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1. GIOIL THIEU nhiéu dang dao ham suy rong cho anh xa da tri nhu
dao ham Bouligand (hay dao ham contingent), dao
ham tiém cén, dao ham Studniarski,... Thoéng
thuong, dao ham cua anh xa da tri 1a mot cong cu
hiéu qua dé nghién ctru cac bai toan t6i wu da tri
thong qua cach tiép can bang khong gian nén va viée
mo rong dao ham da tri trén khong gian nén (tir cp
1 1én cap cao hon) s& d& dang hon trén khong gian
dbi ngdu (xét dbi dao ham). Viéc nghién ciru cac
cOng thure tinh toan ctia cac dang dao ham anh xa da

Pao ham 1a mot céng cu quan trong dé nghién
clru cac bai toan tdi uu noi chung. Khai niém dao
ham cua ham don tri theo nghia ¢ dién d3 duoc biét
dén tir rat lau trong cac cong trinh cia Fermat vé
vi€c nghién ctru diéu kién can cho cuc tri ctia mot
ham s6 bac hai. Sau d6, nhiéu nha toan hoc di mé
rong khai niém dao ham cé dién theo nhidu hudng
khac nhau. Dé nghién ciru cac bai todn quan trong
trong t6i wu da tri, cic nha toan hoc da gidi thiéu
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tri c6 ¥ nghia hét sirc quan trong trong viéc nghién
ctru bai toan tdi wu don tri hodc da tri vi chung la
cong cu chinh dé nghién ciru cic bai toan thuong
gip nhu nghién ctru diéu kién can va du t6i wu, phan
tich @6 nhay nghiém,...

Pao ham Studniarski dwoc gidi thiéu boi
Studniarski (1986) va thu hat dugc sy quan tam
nghién clru cua nhiéu nha toan hoc cho dén hién nay.
Pao ham Studniarski 13 mot cong cu hitu ich dé
nghién ctru mot bai toan quan trong trong 1y thuyét
t61 wu don tri 1a nghién ciru cac dang diéu kién can
va du ti wu. Dé nghién ctru cac bai toan quan trong
khéc cua bai toan ti wu don tri hodc da tri, cac nha
toan hoc da mé rong phién ban ban du cta dao ham
Studniarski cho anh xa da tri. Ho da gidi thiéu nhiéu
cong thire tinh toan va ap dung ching dé nghién ciru
cac bai toan quan trong nhu nghién ctru diéu kién
can va du tdi wu, phan tich d6 nhay nghiém,...

Trong thdi gian gan déy, cac cong trinh tiéu biéu
cua cac nha toan hoc c6 st dung dao ham
Studniarski ctia anh xa da tri nhu Sun and Li (2011,
2012). Wang (2013) da nghién ctu dao ham
Studniarski ciia anh xa nhidu trong bai toan tdi wu
¢6 tham sé. Bén canh d6, Anh and Khanh (2014),
Anh (2014), Diem et al. (2014) da nghién ctru cac
cong thuc tinh toan ctia dao ham Studniarski, sau d6
ap dung dé nghién ctru diéu kién tdi wu cho cac dang
nghiém hitu hi€u cua bai toan tdi wu da tri va phan
tich d0 nhay nghiém cua cac bai toan tdi wu lién
quan. Tiép theo, Anh (2017) d4 nghién ctru cic cong
thirc tinh toan ctia dao ham Studniarski ctia anh xa
da tri va ap dung nghién ctru d6 nhay nghiém cua
bai toan t6i wu da tri. Gan dy, Tung (2020) da
nghién ctru tinh kha vi proto ciia anh xa nhiéu thong
qua dao ham Studniarski.

