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TOM TAT

Bai bdo duoc thuc hién nham nghién ctru diém ki di va suw ré nhdanh
Hopf ciia mét I6p mé hinh Hindmarsh-Rose 3D. Pau tién, tt ca
cdc diéu kién can cho cdc tham sé ciia hé thong sao cho chi c6 mot
diém ki di on dinh, dai dién cho trang thdi dirng ctia mo hinh nay
dwoc nghién cuu. Sau do, dvwa vao dinh li Hopf, sw ton tai ciia diém
ré nhanh Hopf dwoc chitng minyh ma & dé tinh én dinh ciia hé
théng bi thay doi va nghiém tudn hoan xuét hién. Chinh xdc hon,
do la sy ré nhanh dia phwong ma tai do diém ki dj ciia hé dong luc
mat di tinh én dinh, khi cdp gid tri riéng phire lién hop di qua truc
do ctia mdt phang phirc. Hon nita, véi nhitng gia thiét hop Ii cho
hé dong luc, dwong tron gici han bién do nho tach ra tir diem ki di.

Tir khéa: Piém ki di, dwong tron gidi han, mé hinh Hindmarsh-
Rose 3D, su ré nhanh Hopf

ABSTRACT

The paper studies a class of Hindmarsh-Rose 3D model. First,
necessary conditions for the parameters of the system are
established in order to have a table fixed point which presents the
resting state for this model. After that, using the Hopf’s theorem
we prove the existence of a Hopf bifurcation, a critical point where
a system’s stability switches and a periodic solution arises. More
precisely, it is a local bifurcation in which a fixed point of a
dynamical system loses stability as a pair of complex conjugate
eigenvalues cross the complex plane imaginary axis. Moreover,
with suitable assumptions for the dynamical system, a small-
amplitude limit cycle branches from the fixed point.

Keywords: Fixed point, Hindmarsh-Rose 3D model, Hopf bifurcation,
limit cycle

1. GIOI THIEU

Trong toan hoc, sy ton tai nghiém twong dwong
v6i ton tai diém ¢ dinh ddi v6i mot s6 ham dic biét.
Két qua lién quan diém cb dinh cung cép diéu kién
cho su ton tai nghiém cua bai toan. Do do, su ton tai
diém c6 dinh la mot trong nhig van dé quan trong
trong toan hoc va mot s6 linh vuc khoa hoc. Ly

thuyét vé diém cd dinh 1a sy két hop dep cia giai
tich thuan tiy va img dung, topd, hinh hoc. C6 nhicu
truong hop khong thé tim duoc nghiém chinh xac,
do d6 phat trién nhiing thuat toan dé xap xi duoc
nghiém mong muo6n 1a diéu can thiét. Viéc nay lién
quan mat thiét dén 1y thuyét diéu khién t6i wu, cac
linh vuc khoa hoc khac nhau va trong ki thuat. Hon
nim muoi nim qua, 1y thuyét diém co dinh da dugc
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tré thanh cong cu quan trong trong nghién cuu
nhitng hién tuong phi tuyén, tinh toan vi phan,
phuong trinh dao ham riéng, diéu khién t6i vu, trong
nhiéu linh vuc khac nhu sinh hoc, héa hoc, kinh té,
ki thuat, 1y thuyét trd choi va vat Ii.

Ly thuyét vé sy ré nhanh 1a mot linh vuc toan
hoc nghién ctru vé sy thay d6i tinh chat hodc cau tric
topd cua mot ho cac duong cong tich phan, mét ho
cac trudong vecto, hay nghiém cia mdt hé cac
phuong trinh vi phan. Thuat ngkt ré nhanh
(bifurcation) dugc gidi thi¢u boi Henri-Poincaré vao
nim 1885. Sy r& nhanh c6 thé xay ra trén ca hé
phuong trinh lién tuc va roi rac, khi c6 mot sy thay
d6i nho & mot tham sd duoc chon goi 14 tham s ré
nhanh cua hé 1am cho tinh chét hay cau triic ctia hé
thay doi dot ngdt.

