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TOM TAT

Nghién cuu dwoc thuc hién nham phat trién mét sé két qua da co
vé vi phan suy rong nhir cdc cong thire tinh doi dao ham Fréchet
va doi dao ham Mordukhovich ciia todn tir rang budc, cic cong
thike tinh dwdi vi phan Fréchet ciia ham gia tri t6i wu cia I6p bai
todn diéu khién toi wu 6 tham sé véi rang budc cdn bang. Sit dung
cdc két qua nay, bai bdo thu dwgc cdc két qua méi, bao gom cdc
cong thire tinh dwéi vi phan Mordukhovich ciia ham gid tri t6i wu
cia bdi todn diéu khién t6i wu cé tham sé véi rang budc cin bang.

T khoa: Duoi vi phdn Mordukhovich, diéu khién t6i wu, déi dao
ham, ham gia tri toi wu, phuwong trinh dao ham riéng elliptic

ABSTRACT

The research was carried out to develop some existing results on
generalized differentiation such as formulas for calculating the
Fréchet and Mordukhovich coderivatives of constraint operators
and formulas for calculating the Fréchet subdifferential of optimal
value functions of a class of parametric optimal control problems
with equilibrium constraints. Using these results, the article
obtains new results including formulas for calculating the
Mordukhovich subdifferential of optimal value functions of the
parametric optimal control problem with equilibrium constraints.

Keywords: Mordukhovich subdifferential, optimal control,
coderivative, marginal function, elliptic partial differential
equation

1. GIOI THIEU

Xét bai toan diéu khién t6i vu c6 tham sb cho
phuong trinh dao ham riéng elliptic nura tuyén tinh
v6irang budc can bang P(e): Tim min cua ham muc

tiéu
J:L2(Q) XxE >R

xac dinh béi

J(u,e) = f L (x, Yu+ey(x)) dx

Q
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thoa diéu kién rang budc can bang sau
0 €y(u,ep) +Quep),

trong do

(1.1)

e twyong tmg voi didu khién u cia bai toan
P(e), trang thai y, .., la nghi¢m yéu cua phuong
trinh trang thai cta bai toan P(e), tuc la phuong
trinh dao ham riéng elliptic nira tuyén tinh dwoc cho

dudi day
{Ay+f(x,y)=u+ey trong (1.2)
y=0 trén T, )

e A latoan tir vi phan elliptic bac hai c6 dang

Ay = - ZZ - <al,(x) — y(x))

i=1 j=
o YIRZQ)XIP(Q) W (véi 1<p <)
thudc 16p C2,

Q:L2(Q) x LP(Q) — 2" 1a anh xa da trj v6i
W 1a mot khong gian Banach,

{(x) = 0 h.h. x € Q 1a mo6t ham cho truée,

E =12(Q) x L*(Q) x LP(Q) 1a khong gian
tham sb va e = (ey, e, ep) € E 1a tham sé cua bai
toan P(e), trong do chuén cua tham s e € E 1a
chuén tong sau day

llellz = llell2cy + llell 2y + llellrc)-

Ly thuyét diéu khién t6i wu c6 mot vai tro va vi
tri rat quan trong trong cac linh vyc doi séng cua
chung ta ngay nay. Mot trong nhiing linh vuc quan
trong duoc tng dung 1y thuyét diéu khién tbi uu 1a
nganh hang khong va cong nghé khong gian. Hon
thé nita, cac linh vuc nhu robot, trinh ty chuyén
dong, kiém soat hoa hoc, quy trinh hoat dong nha
méay dién, mo hinh dan nhiét, khuéch tan, truyén
song, co hoc chat luu,... ciing duoc ing dung 1y
thuyét diéu khién t6i wu. Céc linh vyc ung dung vira
néu co thé duoc mé hinh hoa trong cac truong hop
cu thé cuia bai toan P(e) dang xét, diéu nay co thé
dugc tim thy trong bd sach chuyén khao Tréltzsch
(2010).

