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TOM TAT

Trong bai bdo, viéc thiét ldp cac diéu kién 16i wu cho cdc dang
nghiém hiku hiéu lién quan dén tdp hop bdt ky va nén livi xa ciia né
cho bai todn t6i uu vector dd duoc thuc hién. Pau tién, cdc dinh ly
tach cho tap 16i, cdc khdi niém vé tdp cdi tién va nén i xa ciia mét
tap bt ky dwge nhdc lai, dong thoi mét sé tinh chdt méi ciia chiing
ciing dwoc khdo sat. Sau d6, mé hinh bdi todn téi wu vector ciing
voi nghiém hitu hiéu Pareto tmmg g véi tdp hop bt ky va
nghiém hitu hiéu Benson twong vumg voi non lui xa cua bai toan 16i
uu vector dugc xem xét. Cuoi ciing, bang cach sw dung phiong
phép vé huéng héa tuyén tinh, cac diéu kién can va di t6i wu cho
cdc nghiém hiru hiéu nay dwoc thiét lap.

Tir khod: Bdi todn t6i uu vector, nghiém hitu hiéu, nghiém hitu
hiéu Benson, diéu kién toi wu, tdp cdi tién, non lii xa, phwong phdp
vo huong hoa

ABSTRACT

In the paper, optimality conditions are established for various types
of efficient solutions associated with an arbitrary set and its
recession cone in the vector optimization problem. First, the
separation theorems for convex sets, the concepts of improvement
sets, and the recession cone of an arbitrary set are recalled, and
some of their new properties are also investigated. Then, the model
of the vector optimization problem is examined, along with its Pareto
efficient solutions corresponding to an arbitrary set and Benson
efficient solutions corresponding to the recession cone. Finally, by
employing the linear scalarization method, necessary and sufficient
optimality conditions for these efficient solutions are derived.

Keywords: Vector optimization problem, efficient solution, Benson
efficient solution, optimality condition, improvement set, recession
cone, scalarization method
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1. GIOI THIEU

Tdi wu hoa 1a mot linh vic quan trong trong toan
hoc, ¢6 tmg dung rong trong nhiéu nganh khoa hoc
khéac nhau nhu vat ly, sinh hoc, kinh té, y hoc, k¥
thuat va cac linh vuc khoa hoc khac. Trong nhitng
nim qua, t6i wu hoa di gop phan quan trong vao su
phat trién ctia cac nganh nay, tré' thanh mét linh vuc
ning dong va khong ngimg tién bo. Cac cong trinh
dang chu y nhu Fan (1972), Luc (1989), Muu &
Oettli (1992), Mordukhovich (2006), Khan et al.
(2015),... 1a nhitng minh chimg cu thé cho su phat
trién cua Iy thuyét toi uu nhu da dé cap o trén.

Vé co ban, cac bai toan t81 wu hoa duoc xac dinh
thong qua viéc tim cyc tri cia ham muyc ti€u trén mot
tap hop khong rong. Khi ham muc tiéu 1a mot ham
vector, bai toan dugc goi la "t6i wu vector" (Luc,
1989; Ehrgott, 2005). Cac chu dé nghién ctru chinh
trong t6i wu vector bao gébm su ton tai nghiém
(Maeda, 2012; Gutiérrez et al., 2014; Kim et al.,
2021; Anh et al, 2023), tinh 6n dinh nghiém
(Tanino, 1988; Lucchetti & Miglierina, 2004;
Eichfelder & Jahn, 2011; Peng et al., 2018; Kapoor
& Lalitha, 2022; Han & Zhao, 2023; Peng et al.,
2024; Anh et al.,, 2025), cac tinh chét nghiém
(Hirschberger, 2005; Maggioni & Wallace, 2012;
Anbh et al., 2021; Anh et al., 2022; Han, 2023), diéu
kién t6i wu va thudt toan (Dempe et al., 2007;
Andreani et al., 2011; Wei et al., 2018; Ustun et al.,
2021; Zhou & Kuang, 2023; Wang et al., 2024; Anh
et al., 2025; Zhou et al., 2025). Dic biét, diéu kién
t6i vu 1a mot trong nhimg chu d& dwoc quan tim
nhiéu nho tinh mg dung rong rii trong toan hoc,
kinh té va k¥ thuat.

