét cta ky vong c6 didu
kién cho toan tr P dugc dinh nghia trong cong thirc
(2). Do gia dinh E[h(X,)] = E[R(0)] = 0, ching
ta co the suy ra két qua mong muon bang cach st
dung d¢ quy theo n. Il

Ménh dé 2. Cho g 1a mot ham s dwoc xéac dinh
trén tap Z va thdéa man phuong trinh
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P-Dglm) =m
v6i moi m € Z, va diéu kién bién dugc cho boi
g(0) = 0. Khi d9, ta co gidi han sau
Elgix)] _ (A-De
n2 3
Chirng minh. Lap luén nhu trong Ménh dé1ta
co

lim

n—oo

(P —-DgXn) =X
Léy ky vong hai vé ta dugc
E[g(Xn+1)] — E[g(Xn)]

v6i moi n = 0. Pé quy theo n dan dén

= E(Xn)

n-1

Elg(X)] = ) ECX)
i=0

voi moin = 1. Tir d6 dan dén

ElgXy)] 10 I\ E(X)
e Col T WA R
n—-oo n n—»oo‘n_iz:L n l
A1—1)2
1 @-12a
2 3
_ (A-Da
B 3

nho ap dung B6 d& 1 va cong thirc (5) bén dudi.
Luu y rang két qua cia cong thire (5) dwoc chimg
minh dya vao Ménh dé 1 va hoan toan khong phu
thudc vao Ménh dé 2. [

) Cudi ciing, Dinh 1y Chebyshev lién quan dén luat
s0 16n dugc cho nhu sau

binh ly 2. (Billingsley, 1995) Gia sur phan phoi
cia bién ngdu nhién Z dwoc xdc dinh hoan toan bai
cdc moment ciia né. Hon nita, gid sir rang (Zn)ps1
la mét day cdc bién ngdu nhién s¢ hitu cdc moment
cua moi bdc. Néu théa man diéu kién sau:

lim E(Z,") = E(2°) voimoi £ =1,2,3, ..
thi day (Zy)ps1 € hoi tu dén Z vé phin phoi khi
n tién ra vo cung.

Ta ¢6 h¢ qud cia Dinh 1y 2 dugc phit biéu dudi
dang bo dé nhu sau

Bo de 3. Cho day (Zy)ns1 la mot tap hop cac
bién ngau nhién. Gia sir ta c6

limE(Z,) =c,

n—-oo

dong thoi
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lim IE(Z ) c?

n—-oo

thi day (Z,)n>1 hoi tu vé hang so ¢ theo xac suét
khi n tién t61 v cung.

3. KET QUA VA THAO LUAN

Trong phan nay ta xét ddy cac xac suit chuyén
() kez nhu sau

Ao = AVAQy_q = af2

4
véimoi k € Z va a # 0. Khi d6 (ay)kez 12 mot
day khong hoi tu khi k tién ra vo cung.
_Ching ta thiét 1ap ludt sb 16n cho cac budc di
ngau nhién da xét:

Pinh 1y 3. Néu day xdc sudt chuyén (ak)kez
thoa man dzeu kién (&) thi sw héi tu sau ddy ton tai
theo xdc sudt:

X, 21—«
n 3
khi n tién t6i vo ciing.
Theo B dé 3, dé thiét 1ap Dinh 1y 3 chung ta chi
can ching minh sy hoi tu cua cac gioi han sau:
X, 21—«
lim E (—n> =— 5
ngrgo n 3 ( )

va

i B (Xn)z B [2(/1 - 1)a]2 .

nl_r)lgo n - 3 * ( )

Chirng minh (5). Xét phuong trinh sai phan
(P-Dfitm) =1 @)

véimoim € Z va f,(0) = 0. Ap dung Ménh dé
1 ta c6 dang thic

Efi(Xn) =n ®)

v6i moi n > 0 vi theo gia thiét ban déu X, = 0.
Thét vay, vi X,, nhén gid tri 12 s6 nguyén nén thé vao
phuong trinh (7) ta dugc

(P -DfilXy) = 1.
Diéu nay tuong duong véi
PhHX) — X)) = 1.
Léy ky vong hai vé ta c6 ddng thirc sau
Efi(Xn+1)—Ef1(Xn) = 1.