Sau day ta néu mot sd khai niém lién quan dén
bai toan P(e). V&i moi e € E, ky hiéu tdp hop cdac
diéu khién chap nhdn dwoc cia bai toan P(e) boi

(. |ue L),
6aa(@ = {10 € s + 0uen) D

V61 ham rang bugc dang can bang duoc cho bai
biéu thirc (1.3), ham gid tri toi uu (the optimal value
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Junction hay con goi 1a ham marginal) cua bai toan
P(e) laham u: E - R duogc cho boi

e) = inf u,e), 1.4
u(e) uegad(e)]( ) (1.4)

va 4nh xa nghiém S:E — 2@ cua bai todn
P(e) duoc xac dinh boi

S(e) = {u € Gaa(e)lule) =J(w,e)}. (1.5

Ham gia trj toi wru va 4nh xa nghiém cta cac bai
toan téi wu phu thudc tham sé dong vai trd quan
trong trong giai tich bién phan, ly thuyét t6i uru, diéu
khién t5i wru, va da thu hat dugc nhiéu chuyén gia
quan tdm nghién ctru. Cac két qua nghién ctru vé
ham gia tri t61 wu va anh xa nghiém cua cac bai toan
t6i wu chira tham sb co thé tham khao trong nghién
citu cia Mordukhovich (2006a, 2006b, 2018),
Mordukhovich et al. (2009), Qui (2020), Qui and
Wachsmuth (2020), Qui et al. (2022), Qui va Phic
(2022) va Qui et al. (2023).

Trong bai toan P(e), tham sé ey xudt hién véi
vai tro nhic¢u tuyén tinh doi véi phuong trinh dao
ham riéng dang xét, va sO hang

| e1rise, 1

[9)

ctia biéu thire ham muc tiéu J (u, ) 1a nhiéu xién,
khai niém nhiéu xién duge gidi thiéu va nghién ctru
béi Poliquin and Rockafellar (1998). Sy 6n dinh cua
rang budc can bang (1.1) dudi cac dang nhidu khac
nhau duoc nghién ctru kha chi tiét trong nghién ctru
ctia Qui (2016), va cac két qua 6n dinh dugc sir dung
trong nghién ctru ctia Qui et al. (2023) dé nghién ctru
céc tinh chat vi phan trong diéu khién ti uu c6 tham
sO v6i rang budc can bang.

Céc mo hinh bai toan diéu khién t6i uu (c6 tham
s6 hodc khong tham sb) cho phuong trinh dao ham
riéng elliptic lién quan dén bai toan P(e) véi rang
budc diém duoc nghién ctru boi Casas and Mateos
(2002), Casas et al. (2008), Casas (2012), Qui and
Wachsmuth (2018, 2019, 2020), Qui (2020), Qui va
Phuc (2022), Tréltzsch (2010). Cong trinh dau tién
nghién ctru vé bai toan diéu khién t6i wu c6 tham s6
lién quan dén bai toan P (e) vdi rang budc bién tron
1a bai bao Qui et al. (2022). Tiép theo, bai bao Qui
et al. (2023) nghlen ctru 16p bai toan diéu khién tdi
uu c6 tham s6 vdi rang bude can bang P(e) va thu
dugc mot s6 két qua vé vi phan suy rong nhu cac
cong thirc tinh d6i dao ham Fréchet va d6i dao ham
Mordukhovich cua toan tir rang budc, cac cong thurc
tinh dudi vi phan Fréchet ctia ham gia tri tdi wu cua
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16p bai toan diéu khién t0i uru c6 tham s véi rang
budc can bang.

Bai bao nay tiép tuc nghién ctru 16p bai toan didu
khién tbi uu c6 tham s6 voi rang budc can bang P(e)
va phat trién mot s6 két qua vé vi phan suy rong cua
Qui etal. (2023). St dung cac ket qua thu dugc trong
Qui et al. (2023), bai viét thu dugc cac két qua moi
v€ vi phan suy rong bao gom cac cong thire tinh durdi
vi phan Mordukhovich cua ham gi tri to1 uu cua bai
toan dicu khién toi uu c6 tham so véi rang bude can
bang P(e).