Ti wu vector ¢6 rit nhidu dang nghiém khac
nhau, tuy thudc vao cac yéu clu can dat trong viéc
giai quyét cic tinh hudng thyc t& nhu nghiém
Edgeworth (Edgeworth, 1881), nghiém Pareto
(Pareto, 1906), nghiém Geoffrion (Geoffrion,
1968), nghiém Borwein (Borwein, 1977), nghiém
Benson (Benson, 1979), nghiém Henig (Henig,
1982) va nhiéu dang nghiém khac. Céu triic ctia non
thir tu dong vai trd quan trong trong vi¢c xac dinh
cac dang nghiém hiru hi¢u da duogc dé cap trude do.
Vi vdy, viéc nghién ciru cic mo hinh t6i wu thong
qua diéu chinh va mo rong ciu trac nén da tré thanh
mot chu dé thu hit su quan tdm cua nhiéu nha toan
hoc trong thoi gian gan day. Theo hudng tiép can
nay, nén thi ty dugc thay thé boi tap cai tién va nén
lui xa ciia mot tap bat ky trong cac bai toan tbi uu.
Zhou et al. (2019) da su dung tap cai tién, ccac ham
v6 hudng phi tuyén dé khao sat diéu kién t01 uu cua
bai toan ti wru tap co rang budc dudi mot s6 gia thiét
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thich hop vé tinh 15i tdng quat cia anh xa da tri.
Trong Peng et al. (2023), cac tac gia da khao sat tinh
t6i wu va tinh dong ctia tip nghiém trong bai toan tdi
uu tap dua trén quan hé tha tu tdp. Thir tu tdp ma
chc tac gia sir dung dé thiét 1ap két qua phu thudc
vao tap cai tién, chir khong phai 1a thir ty theo non.
Hon ntra, bé‘mg cach str dung cac tdp muc trén, sy
hoi ty Painlevé-Kuratowski cua nghiém hitu hiéu
yéu twong tmg voi tp cai tién cia bai toan tbi wu tap
¢6 tap rang budc bi nhidu béi tham s dwoc thiét lap
dudi cac didu kién li€n thong va nira lién tuc ctia anh
xa muc tiéu. V& bai toan tdi vu thong qua nén lui xa
v6i cac cong trinh tiéu biéu nhu: Peng et al. (2024)
da nghién ciru tinh 6n dinh ctia bai toan tbi uu tap
thong qua tap thir tu tong quét. Cac diéu kién du cua
su hdi tu trén Painlevé-Kuratowski cua cac tap
nghiém x?ip xi, su hoi tu Painlevé-Kuratowski ctia
céc tAp nghiém xap xi yéu cta bai toan duogc thiét
1ap bang cach sir dung céc tinh chit ciia non Iui xa
va tap muc. Gan day, Zhou et al. (2025) cling da st
dung tap cai tién va nén lui xa dé gi6i thiéu khai
niém nghiém hitu hiéu Benson cua cac bai toan can
bing da tri va thiét 1ap cac diéu kién t6i wu cho
nghiém hiru hiéu Benson cua cac bai toan dé bing
phuong phéap vé hudng hoa tuyén tinh va phi tuyén.

Dua trén y tuong tir cac nghién ctru trude, bai
bao nay dugc thyc hién tip trung vao viéc xem xét
cac diéu kién ti wu cho céc dang nghiém hitu hi¢u
Pareto va nghi€m hitu hi¢u Benson cho bai toan tdi
wu vector dua trén cac cAu tric tréi va nén lui xa cia
mot tap bat ky.

