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1. GIOI THIEU phuc khong thiqh nghi do 1a phuqng phap tuyén tinh

; cho 16p ham s6 thugc khong gian Besov da dugc

Bai toan khoi phuyc tin hiéu 1a mét bai toan hét nghién ctru. Ly thuyet song nho dwoc hinh thanh va
sirc quan trong c6 (mg dung trong nhiu linh vyc clia phat trién trong nhitng ndm 90 ctia thé ky trudc, la
cudc song , vi trong thuce té khong c6 mot loai méy mot trong nhing cong cu biéu dién hiéu qua trong
nao c6 thé cho ta thong tin chinh xac cua tin hiéu. bai toan khoi phyc va xép xi ham sb tir gi4 tri ldy
Khi d6 tin hiéu dugc mo hinh héa nhu mgt ham so mau vi vay dé nghién ctru bai toan khoi phyuc ham
(Chui, 1992). s6 ta str dung céc biéu dién séng nho gia ndi suy boi

cac B-spline (Chui, 1992; DeVore & Lorentz,
1993). Nhu da noi trén thi phucmg phap tuyén tinh
1a phuong phap truyén théng va mdc du ¢6 nhiéu
cach tiép can cho bai toan kho6i phuc ham s6 nhung
phuong phép tuyén tinh van ludn dugc quan tam
nghién ctru boi vu diém cua no, c6 thé ké dén cac

Bai toan nén tang vé khoi phuc ham sé tir hiru
han gi tri iy mau da dugc nghién ctru: khoi phuc
gan dung ham sb f tir n gia tri 1Ay mau. Trén co s&
thong tin nay chung ta xay dung mot phuong phap
dé khoi ~phuc. Trong cach tiép can truyén thong thi
gi4 tri ldy mau va phwong phap khéi phuc 1a khong
thich nghi v6i ham s0, nghta I cac diém ldy mau va cong trinh noi bat cua Temlyakov (1985,1993),
phuong phép khéi phuc duge chon gidng nhau cho D1nhA(20’1 la, ‘2.016,)‘ NgHyen va I\A’/Ia1 (,20‘18) cung da
moi ham s8 (Temlyakov, 1985; Dinh, 2011a). Trong nghién curu bai toan khoi phuc xap xi ham so trong
bai bao nay, mot trong nhiing phuong phap khoi
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khong gian Besov B;?,e v6i d6 tron ddng huéng bang nhiéu bién xdc dinh trén 1% ky hiéu la Aﬁe va dwoc
phwong phap tuyén tinh. xac dinh boi:

Céc ky hiéu sau day dugc sir dung trong bai bao: Ale. — 1_[ AL A =
An(f) < By (f) néu Ay(f) < C.By(f). € 1a mot h hr TR

ice

hing sb doc lap voi n va f; A,(f) = B,(f) néu

A (f) < B, (f) va B,(f) < An(f) Cho x € R, dddy tf)dn tie Aﬁli la toan tir faiphdn’nrong Lrng
k € 7¢: x, = max(0,x), 2% vdi ham so khi xem f la ham so6 mot bien cua bien
2k, .., 2%a), k], =%, k k > k' néu k; = X; vdi cdc bién con lai co dinh. Dat

’ . d.
k]', V] —1,,d,1—(1,1,,1)ER ,I[— [0,1] wf(f’t)p: sup ”AlEf” ,,tEHd

Ta nhic lai dinh nghia khong gian Besov Ihil<tiice

B, o (Nguyen, 2019; Dinh, 2001). la médun tron hén hop béc (1,e) cua f. Pdc

¢ biét, t), =
DPinh nghia 1. Cho f la mét ham s6 thuéc khong iét, 0 (F, O = If .

gian Ly(I%),e la tdgp con bat ky cua [d]: = Cho 0<p,8 <m,a=(ay;a,,..,a,) €RY.
{1,2, ...,d}, toan tw sai phdn bdc (1, e) cia ham so Chung ta xdy dung nita chudn |f|Bg’§ ciia ham so
fEL, (I%) nhw sau:
1/6