2. GIA THIET VA KET QUA BO TRQ

* H¢ thong cdc gid thiét

Hé théng cac gia thiét dwoc sir dung trong bai
bao nay bao gom:

(A1) Tap & c RY (v6i N = 1,2,3) 1a mot mién
mé va bi chin trong RV véi bién Lipschitz . véi
cac ham hé s0 a;; € L () théa man dicu kién

N N
2l < D7 ay @y,

i=1 j=1

véimoiy = (yy,..,¥n) € RV, hh.x € Q, 2, >

0 13 hang sb.

(A2) Ham f:Q X R - R la ham Carathéodory
(tac 13, f (-, y) do dugc véimoi y € Rva f(x,) lién
tuc voi h.h. x € Q) thude 16p ham €2 d6i voi bién
thir hai va thoa man

of .
f(,0) € L2(Q), @(x,y) >0voihh.x €Q,

va voi moi M > 0 ton tai Csm > 0sao cho

T |+

(x y)|
voihh.x € Qvaly| <M,

i

f 3y Z(X y1)

( V2) —

< Crmly: — il

voih.h. x € Qvaly,, |y, <M.

(A3) Ham L: Q X R — R 1a ham Carathéodory
thudc 16p C? dbi v6i bién thi hai. Hon nita, ta ciing
¢6 L(-,0) € L(Q) va véi moi M > 0 ton tai hang so
Com > 0 vayy, € L2(Q) sao cho

0%L
B_yz xy)

<Com»

Yu(x),

|a (xy)|
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véihh.x € Qval|y| <M, va

0%L 0%L
a—yz(x,%) - a_yz(x’“) < Comly: =yl

véihh. x € Qva |y, [y, < M.

Céc gia thiét (A1), (A2), (A3) 1a cac gia thiét can
ban va thuong dugc st dung trong 1y thuyét diéu
khién t8i wu. Céc gia thiét nay dam bao cho sy ton
tai nghiém yéu ctia phuong trinh trang thai (1.2) cta
bai toan P(e). Dinh nghia nghiém yéu cia phuong
trinh trang thai (1.2) dugc néu trong sach Troltzsch
(2010). Két qua phat biéu trong dinh 1y sau day duoc
tham khao trong cubn sach chuyén khao Tréltzsch
(2010) (binh 1y 4.4).

Pinh Iy 2.1. Gid sit rang cdc gia thiét (A1)—(A3)
dwoc théa man. Khi dé, véi moi u + ey € L>(Q2)
phirong trinh trang thdi (1.2) luén cé nghiém yéu
duy nhdt e, € H(2) N C(2).

Theo Dinh 1y 2.1, ky hiéu anh xa nghiém yéu cua
phuong trinh trang thai (1.2) béi

G:L*(Q) » HY(Q) nC(Q)

Ut ey P Yyre, = G(utey).

Cho tham sb & € E, mot diéu khién chép nhan
dugc & € Goq(€) dugc goi 1a mot diéu khién t6i wu
(hay nghiém) cta bai toan P(€) Gtng véi trang thai
t01 U Vgre, = G(U + &) € H(Q) N C(Q) néu

* Cdc khdi niém vé vi phin suy rong

Ly thuyét vi phan Mordukhovich dugc xay dung
dwa trén cac khai niém dudi vi phan, non phap tuyén
va ddi dao ham theo nghia Mordukhovich. Pang chi
¥ 1a cac khai niém nay dugc dinh nghia cho cic d6i
tugng khong nhat thiét 16i, vi vay pham vi 4p dung
ctia Iy thuyét vi phan Mordukhovich 14 rat rong. Hon
thé nita, 1y thuyét Mordukhovich c6 thé dic trung
cho céc tinh chét quan trong cua anh xa da tri nhu
tinh gia-Lipschitz theo nghia Aubin, tinh chinh quy
métric, tinh m& dja phwong,... Cac khai niém vé vi
phén suy rong trinh bay dudi day dugc tham khao
trong bd sach chuyén khao Mordukhovich (2006a,
2006b) cho cac phién ban vo han chiéu, cac phién
ban hiru han chiéu twong tng trong nghién ctru clia
Mordukhovich (2018). Cho khong gian Banach X,
ham da tri F: X — 2% va ham thyc mé rong o: X —
R. Gidi han trén theo day theo nghia Painlevé —
Kuratowski cia F khi u — u dugc xac dinh boi
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Limsup F(u) dinh nghia béi
u-u e - .
e xt ton tai u, - i va D*F(u,v)(v )* NP
- F(u,) 3 uj; > u* theo topd w* ,—v") € N((@, v); gphF)}.