2. KIEN THUC CHUAN BI

Cho X, Y Ia cac khong gian dinh chuan, X 1a tap
con khac rong ctia X, E 1a tap con khac rong ctia Y.
Ta ky hiéu phan trong va bao déng cta E lan luot 1a
intE and clE. Tap E duoc goi la dac (rdn) néu
intE # @. Goi Y* 1a khong gian d6i ngiu cua Y va
C 1a nén 16i dong c6 dinh trong Y véi phan trong
khac rdng (intC # @). Khi do, theo B6 dé 3.21 trong
Jahn (2011), ta dugc

intC ={y e Y:¢¥(y) > 0,vy € C*\{0y+}}. (2.1)
Tap d6i ngdu va tap dbdi ngdu chat cua
E ky hiéu twong (rng 12 E* va E* dugc dinh nghia
nhu sau:
E':={ € Y:9(y) 2 0,Vy € E},
va
E*:={p e Y:9(y) > 0,vy € E\{0y}}.

Tir nhitng dinh nghia trén, ta suy ra ring
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(—E)" = —(E)".

B6 dé 2.1. (Zhou & Kuang, 2023, B6 dé 2.2)
Néu E c Y 1a mot tap 16i voi phan trong khéc rong
thi

E* = (intE)".

B6 dé 2.2. (Jahn, 2011, Pinh 1y 3.16) Néu D,
D, 14 nhiing tap con 16i khac rong trong Y véi
intD; # @ thiintD; N D, = @ khi va chi khi c6 mot
ham tuyén tinh ¥ € Y*\{0y+} va s6 thuc u thoa

Y(dy) < <y(d,),vd, € D;,Vd, € D,,
va
Y(dy) < p, vd, € intD;.

B6 dé 2.3. (Borwein, 1977, Proposition 3) Néu
S;, S, 1a nhitng nén 16i dong trong Y sao cho S; N
(=S,) = {0y}, S, c6 dinh va co co s6 compact thi
S¥ns; 0.

B6 dé2.4. (Anhetal., 2023, B6dé2.9)NéuE n
intC = @ thi

clE N intC = 0.

binh nghia 2.1. (Luc, 1989, Dinh nghia 1.5)
Cho B 1a tap con khac rdng ctia Y. Ta néi rang

(a) B sinh ra nén C, ky hiéu € = cone(B), néu
C = cone(B) = {th:t > 0,b € B};

(b) B 1a mgt co'so cua € néu B khong chira phan
tor Oy va v6i moi ¢ € C,c # Oy, c6 duy nhat b €
B,t > 0 sao cho ¢ = tb.

Néu B 1a mét co s6 cua C thi cone(B) = C.

Pinh nghia 2.2. (Gutiérrez etal., 2012) Cho @ #
E c Y. Khi do, tap hop E dugc goi 1a

(a) Tap free disposal img v&inon C néu

E+C=E;

(b) Tdp cdi tién tmg véi nén € néu Oy € E va
E + C = E. Ho cac tdp cai tien ting v6i nén € dugce
ky hi¢u la I¢;

(¢) Tap co-radiant néu véi moi y €EE val>1
thi 1y € E.

Pinh nghia 2.3. (Gutiérrez et al., 2012) Non lii
xa cua tap E duoc dinh nghia 1a

En:={fu€eY:e+au€E,Ve€E,Va>0}
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Ta khao sat mot s6 tinh chét quan trong cua tap
cai tién va ndén Iui xa duge dung trong viéc chung
minh két qua chinh cta bai bao.