6
1_[ ti_aiwf(f,t)p} 1_[ t7ldt| , <o

- 1 yL'Ee ice
Iflpze:

sup t; “wf (f, Ot 0 =oo
ter ice
Trueong hop déc bi¢t, || ao = IIf |l & day 1 la I:=[0,1]* trong khéng gian Besov voi do tron
, ) (2 hoén hop BS, a = (ay,a,, ...,ay) € RS  bang
mot s6 tw nhién théa méan | > maxa;. Dinh nghia P

,, 1s<i<d phuong phap tqyén tinh. Dinh (2016) da nghién ctru
nmita chudn nay khong phu thugc vao l, néi cach khac khoi phuc va xap xi ham so trong khong gian Besov
cac gia tri khac nhau cia l xdc dinh cdc nita chuan Bge khi a; < a, < - < a4, phuong phap tuyén
tuong dwong. Khong gian By, g la tdp hop tat cd cac tinh d duge xdy dung va dénh gia tiém can tc do

ham s6 f € L, (I1%) sao cho chudn Besov sau ddy la héi tu ctia phuong phap:

hitu han:

Ifllsg,i= D Iflgae . |
' ecld] P Dinh (201 la) nghién ctru cho truong hop a =
a =0a; = =ag, xay dung phuong phap tuyén
Ky hiéu U, g = {f € By p: If g, < 1} la hink tinh dé khoi phuc va xap x1 ham s6 xac dinh trén 14
" thugc hinh cau don vi U 5 trong khong gian Besov
Bp 0>

co

rn( @0, Ly(l )) = a1+ (1/p=1/)+

cau don vi ciia khéng gian Byg
v6i 0 <p,0,qg < > vaa>1/p. Hon nita ta
Vidu: Cho =2, 0<a<2 d=1 Khéng

gian Besov By g cdc ham sof € Ly (1) duoc xét. Khi
d6 cac ham s6 kha vi lién tuc dén cap 2 trén 1 thugc T (Us‘;, L, (]]d)> = n_‘“(l/p_l/q)*lOggd_l)bn,
khéng gian Besov By g va khong gian cac ham so )
lién tuc dén cap 2 trén 1 c6 thé xem la mot khong voi b =b(p,q,a6) > 0.
gian Besov. Trong bai bao nay ta mé rong, tong quat cac két
Néul>2,0<a<ld="1rthikhong gian cic qua da c6 ¢ (Dinh, 2011a; Dinh, 2016) cho truong
ham $6 ¢6 dao ham dén cap | trén 1 va dao ham cdp hop p = g. Ching ta xay dyng cac phuong phap
L bi chan trén 1 la khéng gian con cua khong gian tuyén tinh de khoi phyc va xap xi ham s6 trong

Besov BZg. khong gian Besov B,y véi 0 <a=a; =a, =
. —as—as+1<as+2S +<ay,0<s<d-1.
Bai bao dugc thuc hién nham nghién ctu viée Dénh gia tiém cén toc do hoi tu cua phuong phap

khoi phuc va xap xi cho 16p ham sd x4c dinh trén
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1 (Uggr Lg(I9) = n=a*(/p=1/D+10g5 .

Tir d6 c6 thé nhan thay rang cac két qua ctia Dinh
(2011a) va Dinh (2016) trong truong hop p = g lan
lugt tng véis =d —1, s =0.

2. BIEU DIEN B-SPLINE GIA NQI SUY

QUA GIA TRI LAY MAU

Pinh nghia 2. Ky hiéu N, la B-spline chudn tic
bdc r voi cac nut tai cac diem 0,1, ..., dwoc xdc
dinh nhw sau: Ny la ham ddc trung trén nia khoang
[0,1); vdir = 2, N, duoc dinh nghia bdi tich chdp