Mat khac, Durea and Florea (2018) da gidi thiéu
mot dang khac cua dao ham Studniarski da tri ma ho
goi 1a dao ham Studniarski-like. Sau do, cac tac gia
dad dwa ra mot s6 cong thirc tinh toan cho dao ham
Studniarski-like va tmg dung dé nghién ctru diéu
kién t8i wu cho bai toan t6i wu da tri. Pao ham
Studniarski-like cta 4nh xa da tri ¢6 nhiéu tinh chat
mai va khac biét so vai dao ham Studniarski ciia &nh
xa da tri nén viéc nghién ctru cac cong thirc tinh toan
cho Studniarski-like c6 y nghia quan trong dé
nghién ciru cac bai toan thuong gap trong 1y thuyét
t61 wu.

Bai bao nay ap dung két qua vé tinh 15i, tinh nira
lién tuc dudi, tinh pseudo-Lipschitz calm dia
phuong ciia 4nh xa da tri dé dua ra cac cong thirc
tinh toan cho dao ham Studniarski-like nhu cong
thirc tong, cong thirc tich va cong thirc thwong. Cac
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két qua trong bai bao nay 1a méi va khac vai cac két
qua trong bai bao cua Anh and Khanh (2014). Viéc
nghién ciru cac cong thirc tinh toan cho ham dao
ham Studniarski-like cia énhv xa da tri 1a can thiét vi
ching la cong cy hitu ich dé nghién ctu cac dang
dicu kién t0i wu va phan tich d¢ nhay nghiém cho
bai toan t0i uu don tri hodc da tri.

2. PHUONG PHAP NGHIEN CUU

2.1. Giai tich da tri

Trong bai bao nay, néu khong co gia thiét gi
thém thi ta gid sit X,Y,Z la cac khong gian dinh
chuén thuc va C = Y 1a mdt non 16i dong. Vi mot
tap con A cua khong gian dinh chun, ta ki hi¢u
cld dé chi bao dong cia 4. B, 1a dé chi hinh cau
déng don vi trong Y. N(x,) ladé chi ho cia nhitng
lan c4n cua x, trong X va N(y,) 1a dé chi ho cia
nhitng 14n can cta y, trong Y. Gia su N 1a tap cla
nhitng s6 ty nhién, R 13 tip cta nhimng sé thyuc va
R” 1a nén orthant duong ciia R". Vi 4nh xa da tri
F:X 3Y anhxaprofile F, 1a dugc dinh nghia boi

F(x)=F(x)+C, Vxe X.

Mién hitu hiéu, dd thi va trén do thi cua anh xa
da tri dugc dinh nghia nhu sau

domF ={xe X :F(x) =},
grF = {(x,y) eXxY:ye F(x)}, epiF = grF,.
Bao dong cua F, ki hiéu boi clF, dugc dinh
nghia nhu sau gr(clF) = cl(grF). Néu
(clIF)(x)=F(x), Vxe X,

tanoi rang F 1a dong tai x.

Pinh nghia 2.1. (Anh & Khanh, 2014) Xét anh
xadatri F:X 3Y va (x,,y,) € grF. Khi d6

(i) F1a anh xa 10i trén mot tap tap 16i S < X
néu voi tht ca 1 €[0,1] va x,,x, €,

(1= A)F(x,)+ AF(x,) < F((1= A)x, + Ax,).

(i) F 1a nira lién tuc dudi tai (x,,y, ), néu véi
mdi ¥V € N(y,) thi ton tai mot lan can U e N(x,)
sao cho véimdi xeU, VN F(x)#@.
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(iii) F la pseudo-Lipschitz calm dia phuong tai

(x,,¥,) néu
34>0, 3U e N(x,), 3V e N(y,), VxeU,
Fx)NV < {x,}+ Al x—x, | B,.

Néu V=Y thi pseudo-Lipschitz calm dia
phuong dugc goi la Lipschitz calm dia phuong.

2.2. Dao ham Studniarski-like ctia 4nh xa da
tri

Dinh nghia 2.2. (Durea & Florea, 2018) Xét anh
xa da tri F:X3Y va (xo,yo)eng. Gia su

meN\{0}. Khi d6

(i) Pao ham Studniarski-like cdp m cia F tai
(x5,¥,) duge dinh nghia boi, Vu € X,

D"F(x,.3,)@)={veY:3t, 0",

3(w,.v,) > @,v), Vn, y,+1,, € F(x, +20u,)}.