Dbi dao ham Mordukhovich cua F: X — 2% tai
diém (@, v) € gphF 13 4nh xa da trj

D*F(u,v):W* — 2%

Voie = 0, tap cac e-dudi gradient cua ham o tai
7 € domo = {u € X|o(u) < oo} dugc cho bsi

d.0()

u* € X* thoéa man xac dinh boi
= [ u* llmlpfa(u) - O'(u) (u u— u) E} D*F(ﬁ, 17)(17*)
u-u ||u u||

*,—v*) € N((ﬁ, v); gphF)}.
Anh xa datri F: X - 2% duge goi 1a chinh quy

phap tuyén tai diém (&, 7) € gphF néu nhu dang

do (@) = 0o (). thue sau day dugc thoa mén

D*F(ui, ?)(v*) = D*F(i1, 1) (v*), Vv* € W*,

Duoi vi phan Fréchet (dwdi vi phdan chinh quy)
ctia ham o tai 4 € dom o duoc dinh nghia boi

Duoi vi phan Fréchet trén (duoi vi phan chinh

quy trén) cla ham o tai 7 € dom o duge xdc dinh Tir cac dinh nghia d6i dao ham Fréchet va ddi
boi dao ham Mordukhovich ta ¢6 nhén xét rang trong
8*a() = —d(~0)(@). truong hop tong quat thi ching khac nhau. Tuy

nhién, trong mdt sO trudng hop dac biét, chang han
Duéi vi phdn Mordukhovich (dwdi vi phan qua nhu d6i véi 16p ham chinh quy phép tuyén, thi hai

gioi han) cia ham o tai U € dom o dugc dinh nghia khai niém dbi dao ham nay tring nhau.
boi Thong qua bé sach chuyén khao Mordukhovich
do (1) = Limsup 0.0 (1) (2006a, 2006b), cac khai niém doi dao ham va dudi
uSwelo vi phan ctia Mordukhovich mang nhiéu y ¥y nghia quan
Va dui vi phén qua giéi han suy bién cia ham trong trong giai tich bién phan, 1y thuyét t6i uu va
o tai 4 € dom o dugc cho boi dicu khicn,..
0°c(@) = Limsup Ad,0(w), * Cdc két qud bé tro
u-uel0,Alo Tinh kha vi ctia xa nghiém yéu G (+) ctia phuong
P - 1a — s trinh trang thai (1.2) néu trong dinh ly sau day dugc
t d hia 1 e . . : :
J(ﬁ)rong 0 w1 conghia ld u = va o(u) > khang dinh trong nghién ctru cua Casas et al. (2008)

(Dinh 1y 2.4); ¢6 thé xem thém trong nghién ctru cia
Cho 4nh xa da tri F: X — 2% giita cac khong Qui et al. (2022) (Pinh 1y 2.3), Qui va Phutc (2022)
gian Banach X va W. Khi d9, tap hop (Pinh 1y 3.2), Qui et al. (2023) (Pinh ly 3.1) va

aphF:= {(x,y) € X X Y|y € F(x)} Casas and Mateos (2002)‘. ’

Dinh Iy 2.2. Gid sir ring cdc gid thiét (A1)~(A3)
A ‘ z ; AN dwoc thoa man. Khi do, anh xa nghiém yéu clia
goi & non phap tuyén chinh quy N(@9);8P0F)  ppono trink (1.2), G: 12(Q) —» HE(Q) N C(@) véi
ctia gphF tai diém (@, v) dinh nghia boi G(W) =y, thugc I6p ham C?. Hon nita, v6i moi

N((@,9); gphF) = 88( (1, ); gphF), u,v,ey € L*(Q), Zyte,p = G'(u + ey)v la nghiém
Yéu duy nhat ciia

