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1. GIOI THIEU S,=x+X, + X, 4+ +X,.
Budc di ngiu nhién dugc nhic dén 1an diu tién ’Bu(’)rc di ng?lu nhién trong ?iﬂh n%hia }-1 151 mot
boi nha toan hoc Phap Pierre de Fermat vao thé ky qua trinh martingale v6i toan tur chuyén xdc suat

XVII. Sau @6, mé6 hinh nay dugc nghién ciru va phat

v . x,y) =P, (S, =y),
trién béi nhidu nha khoa hoc khac nhu Carl Pn(%,7) = Px(Sn =)

Friedrich Gauss, Andrey Markov va Michael Kac. vGi

Trong truong hop tong quat, budc di ngau nhién 1

duoc dinh nghia trong khong gian d chiéu (Z%) nhu p(x,y) ={2d"’ lx -yl =1

sau (Spitzer, 2001; Lawler & Limic, 2010; Lawler, ’ _
0, [x—yl#1

2013).

ok x . Vé’
Xét (X j)]_>1 la mdt day cac bién ngau nhién doc

lap cing phan phdi voi phan phdi chung 1a Pn+1(x, ) = Z pn(x,2) - p1(2,¥).

zez74

1
P(X:=e)=—,|e| =1. A
( J ) 2d le] Trong truong hgp mot chiéu, ta co

Pinh nghia 1.1. Mgt budc di ngau nhién xudt

o 1T
phat tir x € Z% la mét qud trinh ngdu nhién p(xy) =7 néulx -yl =1.
(Sdnso, duwoc danh thir ty theo s6 tw nhién véi o _ , ,
Sp = x v Khai niém martingale trong ly thuyét xac suat

duogc Paul Lévy dua ra vao nam 1934, mac du 6ng
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khong dat tén cho no6. Thuét nglr “martingale” dugc
dua ra sau d6 bai Ville (1939), ngudi cling mé rong
dinh nghia cho martingale lién tuc. Phan 16n su phat
trién ban du cua 1y thuyét nay dwoc thuc hién
boi Joseph Leo Doob va nhitng nguoi khac. Mot
phan dong luc cua cong viée do 1a dé chung to su
bét kha thi cta cac chién luge ca cuoc thanh cong
trong céac tro choi may rai. Mot s6 tai liéu nghién
clru vé martingale c6 thé ké dén nhu Durett (2019),
Grimmett and Stirzaker (2020). Mot dinh nghia
thuong dung cua martingale, supermartingale va
submartingale dugc néu trong Durett (2019) nhu
sau:

Pinh nghia 1.2. Mot day cdc bién ngdu nhién
(Xpdnzo twong thich véi mot bg loc F, dwoc goi la
mot martingale néu

(i) E|X]| < oo,
(it) EXp4+11F) = X

Néu déu bang ¢ diéu kién (ii) dwoc thay béi dau
bdt ding thire “=>" hodc “<” thi qud trinh (X,)nso
dwoc goi twong wung la submartingale va
supermartingale.

Khac véi bude di ngiu nhién don, mot xich
Markov ¢6 ham xéc sudt chuyén khong phu thudc
vao vi tri clia nd, bude di ngau nhién c¢6 didu kién
cling 1a mot xich Markov nhung ham xac suét
chuyén phy thuge vao vi tri ciia tai thoi diém hién
tai cia no. That khé dé dinh nghia budc di nay dudi
dang tong cua cac bién ngiu nhién nhu trong dinh
nghia 1.1. Ta dinh nghia budc di ngéu nhién c6 diéu
kién duéi dang ham xac suit chuyén (Doney, 1983;
Bertoin & Doney, 1994; Popov, 2021) nhu sau:

Pinh nghia 1.3. Burdc di ngdu nhién c6 diéu kién
mét chiéu (§n)n>o la mot qua trinh ngau nhién voi

SAO =X,
p1(x,y) = I’P\’x(-§1 = J/)
_ %, néulx—yl=1,x-y>0
0, néungugec lai.

V6i dinh nghia nay, néu x > 0 thi
P (S, =0)=0,
noi cach khac xuat phat tir x > 0, {S, <0} la

su kién khong thé. Do d6, S con duogc goi la bude
di ngau nhién véi dicu kién khong quay veé goc.

Céc khai niém budc di ngau nhién don, bude di
ngau nhién co6 dicu kién va martingale dugc nghién
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ctru sdu va lam r0 hon trong ludn an ciia Hoai-Nhan
(2023).