(i) Pao ham Studniarski-like cip m dang
adjacent cua F tai (x,,),) dugc dinh nghia boi,
Yue X,

D F(xy.3,) (@) ={veY:vt, >0,
Au,.v,) = W), Vn, y,+1,v, € F(x, +1)u,)}.

(iii) Pao ham Studniarski-like cip m dang
lower cia F tai (x,,5,) dugc dinh nghia boi,
YuelX,

D}'F (xy, ¥, ) () = {v eY:vt, >0, Yu, >u,
v, > v, Vn, y,+tv, € F(x, +t;"un)}.
Chu y 2.1. Pao ham Studniarski-like cap m cua

F tai (x,,y,) la khdc v6i dao ham Studniarski cép

m gidi thiéu trong bai bdo cua Anh and Khanh
(2014).

Pinh nghia 2.3. Xétanhxadatri F:X 3 Y va
(x,,) € grF, me N\{0}. Pao ham Studniarski

cdp m cua F tai (x,,),) dugc dinh nghia béi,
Yue X,
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d”’F(xO,yO)(u):{ve Y:3t, -0,

El(un?vn) g (U,V), vn’ yO +t1’1ntnvn € F(xo + tnun)}'

Vi du sau ddy s& chimg to ring dao ham
Studniarski cap m 1a khac voi dao ham Studniarski-
like cAp m .

Vidu2.1. Xétanh xadatri F: R 3 R xac dinh
boi F(x)z{yeR:yzf}, VxeR..Taco
d3F(0,0)(x):{yeR:y:x3}, VxeR
va D3F(O,O)(x)={0}, VxeR.

Chu y 2.2. (Durea & Florea, 2018) Xét anh xa
da tri F:X3Y va (x,y)egF. Gida su

m eN\{0}. Taco
DmF(xo,yO)(u)DD,TF(XO,yO)(u)
DD,mF(xo,yo)(u), YueX.

Pinh nghia 2.3. (Durea & Florea, 2018) Xét anh
xa da tri F:X3Y va (x,y,)egrF. Gia st

meN\{O}. Khi d6

(i) F dugc goi 1a kha vi proto Studniarski-like
cip m tai (x,,y,) néu

D,;”F(xo,yo)(u) :D'"F(xo,yo)(u), YueX.

(i) F duoc goi la kha vi semi Studniarski-like
cip m tai (x,,),) néu

D/"F(x,,9,)()=D"F(x,,,)(u), YueX.

Ménh dé 2.1. Xét anh xa da tri F: X 3Y va
(xy,¥,) €grF. Gia st meN\{0}, khong gian Y
1a hitu han chiéu va x, thudc phan trong cia domF.
Néu céc diéu kién sau xay ra

(i) F lanta lién tyc dudi tai (x,,¥,);

(i) F'la pseudo-Lipschitz calm dia phuong tai
(X0, %5 )-

Khi do, DmF(xO,yO)(x) 3, Vxe X.

Chimg minh. Véi x=0 thi hién nhién ta co
0eD"F(x,,,)(0). Boi gia thiét (ii), ton tai



Tap chi Khoa hoc Pai hoc Can Tho

A>0, U, eN(x,) va Ve N(y,) théa man, voi tat

ca x'eU,
FOOHNY <y, +Al1x = x, || By.

Boi gia thiét (i), co ton tai U, € N(x,) théoa man
VieU,, VNF(#)#Q. Boi dit U=U,NU,, ta
duwgc UeN(x,). Liy bit ky xeX, x=0,
t,—>0". Boi vi x,+'x—>x, ta duogc
x,+1"xeU, v6i n du lén. Do d6, ton tai
y e F(x, +¢"x)(\V thoa man ”y;—y‘)”sznxn.

n

Do @6, ta suy ra 2=V 1y mdt day bi chan nén ton
t

tai mot ddy con hoi tu. Theo dinh nghia thi gi6i han
cua day con nay la mdt phan t& thudc vao
D'"F(xo,yo)(x), Vxe X . i

Vi du sau chimg to rang tinh nira lién tuc dudi
ciia anh xa da trj F' tai (x,,),) trong Ménh d& 2.1
la khong bo dugc.