Ny (x): = f Ny (x = Y)N; (7)dy

Dat M,.(x): = N,.(x + r/2) dwoc goi la B-spline
trung tam bdc r.
Pinh nghia 2 c6 thé xem trong cac tai liéu (Chui,
1992; DeVore & Lorentz, 1993).
Ta dinh nghia B - spline song nhd
My s(x):= M(2%x — 5)

cho mot s6 khong am k va s € Z. Ky hiéu M 1a
tap hop tit ca M, khong triét tiéu trén I. Cho A =
{A(N}jep(wy 1a ddy chin hitu han, tac 1a A()) =
A(=)), 6 day P(u):={j € Z:|j| s p}vap=r—
1. Chung ta dinh nghia toan tir tuyén tinh Q tac dong
1én ham f xac dinh trén R boi

Q=) AFOME=5), (1)
SEL
o day
GOEDY

jepP(w)

AN (s = - (2)

2r—1

Tdp 61, S6 64 (2025): 96-103

Khi do, tir dinh nghia cua B-spline suy ra toan tir
@ bi chan trén C(R) va

et e < 1Al flle

trong do6 [|All = Xjep 14(DI-

Ky hi¢u P,,_, 1a tap hop cac da thuc dai s6 ¢
bac khong vuot qué 2r — 1. Toan tir Q dugc xac
dinh tr (1 — 2) dugc goi la toan tir gid ndi suy trong
C(R) néu toan tir nay tai tao lai Py,._,, tirc 1

Q@) =p,p € Por_y.

Gia str Q 1a mdt toan tir gia ndi suy tur (1 — 2),
cho h > 0 va mt ham f xac dinh trén R, ching ta
xac dinh toan tir Q(.; h) bdi

Q(f;h):=an 0 Qe ayn(f),

0 day on(f,x) = f(x/h). Tt dinh nghia cua
Q(f;h),taco

Q. xi ) = ) ALk )M(h™x — ),

KEZ

voi A(f ki ) = Xjepuy AG)f (h(k = ))).
Toan tir Q(.; h) c6 cac tinh chit twong tu nhu toan
tor Q, cling dugc goi 1a mdt toan tir gia ndi suy trén
C(R). Nhung Q(.; h) khong dugc dinh nghia cho f
trén I, do d6 chua khéi phyuc dugc ham $6 f voi cac
diém léiy mau trong 1. Mot cach tiép can dugcDinh
(2009) va Dinh (2011b) d¢ xuat dé xay dung toan tir
gia ndi suy cho mot ham sé trén I 1a mé rong nd
bang céc da thirc ndi suy Lagrange.

Cho mot sb nguyén khong am Fk, dat X =
j27%,j € Z. Néu f 1a mot ham sé trén I, ky higu
Ue(f) va Vi (f) lan luot 1a cac da thic ndi suy
Lagrange tai 2r diém bén trai xg, X, ..., Xpy_1 Va 21
diém bén Phai Xyk_p\ 1s Xok_pp gy -, Xpk trén doan
I duoc xac dinh boi:

ZskAS_k s-1
U0 = fa) + Y T EATT
s=1 j=0

2r—1

2K05 o f (X _yynn ) 1T
Vi(f, x):= f(xzk—2r+1) + Z - S(! 2 2r+1) 1_[ (x - xzk—2r+1+j)'
j=0

s=1

Ky hiéu fj, 1a ham s6 mé rong cia f trén R va
duoc xac dinh boi:

Ue(f,x), x<0
fe() ={f(x), 0<x<1
Vi(f,x), x>1.

Néu f lién tuc trén I thi f; lién tuc trén R. Gia
sir Q 1a mot toan tir gia ndi suy (1 — 2) trén C(R).
Chung ta xay dung toadn tr @, xac dinh boi

Q(f,0):=Q(fix; 27%),x €
véi ham f trén I. Khi do,
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QU= Y Gus(HM (), Vx €L,

sej(k)
trong do
J(k):={s€Z-r<s<2F+r}
va
s (F): = A(fior5;27%)
= Y ADRE - D).
ljlsu

Chung ta nhén thiy Q, ciing 1a toan tir gia ndi
suy trén C ().