B6 dé 2.5. Ta co cac tinh chat sau day:
(a) _Eoo = (_E)oo;

(b) E 1a tép free disposal iing véi E,,. Hon niia,
neu Oy & E thi E 12 tap cai tién ung voi E,;

(c) Néu E 16i va E,, dic thi intE = E + intE,;
(d) Néu E 1a tap co-radiant thi E € E;

(e) Néu ton tai mot néon K trong Y sao cho E €
Ix thi K € Q;

(f) Ex 12 n6n 16i. Hon nira, néu E dong thi E, 1a
nén dong;

(g) Néu ton tai mot nén déng c6 dinh K trong Y
sao cho E € K thi E, 1a nén c6 dinh.

(h) E € Ieone(s) néu va chinéu E € E, \{Oy}.
Chung minh. (a) Ta c6

(—E)w:={u€Y:e+aue€ (-E),Ve € —E,
Ya > 0}.

(S) Lay u € —E,, tily ¥, ta cO —u € E,,, diéu
nay kéo theo

e+ a(—u) €EE, Ve € E,Va > 0.
Do @0,
—e+au € —E, V(—e) € —E,Va > 0.
Cho é: = —e, ta duogc
é+aue—-E, Vée —E,Va >0,
nénu € (—F) .
(2) Véiphan tir tily ¥ u € (—E) 4, ta co
e+au€—E, Ve€e —E,Va > 0,
kéo theo
—e+a(—u) €EE, V(—e) €EE,Va > 0.
Léy e: = —e, ta duoc
e+ a(—u) €EE, Vee€E,Va >0,
diéu d6 din dén —u € E,, chonén u € —E,,.

(b) Vi Oy € E, nén E C E + E,,. Lay bat ky
y € E + E, khi d6, ta c6 thé tim dugc e; € E va
e, € E,, sao cho

y=€1+€2.

Do e, € E, ta dugc
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w+ae, EE, Vw € E,Va > 0.
Chonw = ey, = 1, khi d6 ta co
y=e +e €EE.

Do dd, E + E,, = E, nén E 1a tép free disposal.
Diéu nay két hop voi Oy & E cho ta két luan E la tap
cdi tien ung véi E,.

(c) T (b) ta cd E + E, = E. Tir dang thirc (2.7)
trong Tanaka va Kuroiwa (1993) cho ta
intE, + E = int(E, + E) = intE.

(d) Lay tuy y phan tir y € E, vi E 1a tap co-
radiant nén ta c6 (1 + 1)y € E v6imoi 4 > 0. Biéu
do6 tuong duong voi

y+Ay€E, VyeEEVA>O,

kéo theoy € E,..

(e) V&i phan tir bat ky k € K thi véi moi A > 0,
taco Ak € K vi K lanon. Do E € I, véi moi b €
E,taco

b+Ak € E+K=E.

Nén ta thu dugc k € E,, va vivay K € E,.

(f) Trudc tién, v6i batky d € E, ta co

e+ad €E, VeeE,Va>0.

Cho 1 = 0 tuy y, ta dugc
et+a(ld)=e+ (al)d €E, Ve€E,Va >0,
suy ra ad € E,, vado do6 E,, 1a nén.

Tiép theo, cho d;,d, E E, tuy yva0 <t <1,
ta co

e+ad, €EE vae+ad, €E,
véimoi e € E vaa > 0, tir 6 dan dén
e+atd, EEvae+a(l—t)d, €E,
voimoie € Eva a > 0.
Do doé,
e+ a(td; + (1 —t)d,)
= (e +atd)) +a(1 —t)d,
=é+a(l—-t)d, €E,
véimoie € E vaa > 0. Suyra
td; + (1—-1t)d, € E,.

Vi vay, E,, 1a non 10i.

Tdp 61, S6 54 (2025): 73-82

Béy gio, ta ching minh ring E,, dong, gia sir
{d,} € E, sao cho {d,} = d,. Vid, € E, nén vdi
moie € Evaa > 0,tacde+ ad, € E véi moin.
Do e + ad, hoitu vé e + ad, va E 1a tap dong nén
tacoe + ad, € E,kéotheod, € E,. Tu d6 ta dugc
E, la tap dong.