Ly thuyét r& nhanh da duoc 4p dung dé két ndi
céc hé lugng tr véi dong luc hoc cia cac chét trong
cac hé théng nguyén tir (Peter et al., 1994; Courtney
et al., 1995; Gao et al., 1997), hé thong phan tir
(Founargiotakis et al., 1997), va diét duong ham
cong huong (Monteiro et al., 2001). Ly thuyét r&
nhanh cling da duoc ap dung cho nghién ctiru dong
lyc hoc laser (Wieczorek et al., 2005). Mot s6 vi du
1y thuyét khé tiép can bang thyc nghiém nhu dinh
da (Stamatiou et al., 2007) va giéng lugng tir két hop
(Galan etal., 1999). Ly do chi ph6i mdi lién hé giita
cac hé 1u’orng tir va phén nhanh trong cac phuong
trinh chuyen dong c6 dién 14 tai cac diém r& nhanh,
dau vét cta cac quy dao trd nén 1on, khi Martin
Gutzwiller chi ra trong tac phém kinh dién
(Kleppner et al., 2001) vé& hdn loan luong tir
(Gutzwiller et al., 1990). Nhiéu loai r& nhanh da
dugc nghién ctru lién quan dén cac lién két giira
dong luc hoc ¢ dién va luong tir bao gém ré nhanh
nat yén ngya, r& nhanh Hopf, & nhanh rdn, ré doi
nhan d6i, & nhanh ndi tiép. ..

Chinh vi ¢6 nhiéu ing dung va su quan trong ctia
diém ki di cung v&i su r& nhanh nén nghién ctru lién
quan dén ching 1a mot chu d& kha hap dan va can
thiét trong qua trinh tim hiéu mot phuong trinh hay
mot hé phuong trinh vi phan. Trong bai bao nay, tac
gia gidi thi¢u sy ton tai nghiém va sy r& nhanh Hopf
d6i voi hé phuong trinh Hindmarsh-Rose. Pay 1a
tién dé dé nghién ciru sdu hon vé hé phuong trinh
ndi tiéng duoc dua ra vao nam 1980, goi 1a mé hinh
Hindmarsh-Rose (Hindmarsh & Rose, 1984), mot
mo hinh dugc don gian héa tir mé hinh ndi tiéng cua
Hodgkin-Huxley dugc dua ra vao nam 1952
(Hodgkin et al., 1952; Nagumo et al, 1962;
Izhikevich, 2007; Ermentrout et al., 2009; Keener et
al., 2009; Murray, 2010). M6 hinh nay dugc tao
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thanh béi ba bién X,y va z. Bién dau tién 14 bién
nhanh hay bién hoat néo dai dién cho dién thé mang
té bao. Hai bién con lai 1a bién cham dai dién cho
mot sb dai lugng vat Iy phu thugc thoi gian vi du
nhu d6 din dién ciia dong ion di ngang qua mang té
bao. M6 hinh Hindmarsh-Rose 3D (HR) dugc cho
boi h¢ phuong trinh sau:

de U

E=x=y+ax2—x3—z+l,
0
%=y=1—dx2—y, ©)
dz "
E: zr(s(x—xl)—z),

trong 6 x = x(¢) tuong ing véi dién thé mang
té bao, y = y(¢) va z=z(¢) tuong Gmg véi do
dan dién cua dong ions cham di ngang qua mang té
bao, [ 1a dong dién duoc dwa vao md hinh tir bén
ngodi, a,d,r,s,x,1a cac tham sb dugc chon tir
thuc nghiém.

2. KIEN THUC CHUAN BI VA PHUONG
PHAP NGHIEN CUU

Trong phan nay, Dinh li Hopf (Dang et al., 2000)
va Dinh 1i Poincaré-Andronov-Hopf (Dang et al.,
2000) dugc nhac lai dé chirmg minh sy ton tai ctia sur
r& nhanh Hopf cua h¢ phwong trinh (1) ¢ muc ké
tlep Su r& nhanh Hopf c6 nghia 1a sy chuyén doi tir
diém ki di ¢én duong tron gisi han hodc nguogc lai
dudi anh hudng ciia mot tham sé duoc chon, goi 1a
tham s 1& nhanh (Dang et al., 2000).