Vidu 2.2. Xétcacanhxadatri F:R 3 R xéc
dinh boi
&, khix=0,

F)= {{o}, Khi x =0,

Ta c6 anh xa F' 1a Lipschitz calm dia phuong
trong l&n cén cia 0. Tuy nhién, ta co

D*F(0,0)(x)=4), véimoi x # 0. Diéu nay xay ra
vi F' khong ntra lién tuc dudi tai 0.

M¢énh dé 2.2. Xét anh xa da tri F:X 3Y va
(x9,¥,) € @rF. Gida st meN\{0}, F 1a anh xa da
tri 161 va F c6 dao ham Studniarski-like cap m
dang adjacent tai (x,,,). Khi d6 D"F(x,,,) la
tap 10i.

Chitng minh. Gia st x'.x’eX va
y, € D"F(x,,y,)(x'), i =1,2 . Tlr day suy ra, voi bat
ky r,—> 0%, cotontai (x',y') - (x',y") thoaman,
F(x, +t;nx:,)_y0

t

n

voitatca n, y, € . Vi F laloi,

véi tht ca A €[0,1],
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l.[F(xo + t;”x;)—yo ]
t

n

m_2y
+(1_l)(F(x0+t; xn) yOJ

F(A(x, +1%) = (1= 2)(x, +£7%0)) = ¥,
t .

n

C

Do d6, ta co
Ay, +(1=2).y;
F(x,+£7(Ax, + (1= 1)x))) =y,
, .

n

€

Tur day, ta suy ra
Ay +1=-2))" e D"’F(xo,yo)(/i.x1 +(1-2)x%).o
M¢énh dé 2.3. Xét anh xa da tri F:X 37 va
(x,,7,) € gtF, meN\{0}. Khi d6 véi bat ky

uelX, tacod
D’"F(xo,yo)(x)+C c D"F, (xO,yO)(x). 2.1

Hon nira, néu khong gian Y 1a hitu han chiéu va
F 1a Lipschitz calm dia phuong tai (xo, yO) thi (2.1)
trd thanh dang thirc.

Chirng minh. Gia st we D"F(x,,y,)(x)+C,
c6 ton tai ve D"F(x,,»,)(x) va ceC théa min
w=v+c. Tt ve D"F(x,,y,)(x), suy ra cd ton tai
t, =0, x, > x va v, — v thoaman, véi tit ci n,

Yo+t (v, +c)e F(x,+t'x,)+t,.c

n""n

c F(x,+t'x,)+C.

, ., v+tceD"F (x,, x).
Do d6 ta co (50:3) ()

bit veD"F.(x,,5,)(x), thi c6 ton tai
t,—>0", x, >x va w, — w thoa min, véi tat ca

x,)+C. Tu day suy ra cod

n'n

n, y,+tw, eF(x,+t
ton tai v, €F(x,+t"x,) va ¢, € C théa min

w, =220 52
t

n
n n

Boi vi F la Lipschitz calm dia phuong tai
(x9,),), nén tdntai A >0 thoa man, v6i n du 16n,
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n"'n

Vo €F(xy+17x,) Sy + Al 1,x, || By.
Diéu nay suy ra rang

”y”_yOHSAHx H
t n e

n

Vi khong gian Y 13 hitu han chiéu nén ta suy ra

|y, = Yol
t

n

hoitudén v vave D’”F(xo,yo)(x). Tu

c e X A
(2.2),tasuyra = hditudén ceC va w=v+c.
t

n

Do do, ta co6 we D"F(x,,y,)(x)+C. o

Vi du sau ddy ching t6 rang chidu nguoc lai
trong bao ham thtrc (2.1) 1a khong ding, nghia la

D"F, (xo,yo)(x) o D’"F(xo,yo)(x) +C.