(g) Cho u € E,, N (—E) tiy v, theo B6 dé 2.5
(a), taco

UEE,N(—E)w.
T do, ta dugc u € E,, and u € (—E), suy ra
e,+au€E, Ve, €EE,Va >0,

va

e, +au € —E, Ve, € —E,Va > 0.
Do dé,

1 1 1 1
we(GE-ga)n(-z6-z=)

< (k=) (-x-ze)
= ael aez,

véimoie; € E,e; € —E vaa > 0.Khia — oo,
ta thu dugc u € clK N (—clK). Vi K 1a nén dong va
c6 dinh nén

u € Kn(=K) ={0y}.
Tir do ta dugc u = Oy, va vi vay E,, co dinh.

(h) Véid € E batky thi d # Oy khi E 1a tap cai
tién. Vi E + cone(E) = E nén

e+ Ad €EE,

v6i moi e € E,A > 0. Do d6, d € E,,, diéu nay
két hop v6i d # Oy din dén d € E,,\{Oy}. Vay

E c E,\{Oy}.

Nguoc lai, gia st E € E,,\{Oy},tacé E C E +
cone(E) vi Oy € cone(E). Lay y € E + cone(E)
tuy y,tontaie; € E,1 > 0vae, € E sao cho

y =e, + e,
+Néud=0thiy=e, €E.
+Néu 2 > 0 thi
e, EE S E,\{0y} C E,,
didu nay kéo theo y = e, + Ae, € E.
Do d6, E + cone(E) C E. ]

Pinh nghia 2.4. Anh xa c6 gia tri vector f: X —
Y duoc goi 1a E-gan duci giong I6i trén X néu
clcone(f (X) + E) 1a tap 16i trong Y.
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3. PIEU KIEN TOI UU CHO NGHIEM
HUU HIEU CUA BAI TOAN TOI UU
VECTOR

Cho XY, X, E duogc dinh nghia nhu trong Muc
2. Ta xét bai toan toi vu vector nhu sau:

(VOP) min f(x) théa min x € X,
trong d6 f: X — Y la anh xa c6 gia tri vector.

Do E 1a mét tép cai tién tmg v6inon E,, dua vao
Pinh nghia 4.1 trong Gutiérrez et al. (2012), ta cé
dinh nghia nghiém hitu hi¢u Pareto cua bai todn
(VOP) twong tng v6i E nhu sau:

Pinh nghia 3.1. Phan tir x, € X duoc goi 1a
nghiém hitu hi¢u Pareto cua (VOP) tuong ing véi
E, ky hiéu x, € Eff(VOP)(f, E), néu

(f(X) = f(x)) N (=E) = 0,
trong d6 f(X) = {f(x):x € X}.

Hon nita, ldy ¥ tuong tir Dinh nghia 3.6 trong
Zhao et al. (2014), ta xét dinh nghia nghiém hiru
hiéu Benson cua bai toan (VOP) twong tng véi ndn
Iui xa E., nhu sau:

Pinh nghia 3.2. Phan tir x, € X duoc goi la
nghiém hitu hiéu Benson cia (VOP) tuong Gmg vdi
E,. ky hiéu x, € BEff(VOP)(f, E,), néu

cl(cone(f(X) — fxy) + E)) N (—E,) = {0y}

Déu tién, ta xét cac diéu kién t6i uvu cho nghiém
hitu hiéu Pareto twong (g vdi E cua bai toan (VOP)
qua céc két qua sau day.