Pinh li 2.1 (Pinh li Hopf). Cho hé phuong trinh
vi phan:

0

u= f(uava ”'),

. ()
v=g(u,v,r).

Goi (u*,v¥) la mot diém ki di ciia hé (2). Néu
ma trdn Jacobi ciia hé trén tai diém (u*,v*) c6 hai
gia phirc hiép,
Ao (r)=a(r)iw(r) va tai gid tri ¥ =7, sao

tri riéng lién

cho:

Ga(r)

a(r,)=0,w(r,) #0va () =0,
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thi ton tai s ré nhanh Hopf khi tham s6 a di
qua gid tri 1, va diéem (u*,v*, I’c) dwoc goi la diém
ré nhanh Hopf. Hon nita, goi C, la gid tri cho boi
cong thiec:

1 O’F 0°G 0°F O°F
“= 1o6w(r,) (_ ou’ ou’ " ou’ Oudv
0’G 0°G 0°G 0°G
0u’ dudv v dudv
O’F &°F 0O°F 6‘2GJ ®

+
oV oudv vt v’
O°F O0F &G oG
+ 3 + 2 2 + 3 >
ou ouov” ou~ov  Ov

trong @6 F va G dwoc xdc dinh béi phwong
phap Hassard, Kazarinoff va Wan (Dang et al.,
2000).

Tur Pinh 1i 2.1, néu goi S, =(x,,,.,2,) 1a
diém ki di ctia h¢ phuong trinh (1) thi bang céch doi
bién s0 nhu sau:

'xl :x_xe’yl :y_ye’zl =z-z

e’

ta dugc hé phuong trinh sau:

ax = (2ax, —3x)x, + ¥, — z,

+ B (x,y,2), A
%:—Zafxex1 -y +ﬁ2(xl,yl,zl), ?
d_Ztl: rsx, —rz, +@(xl,ypz1)’

trong do
@'l(xl,yl,zl) =—x +(a—-3x,)x/,
E2(9619)}1’21) = _dx12’
B(x,3,2) = 0.

Pinh li 2.2 (Pinh li Poincaré-Andronov-
Hopf). Néu ma trdn Jacobi M (r) ciia hé phwong
trinh (1) co hai gia tri riéng phirc lién hiép
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A, = a(r) iw(r) va mét gid tri riéng thue A,

sao cho véi mot gid tri ¥, nao do cua tham so 1,

hai tinh chdt sau déy digc théa man:

a(r) =022 Lo s
A -
A1) <0, (6)

thi (S,

V‘) la mét diém ré nhanh Hopf, trong

de S, la mét diém ki di.

3. KET QUA VA THAO LUAN

3.1. Céch tim diém ki di va xdc dinh tinh 6n
dinh ctia n6 doi véi moé hinh Hindmarsh-
Rose 3D

Trong ph?m nay, cach tim diém ki di va xac dinh
tinh chat on dinh ctia né duoc trinh bay ddi véi mo
hinh Hindmarsh-Rose 3D. Nghién ciru vé diém ki di
va dic biét tinh 6n dinh cta ching 1 mot trong
nhitng viéc quan trong trong qua trinh tim hiéu vé
phuong trinh hay hé phuong trinh vi phan. Trong
toan hoc, diém ki di 1a mot phﬁn tr trong mién x4c
dinh sao cho anh ctia no ciing la chinh n6. Trong bai
nghién ctru nay, diém ki di ciia hé phuong trinh (1)
duoc xac dinh bdi viéc giai hé phuong trinh sau:

O=y+ax’ —x —z+1,
y=1-dx’,
z=s(x-x,),

S+ (d-a)x’ +sx—sx,—1-1=0.