12 4 thi cua F. Nén phdp tuyén Fréchet hay con

va  nén  phip  tuyén  Mordukhovich

N((@, 7); gphF) cua gphF tai diém (%, ¥) dugc cho
(( ) 8p ) &P (@ v) Azu+ey,v + @(x' yu+ey)zu+ey,v =v frong(l

boi
N((ﬁ, ﬁ);gphF) = 86((11, v); gphF). Zuteyw =0 trénT.
Poi dao ham Fréchet hay con goi la doi dao ham Véi moi w, vy, v,, ey € L?(Q), ta co
chinh quy ciia F: X — 2" tai diém (&, ¥) € gphF la Zuveywin, = G (U + e)vyv,

anh xa da tri

D*F(, 5):W* — 2X° la nghiém yéu duy nhat cia
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AZyteyviv, T 3y (%, Yurey)Zureymv,
2

+ 9y? (x, yu+ey)zu+ey,vlzu+ey,v2 =0 tfrongQ

Zuteywiv, =0 trénT,

trong d6 Zy ey, = G' (U + ey)v; véii = 1,2.

Tinh kha vi ctia ham muc tiéu /(u, €) theo bién
diéu khién u néu trong dinh 1y sau day duoc khing
dinh trong nghién ctru ctia Qul etal. (2019) (Binh ly
2.3), & d6 u duoc thay thé boi u + ey; co thé xem
thém trong nghién ctru ctia Qui et al. (2022) (Pinh
ly 2.4) va Qui et al. (2023) (Pinh 1y 3.2).

Pinh Iy 2.3. Gid sir rang cdc gia thiét (A1)—(A3)
dwoc théa man. Khi dé, dnh xa J(-,e): L>(2) > R
thuéc 16p ham C?. Hon nita, véi moi u, v € L*(12),
dao ham riéng J,,(u, e) xdc dinh boi

Ju(w,e)v = fn (gou_e +{(u+ ey)) vdx

trong do @, . la nghiém yéu duy nhdt cia
phuong trinh

d
|{A*<p + % (X Yurey )9

L
= a—y(x, yu+ey) +e trong(Q
¢=0

trong do Yyie, = G(u+ey) va A* la toan tue

lién hop cua A xdc dinh boi
d
( ij(x)a—xifp(x))

- Z i
i=1 j=
Ta dinh nghia hai tap hop sau day trude khi phat
biéu dinh ly vé cac cong thirc tinh dbi dao ham cho
ham rang budc. V6i w:= —y(u,ep) € Q(u, ep),
tire 1a (u, ep, w) € gphQ, va w = (e, u) € gph Guq,
ta dinh nghia tap

E(Q, ¢, w) (")

e* = (e;, e]*,e;) EE*, ey =¢f
(ep,—u*) €

Vi (u, ep) w* + D*Q(u, ep, w)(W*)

trénT,

A"p(x) =

=0,

= e
w*ew*
va tap
EQ ¥, w)(u")
e’ = (e{},e]*,e;) EE" ey =¢ef
(ep,—u*) €
Vl/)(u, eP)*W* + D*Q(u! ép, W)(W*)

=0,

= e
wrew*

180

Tép 60, S6 chuyén de: Khoa hoc tir nhién (Toan-Ly) (2024): 176-184

trong d6 Vip (u, ep)* 1a toan tir lién hop cua dao ham
cua ham o tai (u, ep).

Dinh 1y du6i day thiét 1ap cac cong thire tinh ddi
dao ham Fréchet va ddi dao ham Mordukhovich cta
toan tir rang budc can bang G,4(+). Két qua nay dugc
tham khao trong nghién ctru cua Qui et al. (2023)
(Pinh 1y 3.3). Khai niém SNC cua mét ham da tri co
thé xem trong nghién ctru ctia Mordukhovich et al.
(2009).

Pinh Iy 2.4. Gid sit rang cdc gid thiét (A1)~(A3)
duoc théaman. Cho @ = (€,u) € gph Guq. Khi dd,
véi moi u* € L?(Q), ta c6 cdc bao ham thirc

EQ ¢, @) W)
€ D*Gaa(@W (") & D*Gaa(E, @) ().