Cho k € Z¢, ta dinh nghia toan tir hon hop

Qk
a
Qp:= 1_[ Qp
i=1

¢ day cac toan tor mot bién Qki dugc 4p dung
tuong tu cho ham ) mot bién khi xem f 1a ham $6
mot bién X; vacac bién con lai cb dinh. Ta cling dinh
nghia d-bién B-spline M ¢ nhu sau:

(3)

da
Moo= | [ Mesd. @
i=1

Chung ta xdy dung toan tir nhiéu bién Q, duoc
xac dinh boi:

D= ).

s€j(k)

s (F)My 5 (x),Vx € 1%

O day
J(k):={s € 7%, —r < 5; < 2Kitko 4 1§
=12,..,d}
1a tap hop céc gid tri cua s sao cho M;, ; khong

ddng nhat bang 0 trén 14, Cha y ring

s () = uy s, (s, (o Gy () )

Ck,s ()= Qs -

2r
allc,s(f): — 2—2r+1

(m,j)eCy(k.s)
o day
C.(k,s):={(mj)2m+j—r=sm
€J(k—1)0<j<2r}
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voi cac ham hé so ay, ;. dugce ap dung tuong ty
x Y S N TR A AL 1A
cho ham s6 mot bién khi xem f 1a ham s6 mét bién
X; v&i cac bien con lai co dinh.

Tuong tu nhu toan tr Q va Q(.; h), thi toan tu
0, 1a tuyén tinh bi chin trén € (14) va tai tao Ppy,_q.
bac biét, chung ta co:

10k (Dl (aey < CIANI ey (6)
v6i mdi f € C(I%), hiang sb € khong phu thude
k va

Qk((p*) =9,

trong d6 ¢* 1a han ché cua ¢ trén 1%, Toan tu
nhiéu bien Q; dugc goi la todn tir gid ndi suy trén
C(I%).

Cho k € Z,, dat q.: = Q) — Qx_1 V61 quy udc
Q_.(f) =0, chiing ta c6
Qr = Z
k'<k
B6 dé 1. Gia sir f € C(1%). Khi db, ta cé
If = Q(Plleo < Cwor(f,27) o
Do do:
lf = Q(Fllec = 0,k — 0. ®)

Bét dang thre (7) dugc suy ra tir (2,29) - (2,31)
trong (Dinh, 2011b) va bat dang thurc (6).

Cho batky f € C(I4), tir (8) suy ra f c6 thé biéu
dién thanh chudi

£=> al,

kEZ,

Vo € Pyr_q,

dy’-

()

9
voi

wp= )

s€j(k)

Ck,s (f)Mk,s )

chudi nay hoi tu theo chuén trong Lo, (14), ¢, < 1a
cac phiém ham h¢ so cua f, dugc xac dinh nhu sau.
Déu tién xdc dinh ¢ ; cho ham s6 mot bién:

ars(f), k=0,

() acrm. k> 0,a5,(0:=0,

véi k > 0,C,.(0,5): = {0}. Trong truong hop
ham nhiéu bién, chung ta xac dinh ¢, ¢ tuong tu nhu
(5), tlrc 12
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() = Gty ((Crpi (- Chgsa (D)),

v6i cac ham hé s6 Ck,;s; ap dung cho ham s0 mot
bién khi xem f 1a ham s6 véi bién x; voi cac bién
con lai ¢6 dinh.

Cho k € Z%, ky hiéu 2(k) 1a khong gian sinh boi
cac B-splines My ;s € J (k). Néu0 <p < cothig €
2(k) duoc biéu dién boi

g= asMk,s
s€j (k)
va dang thire sau (Dinh, 2011b)
lgll, = 27" L/P|I{ag}, , (10)
o day
1/p

I{as}px: =

las? |,
s€j(k)
v6i vé phai thay bang supremum khi p = oo.

Ching ta cin bat ding thic vé chudn trong
L,(D) nhu sau: Néu 7 la s théa man 0 <7 <
min(p, 1) thi véi day ham bat ky {f,} € L,(D) ta

c6 bit ddng thirc
IIAS

kEZ,

T

> ki

kEZ,

<

(11)
p,.D

DPinh ly sau day dugc ching minh trong (Dinh,
2016).