Dé giai phuong trinh trén can str dung cong thirc
Cardan sau mét vai phép doi bién s6 nhu sau:

a—d
= + ,
x=¢& 3
B (a—d)’
3 7 (7)
2a-d) s(a—d)
27 3
—sx,—1-1
Khi do,
&+ pé-q=0. (3)
Pit
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A =4p’ +274¢%. )

Néu A, >0 thi phuong trinh (8) c6 mot nghiém
duy nhét va do d6 hé (1) c¢6 duy nhat mét diém ki di.
Neu A, =0 thi (1) c6 2 diém ki di, va néu A, <0
thi (1) ¢6 3 diém ki di.

Cu thé hon, néu 4p° +27¢> >0 thi phuong
trinh (8) c6 mot nghiém duy nhit. Do d6, néu ching

ta giai phuong trinh (8) trong truong hgp nay, cung
voi céc ki hiéu trong (7), thi h¢ phuong trinh (1) co

duy nhit motdiémkidi S, =(x,,»,,z,) , trong d6

1
2 3\2
‘ 2 4 27

W=

1
2 3\2 _
4|, p )| a-d
2 4 27 3

Nhu vay, nghiém ki ki cuia mé6 hinh HR da duogc
tim. Cach xéac dinh tinh 6n dinh cta diém ki di nay
d6i v6i mo hinh HR ciing da duoc trinh bay. Dé lam
dugc didu nay, cach xac dinh cac gia tri riéng va
vecto riéng ciia ma tran Jacobi tai diém ki di dbi véi
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mo hinh di dugc gidi thiéu ¢ phan nghién ctru (1)
nhu sau:

Giast S, =(x;,V,,2,) lacacdiémki di cia hé
phuong trinh HR 3D (1).

D¢ kiém tra tinh chét cua céc diém ki di ndy thi
ma tran Jacobi cta hé phuong trinh (1) tai cac diém
ki di nay can dugc xay dung nhu sau:

2ax,—-3x; 1 -1
2dx, -1 0

rs 0

JS

i

-r

Céac gia tri riéng clia ma tran Jacobi trén la
nghiém cua phuong trinh ddc trung sau:

A +UA +V,A+W, =0,
trong do
U, =3xl.2—2axl.+1+r,
V.=3x'(1+r)+2x(d —a—ar)+r(l +5s),
W, =r(3x’ +2x,(d —a) +s).
(10)

Dé tim nghiém ciia phuong trinh trén, ta sir dung

cong thuc Cardan. Bién sb A= v—ﬂ duoc d6i @é

dwa phuong trinh dic trung trén vé dang sau:

v+ pv+y, =0,
trong do
2
p =V, _U_i’
: (an
2w vy,
Vi= - 4T
27 3

Diu cua biét thire A, = 4] +27y7 cho biét s
gia tri riéng thuc cia ma tran Jacobi. Gid st
4, j=1,2,3) 1a cdc gid tri riéng clia ma trén
Jacobi tai céc diemkidi S, = (x,,y,,z,).

Dé x4c dinh cac vecto riéng u, (i, j=1,2,3)

tuong ung vai cac gia tri riéng A0, j=1,2,3),
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1 2 3

A , . N T Lo ae A
can xac dinh toa do uij:(uij’u[jﬂuij) voi dicu

kién thoa man la:

S =k, < (= AL, =0,

fitig 1] L]

trong d6 ma trdn J ., — A, .1, dugc xéc dinh nhu

sau:
o=l =
2ax, —3x] — A ; 1 -1
—2dkx, -1- ﬂi’j 0
rs 0 —r— /11.51.