Do @0, diy cac gia tri Ef;(X,) 1a mot cip sb
cdng vabi cong sai bang 1 va Ef; (X,) = 0. T do ta
thu duoc (8).
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Phuong trinh (7) duoc giai bang phuong phép
truy hdi theo m. St dung dinh nghia cta toan tir
Markov P thé vao phwong trinh (7) ta c6 phwong
trinh tuong duong la

Aay[fim+ 1) — fi(m)]
—p1[fi(m) — fi(m - D] = 1.
Tir d6 dén dén
ap[fim + 1) — fi(m)]
1
_Zam—l[fl(m) —film-1)] ==

Lap lai qua trinh trén ta thu dugc
anlfitm+1) — fi(m)] = -1

v6i moi m € Z. Tién hanh giai phuong trinh sau
cung ta dugc nghiém la:

am) = —"  sumez
fi(2m = 0= Da néu m
va fi(2m—1)
3m 2 . >1
A—Da (—Da 4 Mm=>
-1 !
= m neu m=0v,
3m + 2 . <—1
A—Da ' (A—Da 4 M=

béng cach ap dung phuong phap d¢ quy theo m.
Tur d6 ta co

f1(2m) . 3m
= lim ———
moteo  2m m-to 2m(A — 1)«
_ 3
T 20— Da
va tuong tu
- fim-1) 3
lim = .
moteo 2m—1 20— 1Da

Do d6, theo B6 dé 2 ta c6 gidi han sau
fi(m) _ 3
m 20— Da’
Khi d6 véimoie > 0, téntai M > 0 sao cho v6i
moi m| > M, ta co

flf:l”) x 2(’1; Da_ilce o

lim

m-+too

)
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Tiép theo chiing ta s& danh giaky vong cua X, /n
dé tir d6 tim ra gi6i han ciia n6. Ap dung cong thirc
(8)tacod

n 3
_ E[ﬁ_z(ﬂ
n

’]E [ﬁ 22— 1)a]

- 1)“ fl(Xn)
X " 11D

3

Ta thy ring khi n tién dén vo cung thi biéu thirc
trén s& dan vé 0. That vy, néu gia tri ciia X,, bi chin
thi f; (X,,) cling bi chin do tinh hoi tu cta gidi han
cho trong cong thirc (9). Trong khi d6 gia tri cua n
co thé 16n tiy y nén ve phai cua biéu thirc (11) dan
vé 0 khi n dan ra v6 cung.

Trudng hop gia tri cua X, khong bi chan, tuc
1a |X,,| > M. Ap dung cong thirc (10) ta cd
) 200=Da

Xn 3

-1l <e

Vvé phai cua biéu thirc (11) khdng vuot qué gia
tri ctia biéu thirc
“Ji- |

E[X”
X
< sIEH—n” =€
n

vi X, < n. Khi do néu & duoc chon bé tuy y thi
vé phai cta biéu thirc (11) dan hoi tu vé 0. K

2(A - Da y fi(X3)
Xn

n

Chuing minh (6). Tuong tu ta cling xét phuong
trinh

(P -Dfy(m) =m (12)

véimoim € Z va £,(0) = 0. Ap dung Ménh dé
2 ta duoc

n? (1—1)2a

A—Da
Ef,(Xn) » o X —— =n? 7 (13

khi n @i 16n. Thét vay, vi X, nhan gi tri 1a s6
nguyén nén the vao phuong trinh (12) ta dugc
(P -Dfz(X) =X
Diéu nay tuong duong véi
PrhXn) — (X)) =X
Lay ky vong hai vé ta c6 dang thirc sau
Ef; (Xn+1)—Ef2(Xp) = E(Xy).
D¢ quy theo n ta cod

n-1

Ef, () = ) B
k=1
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vi theo diéu kién ban dau Ef,(X,) = 0. Ap dung
(5)tacod

n(A—1)2«a
3
khi n du 16n. Didu nay dan dén (13).