ONé’u toan tir da tri Q dong dia phwong quanh
diém (11,8, W) voi W= —(i,) € Q({,&p),
SNC tai diem (U, ép, W) va thoa diéu kién

{0 € le(a! e_P)*W* + D*Q(ﬁl e_PIW)(W*)
=w"'=0

thi ta co cdac bao ham thurc

EQ ¥, @)W
€ D*Gaa (€W W) © D*Goa(€, W) (")
C E(Q, ¥, @)(u").

Néu thém vao do toan tvr da tri Q chinh quy do
thi tai diéem (U, &p, W) thi ta cé cdc dang thirc

EQ, v, @)(u")
= D*Gaq(&, W) (") = D*Gaq (€, W) (")
E(Q, ¥, @)(").
3. DUOI VI PHAN MORDUKHOVICH

Trong muyc nay, ta sé thiét 1ap cac cong thirc tinh
dudi vi phan Mordukhovich ctia ham gié tri t6i wu
clia bai toan diéu khién t6i wu c6 tham sb véi rang
budc can bang P(e). Trudc tién ta cin néu mot sd
khai niém sau day dugc tham khéo trong nghién ctru
cua Mordukhovich et al. (2009).

Ta néi ring anh xa nghiém S 1a p-nita lién tuc
trong (u-inner semicontinuous) tai (€,u) € gphS
Ao ge  Xe 1x B A - 1
néu v6i moi diy ey, — € ton tai ddy uy, € S(ey) sao
cho {u;} ¢6 ddy con hoi tu dén .
Anh xa nghiém S dugc goi 1a p-nira compact
trong (u-inner semicompact) tai & néu véi moi diy

Koo . L1~
e, — € ton tai day u, € S(ey) sao cho {uy} c6 day
con hoi tu.
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Pinh Iy 3.1. Gid sit rang cdc gid thiét (A1)~(A3)
duoc théa man va xét € = (éy, e, e_p) € domS va
Ty € S(&). Khi db, ta c6 cdc khang dinh sau:

i) Néu S 1a p-nika lién tuc trong tai (€,7;) thi ta
¢o bao ham thirc

0u(@) < Jo(tie,€) + D*Gaa (€, 1) (J1u (e, ).

ii) Néu S 1a u-nira compact trong tai € thi ta c6
bao ham thirc

ou@c | | (e@e + 06 (i@e)).
ues(e)

iii) Néu S la p-nira lién tuc trong tai (é,1z), va
Gaa la chinh quy phdp tuyen tai diem (€,Uz), va
S:dom Gugq — 2@ ¢ mot lat cat Lipschitz trén
dia phuong tai (€,Ug) thi ham gia tri toi wu p la
chinh quy dwoi tai e va ta nhan duoc dang thure

0u(8) = Jo (e, €) + D*Gaa (8, ) (Ju (Te, ).

Chirng minh. Ta ching minh dinh ly dya trén
cac khang dinh (i), (i), (iii) trong nghién ctru cua
Mordukhovich et al. (2009) (Pinh 1y 7). Chu y rang
ham muyc tiéu J(-,-) thude 16p C? nén J(-,-) lién tuc
Lipschitz quanh diém (g, €).

i) Theo Dinh ly 7(i) trong nghién clru cua
Mordukhovich et al. (2009) ta c6

du(e) c (" + D*Gaq(& ) (u")).
(u*,e*)€d]j(ug,e)
Theo Dinh ly 2.3, ham muc tiéu J: L2(Q) X E —
R thudc 16p €2, do d6
aj(ﬁéi e_) = {]’(ﬁél e_)} = {(]‘l’,t(ﬁé! e_)l.]é(aél e_))}
Tur @6 ta thu duwoc bao ham thire
ou(@) © Jo (g, @) + D*Gaa (€, 1e) (/11 (e, ©))-

ii) Theo Pinh ly 7(ii) trong nghién cuu cua
Mordukhovich et al. (2009) ta c6

du(e) c
(e” + D*Gya(e, u)(u")).

ues(e) (u*,e*)eaj(u.e)

Ta biét rang ham muc tiéu J: [2(Q) X E - R
thudc 16p C? nén véi moi it € S(€) ta cd

oj@e) ={'@e)} = {(J.(@e) (@ e)}.