Goi cac gia tri riéng clia ma tran jacoban J ,; 1a

ii’z,l[,3. Vé&i mdi b ba gia tri riéng nay, ta

A,

7,12

goi cac vecto riéng twong ung la U, |, U, 5, U, ;. Dat:

2
r;=2ax, =3x; — 4

i,
s, =—2dx,
t,=-1-4,
v, =1b,

W, =—r—4;
Tu do, ta suy ra dugc h¢ phuong trinh sau day:

htiy Tl — 5 =0,

S Uy U, = 0,

v, u.,+w. u,=0

i,j 7,1 i,j i3 T Y
B Wi g = Wi iy 8 Vit =0,
S lMin = 7S
Witz = Vi Uiy
Khi do,

(r W, —Ww. .S .+ oV )”m =0,

L)L L7 iL,j i

_ Sy

i2 il
t .
i,j
V. .
i,j

ui,3 - ui,l
W,

Tdp 61, S6 24 (2025): 95-104

Hon ntra,
Wi Siy th v, =

(2axe - 3xe2 - ﬂ“[)(_l - /Ii)(_r - ﬂ‘;)
—(=2dx,)(=r—=A)+rb(=1-1.).

LtV —

Pay chinh la da thue dac trung. Do d6, véi moi
tel,

1 _
;=1
S,
2 ,
ui . :_#t’
5] t
i
v,
3 s
U == =L ¢
Wi

Nhu vay, cach xac dinh céc gia tri riéng va vecto
riéng ctia ma tran Jacobi tai diém ki di d6i v6i mo
hinh HR da duogc trinh bay trong ndi dung nghién
ctru. Tiép theo, dé xac dinh tinh 6n dinh cua diém ki
di ndy, cac gia tri ciia cdc tham s6 trong mé hinh HR
duoc ¢ dinh nhu sau (Ermentrout et al., 2009):

a=3,d=5,r=0.001,
1(1+x/§).

s=4,x =——
2

Khi do, h¢ phuong trinh (1) tré thanh:
@=y+3x2—x3—z+1,
dt
dy 2
—=1-5x"-y, 12
0t y (12)
dz 1
= 20.001] 4(x+=(1+~/5) -z |.
7 (( 2( ) j

Céc diém ki di ctia hé phuong trinh (12) dugc
tim bang phuong phap nhu da trinh bay va bang
cach st dung nhitng ki hiéu nhu trén ta thu duoc:

4p3 + 27q2 ~76.443755 > 0.

Diéu nay suy ra sy ton tai va duy nhét cia diém
ki di cua hé phuong trinh (12), goi la
M,=(x,,y,,z,), trong do
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x, =—0.722126,
y, =-1.607329,
z, =3.583632.

Ma trén Jacobi tai diém M . duoc xac dinh nhu

sau:
6x,-3x. 1 -1
Jy, =| -10x, -1 0
0.004 0 -0.001

Céc gia tri riéng cua ma trdn Jacobi nay la
nghiém cua phuong trinh ddc trung sau:

A’ +6.8981534% —1.3132094 +0.002676 = 0.

Ta goi cac gia tri riéng la:

2, =0.183381,
A, =—7.083594,
2, =0.00206.

Do do, diém ki dj ctia hé phuong trinh (12) la nat
c6 mién datap 2 chiéu khong 6n dinh va mién da tap
1 chiéu 6n dinh.

3.2. Su ré nhanh Hopf

Binh 1i 2.2 cho phép chung ta phat biéu dugc
Dinh li sau day, gitp chi ra sy ton tai diém r& nhanh
cua md hinh HR (1).

binh li 3.1. Cung voi cac ki hiéu nhu trong (17),
(19), (20), neu hai diéu kién sau dwgc thoa man:

4p° +270° >0, (13)

%(a—a’)<xe<0, (14)

thi hé phwong trinh (1) sé co sy ré nhanh Hopf
tai diém ki di ciia n6 khi tham s6 r di qua diém r.,
trong do:
1
—((1 —m11)2 —mlls)+ A?

= 16
" 2(1—m“+s) , (16)

voi
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— 2- — .
m,, =2ax,—3x.;m,, =-2dx,;

5 2
A :[(1_’“11) —mlls}
+4( —-m,, +s)(m,, +m, )(1—m,).
Chirng minh.