Pinh1y 1.Cho 0 < p,0 < oo vaa € R¢. Khido
ta co

(i) Néu 1/p < a < 2r thi mgt ham s6 f € B4
c6 thé biéu dién thanh chudi (9) va

[

B =( Y ZPladly)’

kezd

<Ifllsg - (12)

(i) Néu 0 < a < min(2r,2r — 1+ 1/p) va g
la mot ham so dwoc biéu dien boi

=3 0=Y

kezd kezd s€j(k)

Ck,sIVIk,s

sao cho
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1/0

Buo)= ). (2“Pligell )

kezd

< o,

thig € Bg_g va
”9”1;;’9 K B4(9)-

(iii) Néu 1/p < a < min(2r,2r — 1 + 1/p) thi
mot ham sé f xac dinh trén 1% thugc B;,Z_g khi va chi
khi f c6 thé biéu dién thanh chudi c6 dang (9) théa
mdn diéu kién (12). Hon nita, chudn ||f||339 la
twong dwong véi chuan By (f).

Tu dinh Iy 1, mgt ham $6 thugc khong gian
Besov By » dugc biéu dién thanh chudi cic B-spline
va chuén Besov tuong dwong véi chuan B, (f), viée
biéu dién nay 1a cong cu dé chimg minh dinh 1y 2
dugc trinh bay ¢ phan tiep theo.

3. KHOI PHUC VA XAP XI HAM SO

BANG PHUONG PHAP TUYEN TINH

Phuong phép vé bt diang thuc di duoc sir dung,
ta ching minh duogc két qua sau day: Cho a,b =
0,0< g <o, tacod

(a+b)? =a+ b4.

IShi do L, (1) 1a mot khong gian véi “gia
chuén” tich phan || - ||, thong thuong cho truong
hop 0 < g < oo va khong gian C(I%) cac ham lién
tuc v&i chuan max|| - ||, cho g = o theo nghia:
V f,g € Ly(I) ta co

If+gllg =Cdifllg +lgllg)

v6i hing s6 € = C(p) > 0.

Chung ta xét bai toan khoi phuc xap xi ham s6
x4c dinh trén 14 = [0,1]¢. Ham s6 can khoi phuc
thuc tap hop W c L,(14),0 < g < 0.

Pinh nghia 3. Cho X,, = {x/}Y}_, la n diém ciia
14, @, = {(pj};lzl la ho n ham s6 thugc khéng gian
Lq (19). Dé khéi phuc him sé f duwoc xdc dinh trén
14 tir cdc gid tri ldy mau fGN), o, f(x™), chiing ta
dinh nghia phwong phdp tuyén tinh dwa trén gid tri
lay mau L, (X, @,,.) bdi cong thircc sau ddy

LGl @ f)i= ) fGDg;. (13
j=1

Cho W c L,(I1%). Chiing ta nghién citu tinh 16i
wu ciia phwong phdp tuyén tinh ¢6 dang (13) dé khéi
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phuc ham sé f € W tir n gid tri ldy mau bang dai
lwong sau

On (W, Lq(]Id)) :=inf sup||f

n®Pn few

- Ln(an (pn:f)”q-

Dinh nghia 3 ¢6 thé xem trong Nguyen va Mai,
2018.

Cho s& nguyén khong am m, dit K(&):=
{(k,s):k Elgs€E Id(k)}, & day I4k)={s€
74:0 < s5; < 2%} va ky hiéu M (&) 1a tap hop gom
cac B-splines My k € Az, s € J(k). Tép hop
G(&):={27%s:(k,s) € K(§)} cac diém thudc
1 dugc goi la ludi Smolyak (Nikol'skii, 1975).

Chung ta dinh nghia toan tir R, cta cac ham sb
f € By boi

INGEDWAGEDY

keAg kedg sej(k)

Ck,s (f) Mk,s-

B6 dé sau day dwoc suy ra tir B6 dé 3.1 trong
Dinh (2016).

B6 dé 2. Toan tr R, x4c dinh mot phuong phap
tuyen tinh c6 dang (13) trén ludi G (). Cu thé,

RA(f) = Ln(an (pn'f) = f(z_ks)l/)k,s
(k.S)EK(E)

o déy Xn: = G(f)l q)‘n,: = {wk,s}(k's)EK(f) 5

= 6] = ) 2Mh =28
kEA{

va Yy s duoc xdc dinh la 16 hop tuyén tinh ciia
khong qua NB-splines M, s € M(&) voi N doc lap
voi k,j,&Eva f.