Do d6, ta thu dugc bao ham thirc
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w@c | (r@e+pGuEn.@a))
ues (@)

iii) Tur cac gia thiét da cho ta c thé ap dung Dinh
ly 7(iii) trong nghién ctru cua Mordukhovich et al.
(2009) dé suy ra dang thirc

(&) = J (e, ) + D*Gaa (@, o) (J1 (1o, €))

va ham gid tri tdi wu p chinh quy dudi tai e. O

Ta nhan xét ring cong cu va phuong phap ching
minh Dinh 1y 3.1 14 phét trién ctia két qua ciia Qui et
al. (2023). Trong khi Qui et al. (2023) nghién ctu
dudi vi phan Frechet con bai bao nay nghién ciru
dudi vi phan Mordukhovich cua ham gia tri t61 uu
cua bai toan diéu khién toi uu véi rang bude can
bang.

Pinh Iy 3.2. Gid sit rang cdc gia thiét (A1)~(A3)
dwoc thoa man va xét € = (éy, e, e'P) € domS va
Ty € S(&). Khi db, ta cé cdc khang dinh sau:

i) Néu S 1a p-nira lién tuc trong tai (€,7;) va
toan tir da tri Q dong dia phuong quanh diém
(ue, ép, W) € gphQ va SNC tqi diém (ue,ep,w) voi
—(Ts, ép) € Q(Tg, €p), va thoa diéu kién
{0 € VY (g ep)'w* + D*Q(tg, ep, w)(w*)

=w" =0

thi ta c6 bao ham thirc

Voi Gé: = (e_, ﬁé) € gph gad-

ii) Néu S la p-nira compact trong tai diém € va
véi moi i € S(€) todn tir da tri Q déng dia phwong
quanh diem (u,é&p,w) € gphQ va SNC tai diém
(ﬁ,‘e_P,W), voi w:= —(u, ép) € Q(U, &p), va thoa
diéu kién

{0 € VY(u,ep)*'w* +D*Q(u, ep, w)(w*)
=w'=0

thi ta c6 bao ham thirc

w@c | | r@o+e@p.a(@a))
ues(e)

voi w:= (€,u) € gph Guu.

iii) Néu cdc gia thiét trong i) dwoc théa man
dong thoi Goq la chinh quy phdp tuyén tai (8,1i;) va
S:dom Gugq = 2@ 6 mot lat cat Lipschitz trén
dia phirong tai (&,1z) thi ham gid tri toi wu p la
chinh quy dwéi tai € va ta c6 dang thirc

ou(@ = J4(us @) + EQ, ¥, @) (J1, (1, ©)).
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Chirng minh. Ta s¢ ap dung Dinh ly 2.4 va Dinh
1y 3.1 dé chirng minh dinh 1y nay.

i) Véi cac gia thiét di cho thi theo Pinh 1y 2.4 ta
c6 bao ham thuc

D*Gaa (€, us) (11, (g, €)) € E(Q, ¥, @) (J1 (15, ©)).

Két hop bao ham thirc nay va Dinh 1y 3.1 ta suy
ra

ou(@) < J4(uz @) + E(Q, ¥, @) (Ju. (15 ©)).

ii) Voimoi i € S(&), sir dung tiép bao ham thirc
trong Dinh ly 2.4 sau day

D*Gaa(€, W)/ (7, 8)) < E(Q, %, ®) (J (7, &)).
va ap dung DPinh 1y 3.1 ta thu dugc
w@c | (r@o+zepa(@e))
ues(e)
iii) Vi cac gia thiét da cho, 4p dung Pinh 1y 2.4
ta suy ra
D*Gaa (&, 1e) (Ju(Te, €)) = E(Q, 1, @e) (Jiu(Te, ).
~ Tir déing thirc ndy ta tiép tuc 4p dung Dinh 1y 3.1
dé suy ra dang thuc
ou(@) = Jo(tie, &) + EQ, ¥, @) (Ju (e, ©).
Ciing theo Dinh 1y 3.1 ta suy ra rang ham gia tri
t6i wru u chinh quy duéi tai e. O
Pinh Iy 3.3. Gid sit rang cdc gid thiét (A1)~(A3)
dwoc théa man va xét € = (éy, e_],e_P) € domS va
Ty € S(&). Khi db, ta c6 cdc khang dinh sau:

i) Néu cdc gid thiét trong i) ciia Dinh Iy 3.2 duoc
thoa man thi ta c6 bao ham thirc twong minh sau
ou(@) < Jo(te, €) + E(Q. ¥, @e) (Ju (e, ©))