Pé thuc hién muc tiéu dé ra cta nghién ctru, bai
bao nay dugc cdu trac cac phan tiép theo nhu sau:
phin 2 s& gidi thidu vé phuong phap nghién ctru,
phin 3 1a két qua chinh ciia nghién ctru, cac
martingale sinh bai budc di ngdu nhién c¢6 diéu kién
mot chiéu va phén két luan, thao ludn.

2. PHUONG PHAP NGHIEN CUU

Trong muc nay, hai tinh chat quan trong dugc
nhic lai ciia bude di ngdu nhién va bude di ngau
nhién c6 diéu kién. Sau d6, phwong trinh sai phan
tuyén tinh c4p hai hé sb hing dwoc gidi thiéu. Day
1a mot cong cu dé chimg minh két qua chinh cia bai
bo. Pinh 1y vé& nghiém cua phuong trinh sai phan
cAp hai tuyén tinh hé s hing ciing dugc gi6i thiéu,
n6 duoc tinh bay mot cach chi tiét trong Thinh va
ctv., 2001.

Pinh Iy 2.1. Bude di ngau nhién (Sy)pso la mot
martingale.

Chirng minh.
Vé6i mbi x € Z, xét ky vong c6 diéu kién
IE[Sn+1|5n = X]

=(+1) P[S, =x+1]S, =x]
+(x—1) P[Sp4 =x—1]S, = x]

1 1
=x+1)z+x-1)-=
c+D 5+ GE-1)-3
=x.
Tac 13, E[Sp411S] = Sy.
Do do, S,, 1a mdt martingale. H
Pinh 1y 2.2. Bubc di ngdu nhién (S,) véi S, =
x > 0 la mot submartingale.
Chung minh.
Véi mdi x € 77, xét ky vong c6 diéu kién
E[Spi1|Sn = «]
= (41D -P[S=x+1|S, =x]+
+(x = 1) P[Spyy =x— 1|5, = «]
x—1

(x+1)-—x2+xl+(x—1)-

1
= x+—.
x

2x

Tirc 1a, E[Sy41|Sn] = $n +5 > S

Do d6, S, 1a mot submartingale. H
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Sau déy 1a mot hé qua cia Dinh 1y 2.1.

Hé qua 2.2. (i) Gid sit, S, =x + X, + -+ X,
thi

> A 1
IE:[Xn+1|5n] = SA_
n

o)

n n=0

la mot martingale.

Chirng minh.

Y Béng cach 4p dung tinh chat cta ky vong co
diéu kién, ta duoc
IE[)?n+1|5,\n] = IIE:[~§'n+1 - §n|SAn]
- [E[Sn+1|5n] —5n
A 1
= S + - S = .
" Sn " n
(ii) Véi mdi x € Z7,

1 A
B[ s, =]
Sn+1 "

. ]P’[SA‘n+1 =x+ 1|§n = x]

U’)>| -

1
x+1

+

x—1.]P[§n+1 =x—1|5‘n =x]

1 x+1 1

x+1 2x

, a 1 1 \ .

Do do, [E[ Sn] =5 hay (;) la mot
martingale. H

Pinh nghia 2.3. (Thinh va ctv.(2001)) Gia su

a,b,c la cac so thuc va Py, la mot da thuee bdc k. Khi

do, ta noi f la nghiém cia phwong trinh sai phan
tuyen tinh cap hai hé so hang neu

af(x+ 1) +bf(x)+cf(x—1) =
P(x),vx eN. (1)

x—1
2x

Rl

x—1
1

Sn+1

Phuwong trinh bdc hai

ar’+brl+c=0 )

dwoc goi la phwong trinh ddc trung cua phuong
trinh (1).

Dinh ly sau day (xem Thinh va ctv. (2001)) cho
ta cau truc nghiém cua phuong trinh thuan nhat
af(x+ 1) +bf(x)+cf(x—1)=0.

Pinh Iy 2.4. (i) Néu phuong trinh (2) c6 hai
nghiém thyc phan biét A1 va A4, thi

FX)=A-2%+B -1
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(i) Néu phirong trinh (2) ¢ nghiém thiec kép
M=, =1 th

f(x) =(A+Bx) -2~
(iii) Néu phwong trinh (2) c6 hai nghiém phirc
phan biét 1 = r(cos 8 + sinf) = re'® thi
f(x) =r*(A-cosxB + B - sinx8),
trong dé A, B la cdc hang so.

Chung minh. Xem Thinh va ctv. (2001), trang
67.