Ma tran Jacobi M (r) clia hé phuong trinh (1)
duoc xac dinh nhu sau:

2ax,-3x> 1 -1
M(r)y=(m ;) =| —2dx, —1 0
rs 0 -—r

(15)

Pa thuc dic trung tuong ung dugc cho boi
phuong trinh sau:

SQUr)) =2 (r)+ P(r)A*(r)

(16)
+0(r)A(r) + R(r),
trong do
P(ry=1-m, +r,
O(r)=A=my, +s)r—m, —my, (17)
R(r)=r(s—m; —my).
Pit
2 =) -2,
p(r)=0(n -2 (”) (18)
o(r )_2P7(’”) P(F)Q(F) L RO,
Khi do, phuong trinh (16) tré thanh

V(1) + p(r)v(r)+o(r) =0, cho ta cac gia tri
riéng cua ma trén jacoban M (r).

Déu ctia biéu thic 4p°(r)+2707 () cho biét
s0 gia tri riéng thuc va phirc cua ma tran Jacobi. Néu
4p°(r)+270°(r) >0 hay néi khac hon 1a diéu
kién (13) duoc xac dinh thi ma trdn Jacobi M (7)
¢6 hai gié tri ri€ng phic 4, ,(r) = a(r) Tiw(r) va

mot gia tri riéng thuc ﬂg (l’)
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Béy gio ta chimg minh sy ton tai ciia mot gié tri
7. cta tham s6 7 sao cho diéu kién (11) duoc thoa
man.

Tu (15), (16), (17) mdi quan h¢ gitra cac nghiém

va cac hé so cia da thuc dic trung duoc cho bdi cac
cong thac sau:

A(r)+ 2,(r) + 2,(r) = —P(r)

= 2a(r)+ A, (r) =—P(r),

(M)A, (r)+ 4 (1A (r) + A, (r) A4,(r) = O(r)
= a’(r)+w (r)+ 2a(r)A, =0(r),

A ()2, (1) A, (r) = =R(r)

= (& (1) + W' (1)) 4,(r) = =R(r).

Khi 7=r, ding thac a(7,)=0 cho ta cic
cong thuc sau:

A(r) =—P(1,),
w(r,) = 0(r,), (19)
w(r)A(r) ==R(1).
Do do,
P(r)O(r,) = R(r,) (20)
Phuong trinh (20) c6 thé dugc viét nhu sau:
(I=my, +r)(A=m, +8)r—m, —m,) =
=r(s—m, —m,)
Hay c6 thé viét nhu sau:
(I=m,, + )1’ +[(1 —m,,)’ —m”s]lfc
—(m,, +m,,)(1—m,,)=0.

Tu phuong trinh trén, biét thic dugc tinh nhu
sau:

A= I:(l_mll)z _mnST
+4(1=my, +s)(my, +my )1 —m,,).

Da thirc ddc trung c6 2 nghiém thuc 7, néu

A >0, tic la:
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2
I:(l_mu)z _mnS]
+4(1_m11 +S)(m11 +m21)(1 _mll) > 0

Néu
[(l_mll)z _m11S:|2 >0

va 4(1—my, +s)(m, +my )1 —m,;) >0 thi

A > 0. biéu kién thtr nhit thi luén duoc thoa mén,
diéu kién tht hai dwoc thoa man néu tit ca cic nhan
tur 1a duong.

Ta biét rang

my, =2ax,—3x> =x,(2a—3x,).
Néu x,<0 thi do do
2a—-3x,>0 vi a > 0, dodo trong truong hop nay

-3x,>0 va

ta ¢ m, <0. Néu m, <0 thi 1-m, >0 va
l-m, +s>0 vi §>0. Do d6, véi diéu kién
x, < 0 thi c6 2 nhan tir dwong. Bay gid, chi con tim

diéu kién dé m,, +m,, > 0. Ta thiy ring:

my, +m,, =2ax, —3x. —2dx,
=x,(2a-3x,-2d).
Néu x, <O thi diéu kién can Ia
2a-3x,-2d <0 ticla 2(a—d)<3x,.