E(Xn) ~

Phuong trinh (12) ¢6 thé dwoc biéu dién lai theo
dang hoi quy nhu sau:

ap[f(m+ 1) — f,(m)]

1 1
_Iam—l[fz(m) —fm-1]= Im'

Tur d6 dan dén

11
flm+ D= fm) = —> —m=0
mi=1

Béng cach ap dung dé quy theo m, nghiém ctia
phuong trinh (12) 1a ham f, dugc cho bdi cong thirc

@ )_3m2—m 3Am . ez
R@m) =Ty et = M mEL

3m? —-3m 3Aim-—21
al—-1) a(A—-1)?

néu m>=1,

3m? —3m+2 A ’
=D +a(/1—1)2 nfu m<0
Tinh gioi han ta dugc
f-(2m) 3m?-m
mote (2m)2 | motedmia(A— 1)
_ 3
42— Da
va tuong tu
f22m —1) _ 3

mote 2m—1)? 41— Da

Tir d6 ta co thé suy ra gioi han lién quan dén
nghiém cta phuong trinh (12) 1a ham f,(m) nhu
sau

lim f2(m) _ 3
moto m?2 41— Da

theo BS d& 2. Khi d6, véi moi € > 0, ton tai N >
0 sao cho véi moi jm| > N, ta co
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f2(m) (A —1)4a
x p—
m? 3

1’ < &.
Mt khéc, biéu thuc

[ - (42|
tuong duong véi biéu thirc
E [(Xn>2 _ (A= D4a y fzfl)gn)]

n 3

(14)

bang cach ap dung dang thirc (13). Lép luan nhu
trong ching minh (5) ta thu duge ket qua 1a biéu
thirc (14) hoi tu vé 0 khi n dan téi ra vo cung. [

Chu y 1. Trong truong hop a = 0, gidi han lién
quan déen ham f,(m) va f,(m) nhu sau

_ f1(m) < f2(m)
lim ——= =o0ova lim S =@
m-+oo m m-too Mm
Tir do ta ciing co
Xn\* X

lim E [(—") ] (—")] =0.

n—oo n n
Do dé, ta suy ra rang X,/n — 0 theo xdc sudt

khi n tién t6i vé ciing.

4. MO PHONG

= limE

n—-oo

Trong phin nay ta s& mé phong su di chuyén cua
budc di da xét trong cac truong hgp 4 = 1 tuong
ung voi héi tu theo phan phdi chuén va 1 # 1 cho
két qua ctia luat s 16n.

Dau tién, ta tién hanh mo phong cho trudng hop
A =1, xac suit chuyén qua phai va qua trai 13 a,
trong d6 a 1a mot gia trj trong khoang tir 0 dén 0,5.
Khi d6, theo két qua 1y thuyét ta c6

Xn N(0; 2a)
—_— ; a
Vn
theo phan phdi khi n tién t6i vo cing. Két qua

nay sé& dugc mod phong bang ngdn ngir 1ap trinh
Python véi thuét toan nhu sau

# Ham mo phong budc di ngau nhién
def random_walk(steps, a):
X n=10]
#Batdautr X 0=0
for n in range(steps):
current_position = X n[-1]
if r <alpha:
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next position = current position + 1
elif r <2 * alpha:
next_position = current_position - 1
else:
next position = current_position
# Gifr nguyén vi tri
X n.append(next position)
return X n
#Giatricuaa
a = round(random.uniform(0; 0,5), 2)
# S6 budc di ngiu nhién
steps = random.randint(200, 450)
print(f'Sé budc n = {steps}")
# S6 1an m6 phong
num_simulations = random.randint(2300, 4100)
# Luu toan b gia tri X_n/ sqrt(n) cudi cung dé tinh
toan
scaled X n_all=1]]
for _in range(num_simulations):

X n=random_walk(steps, a)
__Simulation of Random Walk Trajectories XV

2

Probabilty Dernity

Tdp 62, S6 34 (2026): 89-96

scaled X n=[X n[i]/np.sqrt(i)
for i in range(1, len(X_n))]
scaled X n_all.append(scaled X n[-1])
# Thong ké: Trung binh va phuong sai mau
mean_val = np.mean(scaled X n_all)
var_val = np.var(scaled X n_all)

Két qua thu dwoc nhu sau: Véi xdc suét
chuyén ¢ = 0,1 tacd

Xn N(0; 0,2)
—_— Y
N

theo phan phdi khi n tién t6i vo cung.
S6 bude n = 200.
S6 quy dao md phong 1a 2930.

N Théng ké dir liéu dugc mod phong: Trung binh
mau =~ —0,0061 va Phuong sai mau = 0,1991.