_Dinh ly sau day (xem Thinh va ctv. (2001)) cho
bi€t cau triic nghiém riéng cua phuong trinh (1).
Pinh Iy 2.5. (i) Néu phuong trinh (2) khéng cé
nghiém A = 1 thi
fO) = Q)
la mot nghiém riéng cua phwong trinh (1).
(ii) Néu phuong trinh (2) c6 nghiém don A =1
thi
f(x) =x-Qr(x),
la mot nghiém riéng cua phwong trinh (1).

(iii) Néu phwong trinh (2) c6 nghiém kép 2 = 1
thi
fQ0) =x%- Qi (),

la mot nghiém riéng cua phwong trinh (1), trong
do Qi (x) la mét da thire bdc k.

_ Dinh 1y 2.6. (xem Thinh va ctv. (2001)) Nghi¢m
tong qudt cua phwong trinh (1) co dang:
) = fi(x) + (0,

trong do f;(x) dwgc xdc dinh nho Dinh ly 2.4 va
f>(x) dwoc xac dinh nho Dinh Iy 2.5.

3. MARTINGALE SINH BOI BUGC DI

NGAU NHIEN CO PIEU KIEN

Trong phan nay, cau tric cia cdc martingale sinh
bdi S, va thoi gian n s€ dugce xem xét. Cu thé hon,
cac dicu kién can va du dugc dua ra dé cac qua trinh

c6 dang  {f($n) +gm} va {£(S5,) g} 1a

martingale.
Pinh ly 3.1. Gid su (ﬁn)n>o la mt bude di ngau
nhién c6 diéu kién. Khi do, qud trinh
Y, =f($)+gm),n=0

la mot martingale néu va chi néu Yy, co dang
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Yo = A(|Sa]" - 3n) S%+C

Voi cac hcing $6 A, B, C nao do.

Dé chimg minh Dinh 1y 3.1, ta cAn Ménh dé 3.2
duoi day.

Mgénh d 3.2. Qud trinh Y, = |S,|* —3n,n 2 0
la mot martingale.

Chimg minh. Ta can

N A 12
E[Yn11|Sn] = |$a|” — 3n.
That vay, véix € Z; tuy y, ta ¢
E[Yni1|Sn = %]

_ ((x+1)2—3(n+1))-xz-';c1
+((x—1)2—3(n+1))-x2_x1

= |x]%2 — 3n.
Pay chinh 1a diéu ta cin. ™
Chirng minh dinh 1y 3.1
Diéu ki¢n dii. Diéu kién du 1a sy két hop boi Hé
qua 2.2, Ménh dé 3.2 va tinh tuyén tinh cta
martingale.

Piéu kién can. Gia st Y, 1a mot martingale. Khi
do, Y,, thdéa man phuong trinh martingal

[E[Yn+1|§n = x] =f()+gm).
Vé trai ciia phuong trinh trén c6 dang
fx+1)-

Phuong trinh trén twong duong vdi phuong trinh
tach bién

E+Dfx+D+x—Df(x—1) —2xf(x)

x+1
2x

+f(x—1)-x2—;1+g(n+1).

2x
= —[g(n+1) — g(n)].
Phuong trinh trén ding v6i moi x va n nén ton
tai mot hang so ¢ sao cho:
+Dfx+D+x—-Df(x—1) — 2xf(x)

2x
=c

va
gmn+1)—gn) =—c.
Ta xét hai truong hop cua c.

Truong hop 1: ¢ = 0.
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Khi d6, g(n) = € 1a ham hing va ham f thoa
x+Dfx+D) —-2xf0)+(x—Df(x—-1)
=0

Vé trai ciia phuong trinh nay 1a phuong trinh sai
phan cép hai tuyén tinh hé s6 hang cua ham s6
h(x) = xf(x). Phuong trinh dic trung ctia no la
A2 —22+1=0,conghiémkép A = 1.

Theo dinh 1y 2.4, h(x) 1a ham bac nhit,

h(x) = Ax + B. Tirdé suyra f(x) = A + 2. Do
do, truong hopnay chota Y, =D + gi.

Truong hop 2: ¢ # 0.
Khi d6, g(c) = cn+ F.
Ham f(x) thoa mén
x+Dfc+1)—2xfx)+(x—Df(x—
1) = —2cx.

Phuong trinh nay 1a phwong trinh sai phéan cap
hai ciia ham h(x) = xf(x) voi vé phai 1a mot da
thirc bac nhat. Theo dinh ly 2.5(iii), h(x) = x2 -
(A x + B). Két hop v6i trudng hop 1, ta co h(x) 1a
mdt ham bac ba. Suy ra,

f(x)=Ax2+Bx+C+§.