Pinh ly 3.1. Vi ¢ € EL\{Oy+} cho trude. Gia
st xy € X sao cho

Y(F(x) —P(f(x)) = P(e), Vx € X,Ve € —E.
Khi do, ta co
X € Eff(VOP)(f, E).
Chung minh. Vi
() —(f(x0)) 2 W(e), Vx E X, Ve € —E,
vap € EL\{Oy+} nén
Y(f(x)—f(xy) —e) =0,Vvx € X,Ve € —E. (3.1)
Gia stt x, & Eff(VOP)(f, E), tirc 12
(fX) = f(x)) 0 (=E) # 0.
Khi d6, tén tai £ € X sao cho

f@&) = f(xo) € =E = —E — Eo,
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tlr d6 ta tim dugc & € —E, 1l € —E,, dé
fE) = f(xp) =€ +1.
Viti € —E, vay € EZ\{Oy+} nén
Y@ <0,
do do, tr (3.2) ta suy ra
YR~ flxo) —e) =yp@) <0,
diéu nay mau thuin véi (3.1). Vi vay,

x, € Eff(VOP)(f, E). n

(3.2)

Ta xét vi du sau day minh hoa cho Pinh Iy 3.1.
Vidu3.1.Cho X=R, Y=R? E=(21)+
R2, X =[-2,0] va ham f: R - R? dugc x4c dinh
boi
f(x) = (x,x3 + 2x — 1).
Khi 86, E,, = R2.Véi x, = —1 € [—2,0], tacod
f(=1) =(-1,-4).

Cho ¥ =(1,0) € Ex\{0y-}, v6i moi x€
[-2,0] vamoi (eq,e;) € (—2,—1) — RZ, ta duoc

(1,0)(x, x® + 2x — 1) — (1,0)(—1,—4)
=x+1=2-1>-2
> (1,0)(—eq, —e3) = —e;.
Thc 1a,
Y(F(x) —P(f(x)) = P(e), Vx € X, Ve € —E.
Ap dung Pinh 1y 3.1, ta duoc
—1 € Eff(VOP)(f, E).

Pinh Iy 3.2. Gid sirintE # 0 va f ld E-gdn dudi
giong loi trén X. Néu x, € Eff(VOP)(f, E) thi ton
tai P € EZL\{Oy+} sao cho x, théa man diéu kién:

w(f(x)) — ll)(f(xg)) >(e),Vx € X,Ve € —E.
Chitng minh. Trude tién, tir gia thiét
x, € Eff(VOP)(f,E),
ta cod
(fCO) = f(x)) N (-E) = 0.
ViintE C E nén ta cling dugc
(fX) = f(x0)) N (=intE) = 0.

Diéu nay két hop véi B dé 2.5 (c) cho ta két
luan

(fX) — f(xp) + E) n (—intE,) = 0. (3.3)



Tap chi Khoa hoc Dai hoc Can Tho

Tiép theo, ta chimg minh

cone(f(X) — f(xo) + E) N (—intE,) = @.
Gia st ngugc lai

cone(f(X) — f(xo) + E) N (—intE,) # 9,

khi do6 ta tim dugc u € cone(f(X) — f(xg) +
E) N (—intE,,) sao cho

u = Ay € —intE,,

v6iy € f(X) — f(xo) + E,A = 0. Hon nira, vi
Oy € —intE,, tasuyrad > 0. Do do,

1 1
= — —(—1 C —i
y Au € /1( intE,,) € —intE.

Tir d6 dan dén

y € (f(X) = f(xo) + E) N (—intEy,).

Diéu nay mau thuin véi (3.3).

Ap dung B6 d¢ 2.4 ta dugc

clcone(f (X) — f(xo) + E) N (—intE,) = @.

Mit khéc, do f 1a E-gan dudi gibng 10i trén X
nén clcone(f (X) + E) 1a tap 161, kéo theo

clecone(f(X) — f(xo) + E)

cling 1a mot tap 16i. Hon nira, theo B6 dé 2.5 (f),
E¢, 1a n6n 16i kéo theo (—intE,) cling 1a ndn 16i. Ap
dung B6 dé 2.2, ton tai 1 € Y*\{Oy+} thoa méan diéu
kién:

Y() =0,V y € cleone(f (X) — f(xo) + E),
(3.4)

va (u) < 0 voi moi u € (—intE,), diéu nay
dan dén
Y(w) =0,

Diéu nay két hop voi ¢ € Y*\{0y+} va (2.1) cho
ta két luan rang

YV u € intE,.