Bén dudi 1a d6 thi quy dao cua budc di ngau
nhién va ham mat d¢ gia tri mo6 phong.

Probability Densty Function ol X.r at Stép n
=3 Simulated POF
= POF of Mi0. 20

s

o
-1 -1

E

Hinh 1. M phéng hdi tu phan phdi chuin

O Hinh 1 duong mau do6 1a dd thi caa ham mat
d6 xac suat ctia phan phoi gidi han N (0; 0,2) trong
truong hop @ = 0,1, d6 1a

¢(x) =

X2
e 2x0.2,

1
V0,2 X 21
) Két qua cho thidy ham mat d6 dugc md phong
xap xi ham ¢ (x).
Tiép theo, ta mod phong cho truong hop A #
1 va a 1a mét gia tri trong khoang tir 0 dén 0,5. Khi
do, theo ket qua 1y thuyét ta co6

94

Xn

A-1)2a
3
theo xac suét khi n tién toi vo ciing. Duéi day 1a
thuat toan mo phong

n

# Ham mo phong budc di ngau nhién
def random_walk(steps, a, lambda_val):
X n=10]
#Biatdautr X 0=0
for n in range(steps):
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current_position = X n[-1]
# Néu current_position chdn thi alpha = a, 1¢ thi
alpha = a/2
if current_position % 2 == 0:
alpha=a
else:
alpha=a/2
r = random.uniform(0, 1)
if r <lambda val * alpha:
next position = current_position + 1
elif r <lambda_wval * alpha + alpha:
next position = current_position - 1
else:
next position = current_position
# Gilt nguyén vi tri
X n.append(next_position)
return X n
# Gia tri cua a va lambda
a = round(random.uniform(0, 0,5), 2)
lambda_val = round(random.uniform(0; 0,99), 2)
limit_value = 2*(lambda val - 1) *a/3
# S6 bude di ngiu nhién
steps = random.randint(200, 450)
# S6 1an mo phong
num_simulations = random.randint(2300, 4100)
# Luu toan bo gia tri X_n/n cudi cing dé tinh toan
Qui dgo md phing X./n

Tdp 62, S6 34 (2026): 89-96

scaled X n_all=]]
for in range(num_simulations):
X n=random_walk(steps, a, lambda_val)
scaled X n=[X n[i]/i
for i in range(1, len(X n))]
# Chia cho n
scaled X n_all.append(scaled X n[-1])
# Thong ké: Trung binh va phuong sai
mean_val = np.mean(scaled X n_all)
var_val =np.var(scaled X n_all)

Két qua thu dugc nhu sau:

Xac suat nhay khi trang thai & vi tri s6 chin 1a
a=0,17 valéla g =0,085; 1 = 0,46. Khi d6 ta
CcO

X,/n— —0,06

theo xac sudt khi n tién t6i vo cung.

S6 bude n = 223

S6 quy dao md phong 1a 2978.

Théng ké dit liéu dwoc md phong: Trung binh
miu ~ —0,0619 va Phuong sai mau ~ 0,0007.

Bén dudi 1a d6 thi quy dao cua budc di ngiu
nhién va ham mat d¢ gia tri moé phong.

Mat & xdc sudt oda Xain tal buoc n

s i

=1 POF mb phisng

== puligll. 508

.

150 ]

] =610 =355 [:1-5] 605

Hinh 2. M phéng hdi tu dén hang sé

Két qua duoc thé hién ¢ Hinh 2 cho thdy rang
ham mat d6 x4c sudt mod phong tiém can véi dudng
thiang gidi han 1a x = —0,06 hoan toan phu hop véi
ly thuyét chimg minh duge. Luu y ty 18 giita truc
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hoanh va truc trung di duoc thay ddi theo huéng
phong dai gia tri hoanh d¢ dé 1am rd ham mat do xac
suat md phong.
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5. KET LUAN

Su ton tai cia mot dang luat sb 16m cho budce di
ngiu nhién ciing véi mod phong thyc nghiém, ké ca
moé phong cho trudng hop ton tai dinh 1y giGi han
trung tim dugc chi ra. Pidu nay cang lam sau sic
hon mdi lién hé gitra ly thuyét va thyc nghiém trong
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