Vi du 2.3. Xét cac anh xa da tri F: R 3 R xac
dinh boi

{0}, khix <0,
F(x)=
) {~1/x}, khix>0.

Tagidsu C =R,. Khi do, véi moi x>0, tacod
D*F(0,0)(x)={Vx| va D*(F+C)(0,0)(x)=R.
Do d@6, véimoi x>0, tacod

D’F. (0,0)(x) fea DZF(O,O)(x) +C.
3. KET QUA VA THAO LUAN
Ménh dé 3.1 (Cong thirc tong). Dat
F,F: X 3Y, x, e domF, ndomF,, y, € F(x,),
voii=1,2vauelX, meN\{O}. Gia st mot trong
hai truong hop sau xay ra hodc F; c6 dao ham semi

Studniarski-like cAp m tai (x,,»,) hodic F, c6 dao
ham semi Studniarski-like cap m tai (x,,y,). Khi
do
D" F (xy, y )W) + D" F,(xy, y,)(u)
< D" (F + F)(%, 3 + y) (). (3.1)
Néu hon nita khong gian Y 13 hiru han chiéu va
mot trong hai truong hop sau xdy ra hodc F; 1a

Lipschitz calm dia phuong tai (x,,),) hodc F, la
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Lipschitz calm dia phuong tai (x,,y,) thi (3.1) tro
thanh dang thirc.

Chimg minh. Gid st F, c6 dao ham semi
Studniarski-like (%0,2) va
v, € D"F(x,,y)u), i=1,2. V&i V', ¢ob ton tai

cap m tai

t, >0, u, »>u va v, —>v, thoa man
»+tv e F(x,+t"u,), VneN.
Véi nhimg 7, va u,, c6 ton tai v —* thoa
min

Vv, +t,v: € F,(x, +t"u,), VneN.

n'n

Do do, ta co
W+, +t"(v:l +vf) e(F+F)(x,+t'u,)
va v +v? € D" (F + F))(xp, y, + 3,)(W).
Tiép theo, ta chimg minh trudng hop xay ra ding
thirc. Gia sir rang F, 1a Lipschitz calm dia phuong
tai (x,, ). Dat

ve D" (F + F)(x,, y, + ¥,)(u),

thitontai 7, > 0%, u, »>u va v, - v théa man,
vol tat ca n,

Nty +ty, (B +F)(x, +1,u,)

n'n

=F(x,+t'u,)+ F(x, +t'u,).

Diéu nay suy ra rang ton tai
Ve D"F(x,+t"u,)u), i=1,2

thda man

1 2
v:yn y1+yn y2'

" t

n n

Chimg minh twong ty nhu trong ménh dé 2.1 va
2.3, ta nhdn duoc V' e D"(F)(x,,y)u) va
v € D"F,(x,,v,)() thoa man v’ =v-v'. Do do,
tacod

ve D"F(x),y )u)+ D" F,(xy, y,)(u). o

Vi du sau day ching té réng su ton tai dao ham
semi Studniarski-like cAp m ciia F, hoic F, 1A
can thiét dé c6 bao ham thirc (3.1).

Vidu 3.1. Xét cac anh xa da tri F;,F,: R3 R
xac dinh boi
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{l}, khix:l, n=1,2,
Fix)= n
{0}, khix=0

va
. 1
{0}, khix=—, n=1,2,...
Fy(x)= n
{1}, khi x =0.

Ta thiy ring F, khong c6 dao ham semi
Studniarski-like cép 1 tai (0,0) va F, khoéng co dao
ham semi Studniarski-like cdp 1 tai (0,1). Ta co
DF, (0,0) (0)=R va DF, (0,1)(0) =R. Mait khéc,

ta cod

{1}, khix=—, n=12,..