Y € E\{Oy}.
Cubi cing, tir bt ding thirc (3.4), ta dwoc
Y(f(x) = f(xo) +&) = 0,Vx € X,V EE,
suy ra
W(F) = Y(f(xe)) = (&), Vx € X,Vé € E.
Do do,
Y(F () —¢(f(x)) = (e),Vx € X,Ve € —E.

DPinh 1y da dugc chimg minh. [ |
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Vi du 3.2. Cho X =R, Y = R?, X = [-3,1],
E={(x,y)E]Rz:y>%—x}n{(x,y) € R%y >

2} v ham f: X - R? duge xdc dinh boi

_((0,x) néu x €[-3,0],
fe) = {(x, x) néu x €]0,1].
Lay x, = 1 €]0,1] thi
fW=@Q0D.

Véi moi Y = (¥,9,) € ES\{Oy}, trong do
Y1,¥, = 0, P4, P, khong dong thoi bang 0, va moi
(—ey,—e,) € —E ta dugc

Y1, ¥2)(—ey, —ez) = —hre; — Pse,.
Cho ¥ =0 € [-3, 0], ta dugc
f(0) =(0,0),
khi do v6i (—&;,—8;) = (0,—3) € —E ta co
B @) = p(f(D) = ~Wr P11

1 1
=1 — P, < (P1,P2) (0,_5) = _Elﬂz'
tuc la
P(f ) = P(f (x0)) = Ple)

khong théa man véimoix € X vamoie € —E.
Tur do suy ra

1 ¢ Eff(VOP)(f, E).

Tiép theo, cac diéu kién t6i wu cho nghiém hiru
hi€u Benson cua (VOP) tuwong Gng véi E,, dugc thé
hién qua cac dinh ly sau.

Pinh 1y 3.3. V6iy € E¥ cho truéc. Gia sir x, €
X sao cho

w(f(x)) - ll)(f(xg)) >(e),Vx € X,Ve € —E.
Khi do, ta co
X, € BEff(VOP)(f, Es).
Churng minh. Trudc tién, ta cd
Oy € clcone(f(X) — f(x9) + E) N (—E).
Léy phan tir bét ky
b € clcone(f(X) — f(xo) + E) N (—Ey),

ta chirng minh ring b = 0y. Do E 1a tap cai tién
ung véi non E,, nén ta dugce

b € clcone(f(X) — f(x9) + E + E,) N (—E).
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_ Vi b e clcone(f(X) — f(xo) + E+Ey,) nén
ton tai {a,} < R, {x,} cX,{e,} CcE va {u,} c
E., sao cho

an(f(xn) - f(xo) + €n + un) - b.
Tir gia thiét 1 € E¥, ta duoc

an(lp(f(xn)) - 1,[}(f(x0)) + ¢(€n) + lp(un)) -
Y(b). (3.5)

Tiép theo, vi

W) = P(f(x0)) = ¥(e),Vx € X, Ve € —E.

nén ta duoc

lp(f(xn)) - l/)(f(xﬂ)) = lp(_en)-

Do tinh tuyén tinh va lién tuc cta ¥, ta suy ra

Y(f (xn)) =P (f (x0)) + P(en) = 0. (3.6)
Hon nita, th y € EZ vau, € E, chota
W(uy) = 0. 3.7)
Két hop (3.5), (3.6) va (3.7), ta dugc
w(b) = 0. (3.8)
Saucung, viy € E¥ vab € —E,, taco
W(b) < 0.
Diéu nay cing véi (3.8) cho ta
Y(b) =0,

néntasuyrab = Oy doyp € EX , do do
clecone(f(X) — f(xo) + E) N (—E) = {Oy}.
Vay x, € BEff(VOP)(f, Ex). |

Ta xét vi du sau day minh hoa cho viéc van dung
cua Dinh 1y 3.3.