Pén day, ta thdy ¥, = A|S,|" + BS, +C +
%+ cn + F. Dinh Iy 2.2 cho ta B = 0. Cudi cing,
phuong tinh martingale cho ta ¢ = —3A4. Do do,
Y,=A (|s”n|2 - 3n) +§’in+ F. Pinh 1y 3.1 duoc
chung minh xong. H

Dinh ly 3.3. Gia si (8,) la mot buée di ngau
nhién co dieu kién. Khi do, qua trinh
Vo= f(5) - 9,
la mét martingale néu va chi néu Y, thudc mot
trong ba dang sau:

gn) >0,

)—n A c0s0Sp+Bsinf Sy,

Sn !

(1) Y, = (cos @

-1 \/1—C2 c
)
c

voi 6 = tan <1,
Q)Y =A+L

Sn . pi5n
—1 AN +BA,
Sn ’

Voildi, =ctVer—-1,c>1,

3)Y,=c
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va A, B, C la cac hﬁng 56 nao ds.

Dé ching minh Dinh 1y 3.3 ta can Ménh d& 3.4
bén dudi.

Ménh dé 34. Néeu Y, =f(S,) - g(n), véi

g(n) > 0 la mét martingale thi ton tai mot hang sé
¢ > 0sao cho g(n) = Ac™.

Chung minh.

Ap dung phuong trinh martingale dbi véi qua
trinh ¥, ,

E[¥ps1[Sn = %] = F)g ()
ta duoc
x+Dfx+D+-Dfx-1)  ghn)
2xf (x) T g+ 1)

Phuong trinh nay 1a mot phuong trinh tach bién
v6i vé phai duong nén ton tai mot hang s6 duong c
gm)
gn +1)
v6i s6 hang tong quat g(n) = Ac

Ménh dé 3.5. Néu
Yo = cf(S,),c >0,

sao cho = ¢. Do 46, g(n) 1a mot cap sé nhan

-n ]

la mot martingale thi Yy, thugc mot trong ba dang
dwoc phat biéu trong Pinh Iy 3.3.

Chirng minh. Tiép tuc v6i chimg minh cua
ménh dé 3.4 ta co,
x+Df(x+1) —2exf(x)+ (x—Df(x —
1) =0.

Nhu vdy, ham sé h(x) = xf(x) théa mén
phuong trinh sai phén cap hai tuyén tinh thuan nhat
hé s0 hang

h(x +1) —2ch(x) + h(x — 1) = 0.

Phuong trinh nay cé phuong trinh ddc trung
A2—2cA+1=0.

Ta xét cac truong hop cia c.

(1) Néu ¢ < 1 thi phuong trinh dic trung ¢6 hai
nghiém phuc

M=c+iyl—cz=e"
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vald, =c—ivl—c2=e79,
do d6, dinh 1y 2.4 cho ta
h(x) = A cosOx + B sin 0x.

(2) Néu ¢ = 1 thi phuong trinh dic trung co
nghiém kép 1 = 1 va h(x) = Ax + B.

(3)Néu ¢ > 1 thi phuong trinh dic trung c6 hai
nghiém phan biét

A=c++cz-1

va
Ay=c—=Vc?2 -1,
dong thoi h(x) = A ¥ + BA3 .

Ba truong hop trén tuong Gng vdi cac dang cua
f(x) nhu sau

A cosOx+B sin Ox A A¥+BAS

A+

) Bing céch thay x bai S,,, ta s& nhan dugc ¥, nhur
két ludn cla ménh d¢ 3.5. W

Ménh dé 3.4 va Ménh dé 3.5 14 diéu kién can cia
dinh ly. Bang cach kiém chimg truc tiép cac qua
trinh Y,, trong Dinh 1y 3.3 thda man phuong trinh
martingale, ta c6 dugc diéu du cua Pinh Iy 3.3.

4. KET LUAN VA THAO LUAN

Martingale la mét qua trinh quan trong trong ly
thuyét xac suat. Vi vay, viéc xac dinh mot qua trinh
maringale sinh boi cac qua trinh khac 1a can thiét.
Nghién ctru nay da dwa ra diéu kién can va du dé
nhan dugc mot martingale tir bude di ngau nhién c6
diéu kién, dong thoi chimng minh mét cach chi tiét
céc diéu kién nay.

Céc martingale nay khi duoc két hop véi thoi
diém dimg (stopping time), bai toan bién co thé suy
ra dugc nhiéu két qua quan trong nhu phén bb Xac
sudt thoat khoéi mién nao do, thoi gian song
(lifetime) ctia budc di ngdu nhién cé didu kién.
Ngoai ra, mot sé két qua tuong tu c6 thé duge mo
rong cho budc di ngau nhién co didu kién nhiéu
chiéu.
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