1
(F+F))= "
0.

{1}, khi x
Dé yrang, tacé D(F, +F,)(0,1)(0) = R. Do do,
ta c6 (3.1) khong xay ra.
Ménh dé 3.2 (Cong thirc ciia ham hop). Dt
F:X3Y,G:Y3Z, (x,,5,) € grF,
(¥y,2,) € grG, imF c domG va
uelX, meN\{O}.

Gia sir rang G ¢6 dao ham semi Studniarski-like
cip m tai (y,,z,) thi

D]G(yOazo)(DmF(xoayo)(u))
cD"(GoF)(xpz)) ).  (3.2)
Néu hon nita khéng gian ¥ 1a hitu han chiéu va
F 1a Lipschitz calm dia phuong tai (x,,,) thi (3.2)
try thanh dang thirc.
Chiing minh. Gia str
w e D'G(¥,,2, (D" F (xy, ,)(u)).
Do d6 c6 ton tai veD"F(x,,y,)(u), thoa min
we D'G(y,,z,)(v). Vivay ton tai
t, >0, u —>uvav, >v
thoa mén, véi tat ca n,

Yo+t € F(x,+tu,).
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Véit,, u,, tacoé w, — w thoa man, véi tit ca n,
zy+tw, €G(y, +tv,).
Nén z,+t,w, € G(F(x,+t"u,)). Do do,
we D" (Go F)(x,,zy)(u).

we D"(GoF)(x,,z,)(u), ton tai

t, >0, u, —>u va w, > w thoa man, voi tat ca

Gia su

n, z,+tw, eG(F(x,+1"u,)). Diéu nay suy ra

ring ton tai y, € F(x,+£'u,) théa man

z, +t,w, € G(»,). Nho vao tinh Lipschitz calm dia
phuong cia F va Y 1a hiru han chiéu, day
=207V gty dén v va

veD"F(xy,y,)(u).
Diéu nay suy ra rang zy+t,w, €eG(y,+t,v,) va

n'n

do d6 we D'G(y,,z,)(v). o

Pinh nghia 3.1. Gia st Fj,F,: X 3 R¥, R*1a
khong gian Euclide, tich cuia &nh xa da tri F, va F,
1a 4nh xa da tri (F;, F;): X 3 R dugc dinh nghia boi

(F.F,) () ={(3.3:) 1 3 € F(2).9, € F(x0)}.

Ménh dé 3.3 (Cong thirc tich). Dit

Fy,F,: X 3 R¥, x, e domF, ndomF,, y, € F(x,),
voi i=1,2 va ue X, meN\{0}. Gia sir mot trong
hai truong hgp sau xdy ra hodc F; c6 dao ham semi
Studniarski-like cAp m tai (x,,»,) hodc F, c6 dao
ham semi Studniarski-like cip m tai (x,»,). Khi
do

<y2,DmE(x0,yl)(u)>+<y1,DmF2(x0,y2)(u)>
CDm((E»F2>)(xoa<y17y2>)(u)' (3.3)

Néu hon nita F; 1a Lipschitz calm dia phuong
tai (xo, J’1) va F, la Lipschitz calm dia phuong tai
(xo, yz) thi (3.3) tr¢' thanh dang thic.

Ching minh. Gia st ring F, c6 dao ham semi
Studniarski-like cip m tai (x,,,) va

v, € D"F,(x,,y,)(u), i=12.
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Khi d6 ton tai ¢, >0, u, »>u, v\ >\ va
v? —? théa min véi tit ca n,
y +tv e F(x,+t'u,)
va y, +t,v: € Fy(x, +t'u,).
Ta co

1

(Mt +157) = (33,
+, (<y1,vj>+<y2,vi>+t” <v1v2>)
va
(3 +tv) 0+ 1,02 e (FLF ) (x, +8u,).
Diéu nay suy ra
(397 )+(32ov' Y € D" ((F, B, D) x5 (3152, D).