Dé chimg minh két qué chinh ciia bai béo, ta can
thém bo d¢ sau.

Bo d& 3. Cho & la mot s6 tw nhién, ky hiéu Ag: =
{k € Z%: (a, k) < &}. Khi d6 ton tai cic hang sé
duwong Cy va C, sao cho

C,28/mEs < Z 2l < ¢, 28/mgs,
kEAg

(14)

Viéc chiing minh B dé 3 duoc thé hién trong
nghién ctu cia Nguyen (2021) va Dinh (2000).
Dinh 1y sau day 1a két qua chinh va méi ctia bai béao,
& d6 chung ta xdy dung dugc phuong phéap tuyén
tinh R,(f)viéc danh gia tiém cén tdc d6 hoi tu cua
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phuong phép dugc thuc hién dé khoi phuc ham sb
thugc khong gian Besov By 4, a € RS.

Dinh 1y 2. Cho 0 < p,q,0 < 0, p = q. Gid sit
voi moi n € Z,, & la so tw nhién lon nhat thoa man
1G(] =n. (15)

Khi do R, xac dinh phuong phap tuyén tinh ldy
mau ti wu cho 0, = Qn(Ugra, Lq) nhu sau

Ry(f) = La(Xn, @y, f) =
(k,5)EK(E)
trong  dé6  Xp:=G(&)={2%s:(ks)€
K} o= {l’bk's}(k,s)el(({) va ta cé
sup |If = Ry(Pllg = en = n"*log3*n.

feusly

f(275s ) s(16)

(17)

Chitng minh.

Pdnh gid cdn trén. Theo B6 dé 3 va do £ 1a s6 tur
nhién 16n nhat théa mén (15) nén ta co

1G(§)| = 28/%¢° = n. (18)

Tir d6 suy ra ton tai cac hing sé duong Cy, C, sao
cho: C;n < 28/%85 < Cyn.

Ta cod

log, C; +log, n < g + slog, &
< log, C, + log, n.

Do do6
1 c, 1 1 1
082 1+Og2nS— Sngf
¢ ¢ 10-’ C fl
< 082 L2 082 n’
¢ ¢

chon — oo thi £ — oo, ta dugc £ = log,n va do
do

27¢ = n"%logs%n.

(19)
Xét p > q. Xuét phat tir bat ding thue ||f||, <
£, dan dén chimg minh cho trudng hop nay véi
q =p. Do Byy C By, chung ta chi can ching
minh c4n trén cta (17) cho § = co. Chung ta lay tiy

y 5 € Z*ﬂ
sup |If = Ra()ll, « 27

feus

p.o

(20)

Lay batky f € U . Ditt = min(p, 1), dinh ly
1 va (11) dugc stir dung, chiing ta nhan dwoc
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If = RaHIE < > Pl

keZ§\Ag
T -1(a,k)
<Iflig, Y, 27 o
kEZ{\A
« Z 27T@h)
keZE\A
Tiép tuc danh gia (21), ky hiéu

Liezda; 277 =% (§). Taco

> ©= fw({) 277 g,

véi W (&) = {x € R%:7(a,x) > ¢}, dat

Vi s)y={xeW():t{+s—-1<1(a,x)
<té+s},seN

va |V (¢,s)|1a lyc lugng cua tap hop V(£,s). Vi
vay ta co

> ©= z-ffi 27V 9l

Mit khac |V(&,s)| < s¢ (xem chting minh
trong (Dinh, 2016)). Do d6

0n (Uge (1), L (19))
Tir céc bat déng thic (22), (23) ta duge
0n (Ug:g ), L, (]Id)) >» n"%logs%*n.

Panh gia can dudi dugce hoan thanh. Tur cac danh
gia can trén, can dudi ¢ trén, ching ta c6 udc lugng
tiém can tdc do hoi tu cua phuong phap tuyén
tinh la

on = n""log3*n
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