Vidu33.ChoX=R, Y=R? E=(23)+
R2, X =[—1,1] va ham f: R - R? dugc x4c dinh
boi

fx) = (x,x3 +2x — 1).
Khi d6, E., = R2. V&i x, = 0 € [—1,1], ta 6
f(0) =(0,-1).

Lay ¢ = (1,1) € E¥, v6i moi x € [-1,1] va
moi (e, e,) € (—2,—3) — R2, ta duoc

(1,1 (63 + 2x — 1) — (1,1)(0,—1)
=x343x—-1+1=x34+3x>—-4

> =52 (1,1)(—eqy,—€;) = —e; — ey,
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diéu d6 c6 nghia la
w(f(x)) — ll)(f(xg)) >(e),Vx € X,Ve € —E.
Ap dung Dinh 1y 3.3, ta duoc
0 € BEff(VOP)(f, Ew)-

Pinh 1y 3.4. Cho E la tap dong va K la non dong
co dinh trong Y sao ci‘zo E CK. Gid sg} E co co s,o"
compact va f la E-gan dudi giong 10i trén X. Néu
Xo € BEff(VOP)(f, Ec,) thi ton tai € EX, sao cho
X, thoa man diéu kién:

P(F() —P(f(x)) = P(e), Vx € X, Ve € —E.

Chirng minh. Vi x, € BEff(VOP)(f, E,) nén

cleone(f (X) — f(x0)} + E) N (—Ex) = {Oy}.

T gia thiét f 13 E-gin dudi gidng 16i trén X, ta
co tap

clcone(f(X) + E)
12 16i nén kéo theo tap
clcone(f(X) — f(xy) + E)

ciing 15i.

Mat khac, do E 1a tap dong va K [21 n6én dong cod
dinh trong Y sao cho E C K,trBo6dé2.5(f) V.’;lv (g)
ta dugc E,, 1a n6n 161, dong, c6 dinh. Ap dung Bo6 d¢
2.3 ton tai ¥ € E¥ thoa man

S (clcone(f(X) — f(x) + E))*,
tr 6 dn dén
P(z) =0,V z € clcone(f (X) — f(x,) + E).
Vi f(X) — f(xg) + E la tap con cua
clecone(f (X) — f(xo) + E),
nén ta cling c6
P(z) 20,VzEf(X)— f(x,) +E.
Do dé,
P(fF(x) = flxy) +€)=0,VxEX,VEEE,
suy ra
P(f@) —P(f(x0)) = —P(&),Vx € X,ve € E.
Vi vay,
(D) = ¥(f (x0) = Y(e),

voimoix € X vaimoie € —E. [ |
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Vi du 3.4. Cho X =R, Y = R?, X = [~1,2],
E= (oi) + R? va ham f: X - R? duoc xac dinh
boi

0 ={G) neuretos,
Khi d6, E,, = R2 c6 so s& compact 1a
B ={(by,b;):b; +b, =1; 0 < b, < 1}.
Véi xo = 1 € [=1,2], ta o
f)=(,1).
Véimoi Y = (Pq,¥,) € EX, trong d6 1,1, > 0,
liy £ = 0 € [-1,2], ta cling c6
f(0) =(0,0)
va cho (—é;,—&;) = (0, —%) € —E taco

Y @) (D) = 0= @1 ¥) 0.1
3 3
=~y < @) (0.-3) = =¥,

didu d6 co nghia 1a bit dang thirc
() = p(f (x0) = ¥(e)
khong théa véi moi x € X va moi e € —E. Do
do,
1 ¢ BEff(VOP)(f, Eo).

Nhin xét 3.1. Trong Zhou et al. (2019), cac tac
gia da van dung mot dang mod rong ctia ham khoang
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