Gid st ve D" ((F,,F )%, (7,7, ))(u), thi ton tai
Ve F(x,+t'u,)

n"n

t, >0 u, >u, v, >v' va
théa man (y,,y,)+z,v, =<yr]l,y3> véitatca n. Ta
COo

) ==y +yoyi =+ 0)

=(m =22l =2a)+ (3= 2022)

+(37 =y )+ (vrs).

bicu nay suy ra rang

1 2
vn :<ynt yl’y2>+<ynt y2 ’y1>

r_ 2
+t”<ynt yl,ynt y2> (34)

n n

Boivi F, 1a Lipschitz calm dia phuong tai (x,,,)

néntontai L, >0 théaminvéi i=1,2 va n dulém,

vy e F(xy+tu) c{y }+ L |Itu, | By

Diéu nay suy ra rang ton tai mot diy con {n,{} thoa
Png 7 Vi hoi tu dén V' e RF va

e

man

v e D"F/(x,,,)(u), i=1,2.
Do d6, tir (3.4) ta suy ra rang

v (3,.D"F(x0.3,)@0)) + (3. D" Fy (%, 3,)(w)). 0
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Dinh nghia 3.2. Gia sit Fq, F,: X 3 R, thuong

ciaanhxadatri F, va F, laanhxadatri —:X
2

= R dugc dinh nghia boi

F
—+(x) :{&:Jﬁ € F(x),y, € F,(x),y, # 0}'
F, y.

2

Ménh dé 3.4 (Cong thirc thwong). Dat
F,F: X 3 R, x, edomF, ndomF,, y, € F(x,),
voi i=12 v6i y,#0 va ue X, meN\{0}. Gia
st mot trong hai truong hop sau xay ra hodc F, co
dao ham semi Studniarski-like cdp m tai (x,,,)
hodc F, c6 dao ham semi Studniarski-like cip m
tai (x,,,). Khido

(72D F (50, )00) = D (50, 7, )0)

2

wf Bl 2
cD {Ej(xo,%j(u). (3.9

Hon nita, néu F; 1a Lipschitz calm dia phuong
tai (xo,yl) va F, la Lipschitz calm dia phuong tai
(xy,,) thi (3.3) tr6 thanh déing thirc.

Chimg minh. Gia st rang F, c6 dao ham semi
Studniarski-like cap m tai (xo, yz) va

v, € D"F(x,,y)u), i=1,2.

Khi d6 ton tai 7, »0", u, >u, v. >v' va

v —»v? thoa man, véi tat ca n,
Vot e F(x,+1'u,)
Va y, +t v € F,(x, +t"u,).

Ta co

+1 v Vi—yp? F
PARASE L =&+tn(—yi " yzl Lle—L(x, +1'u,).
J’z"‘tn"n yz y2+tnvny2 F‘Z

biéu nay suy ra rang

yzvl _)’1"2 w| B i
H—t—e D" | — || x4, [(u).
») F, Y
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Gia sir rang v e D" (%)(xo,&J (u). Suy ra co

2 2
ton tai ¢, >0%, u, >u, v, >v va v. > thoa
man voi tat ca n,
K
ﬂ-i-tnvn e—(x, +t"u,).
Y2 2

Nén c6 ton tai y' e F,(x, +"u,) thoa man
y Y,
Lttty =2

n’n 2°
2 n

Do d6, ta co

D ¥, 2020
Vs + 3, =y,)

2

Yo N2
Tu day, ta suy ra
»,0h =y »i-»)

tﬂ tn
= L0507 —y)
Vit YV =V,
tn
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Boi vi F, la Lipschitz calm dia phuong tai
(%), ta suy V' eD"F(x,y)u) Vi
v’ € D"F,(x,,y,)(u) thoa man
yzvl _ylvz

2

e

V=

Do d6, ta co

1 m "
ve;(yzD F (%0 3)(@) = 3, D"Fy(x,,y,)@)). ©
2
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