Do d6, néu

—2(“3_‘” <x,<0

thi m,, +m,, > 0.
Khi do,
4(1—=my,, +s)(m,, +my )1—m,,)>0.

Nhu vay, néu diéu kién (15) dugc thoa mian thi
phuong trinh (21) c6 2 nghiém la:

((1_m11)2 —m“s)J_rA2
2(1-my, +5)

Uw)
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Ngoai ra, vdi nhitng diéu kién trén, ta c6 m;; <0
do d6 2(1—m,, +s)>0. Nhu vy, ddu cia T,

1

ciling chinh 14 ddu cta —((l—mu)2 —my,s )+A2

(1-m,)* >0 va ™S <0

Ta théy, do do
—((l—m”)z—mlls)<0.
Hon ntra,
2
((1 mn) mn)

+4(1=m,, +s)(m,, +m, )(1—m,,)
va
4(1—m,, +s)(m,, +my)1—-m;)>0, do
\/K>(l my)’ —ms.
Do viy, —((l—mll) —m”s)+

—((l—m”)z—mlls)—\/g<0.

A>0 va

r. > < V.
Tu d0, ta co e 0 ‘rz 0

Hon nita, néu x, < 0 thi my, < 0 va do @6
P(r,)>0. biéu nay dan dén A,(r) <0 va diéu
kén (12) duge xac dinh.

Nhic lai, da thirc dic trung cla ma trdn jacoban
duoc cho boi cong thic sau:

FA) = A(r) + P(r)A(r)*
+Q(r)A(r)+ R(r).

Lay dao ham theo 7 thu dugc:

Gf(r) 3 20 c’M(r) 6P(r) P 4y
+2P(r)A(r) —M ) , _a%(r) A(r)
r
00 )8/1(r) 8R(r)
or
Ngoai ra, A(r)=a(r)+iw(r), do do
OA(r) Oa(r) +l_8w(r)
o or or

Tu do, ta co:
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5f (V)

=3(a(r) +iw(r))* (
6P(r)

oa(r) L 8w(r)j
or or

—(a(r)+ zw(r)) +2P(r)(a(r)

ﬁw(r) )
or

aa(r)

+iw(r ))(

GQ( )(am +iw(r)

6w r
”),
or

Ngoaira, 7, thoa OC(I’C) =0. Do do,

of () :_3W(n)z(8a(fz) +Z.GW(VC))
or r or

605(r) OR(r)

or

+O(r )(

or

+2P(n,)iW(fc)(aOé(rC) +i6vg('2)j
r A

+220 )

+00 )(a a(r) |

Ta biét ring w(r,)* = O(r,), khi d6 phuong

o)

or

OR(r,)
or

aw(n)j+
or

trinh =0 cho két qua sau:

aa(r) 8R(r) OP(r,)
or or o)

—2P(r)yw(r) 22 8w(r )

20(r,)

80!(1”) 5Q(f’ )

2w(r,)

P(r)+

ow(r,) _
or
Suy ra
OR(r.) 6P(r)
datr) o g QWP
or (Q(lz)+P(n) )

Q(r )
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da(r,)

Khi dé, ddu cua
or

chinh 14 d4u ctia phan
tir sO
OR(r,) 6P(r )
or

Ta co:

P(r)y=1-m, +r,

GQ(F )

O@,)—P(r,)—=

O(r)=—my +s)r—m; —m,,
R(r)=r(s —my —m,,).

Khi do,

8]?6(:) 8P(F)Q( )= P(r )8Q(r)

=S8 —my —my,

_((1_m11 +8)r—my, _mzl)

—(l=my +r)(1-my, +s)
=—(1-m,) =2r(1+s)

+m, (s +2r)<0,

vi s>0,7>0 va m; <0 bai cic diéu kién
da duoc gidi thi¢u & trén.

Tu do, néu 4r° +27s* >0 va

2 .
E(a —d)<x,<0 thi (S,,7.) 1a mot diem r&
nhanh cta hé phuong trinh (8).
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