( e*=(e;,e]*,e,§)EE*, A

ey = Qg e + ((Us + &),

e; = yﬁ§+§y’

(e,’;, —@a,e — ((Ue + 5}'))

€ VY (Ug &p)'w* +
D*Q(aé' e_P; V_V)(W*)

ii) Néu cdc gid thiét trong ii) cua Pinh Iy 3.2
dirgc théa man thi ta co bao ham thirc twong minh
sau day

ou(e) c

wreEW*

U (@ +z@vo0u@e)

nes(e)
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( e* = (e;, e]*,e;) € K7,
ey = pge + (U +é&y),
31* = Yu+eéyr
(e;*,, —pue— ¢+ éy))
€ VyY(u,ep)w* +
D*Q(u, ép,w)(w") J
iii) Néu cdc gia thiét trong iii) cua Dinh Iy 3.2
dwoc thoa man thi ta co dang thirc twong minh sau
e’ = (e{i, eJ*, e,’S) EE",
ey = Qg e+ ((Us + &),
e]* = Yﬁ§+éyl
, NG
(ep: — Qe — ((Ue + ey))
€ VY (Tg &p)'w* +
D*Q(ae_l e_P’ W)(W*)
Chitng minh. Ap dung Dinh 1y 2.3 tasuyra rang
dao hé;m cua ham muc tiéu theo bién di€u khién tai
céc diém (Ug, €) € gphS va (i1, &) € gphS 1a
Ju(Ue, &) = pyye + {(Us + &y),
Ju(@,8) = ¢pge + (U + éy).
Theo Qui et al. (2022) (Dinh 1y 4.2) ta cling ¢6

dap ham cta ham muc tiéu theo bién tham so0 tai cac
diém (g, €) € gphS va (i1, €) € gphS 1a

Je(tz,€) = (@g,e + (s + &), Yuy+ey,0),
Jo(@,&) = (pze + (@ + &), Yusey, 0).
Thay thé cac biéu thirc tudng minh trén ctua
Ju(ie, @), Ju(u,e), Je(ig e), Je(u,e)
vao cac bao ham thtrc va ding thire duoc thiét

lap trong i) - iii) ciia Pinh 1y 3.2 ta suy ra cac khing
dinh twong tng 1) - iii) cia dinh ly. O

c e

ues(e) wrew*

wrew*

Pé minh hoa cho cac két qua chinh cua bai bao
ta xét vi du tinh toan sau ddy. Cht y rang vi du sau
day xem xét bai toan P(e) véi rang budc bat ding
thire dang

Y(u,ep) <0,

trong d6 rang budc bat dang thirc nay duoc biéu
din dudi dang bao ham thirc rang budc can bing
ctia bai toan P(e). Can luu y thém ring cac bai toan
t6i uu va didu khién t6i uu véi rang budc bat ding
thirc 1a phd bién va thudong xuét hién trong toan hoc
ca vé phuong dién 1y thuyét va img dung.
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Vi du 3.1. Xét ham Q: [2(Q) x LP(Q) — 2R

duoc xac dinh béi
Q(u,ep) = [0, +),V(u, ep) € L(Q) X LP ().
Khi d6, bao ham thirc rang budc cin bang
0 € ll)(u: eP) + Q(u! eP)

twong duong véi bat dang thic ¥(u, ep) < 0.
Xét diéu khién i, € S(€) voi € = (éy, ¢, ep). Véi
moi i € S(&) va diém (i, ép, W) € gphQ véi

W = _w(ﬁ; e_P) € Q(ﬁ; e_P);

ta thay rang Q dong dia phuong va thoa SNC tai
(u, ep, W). Véi moi 4 € S(é), ta tinh toan dugc gia
tri ctia doi dao ham D*Q (%@, ép, w) ciia ham da tri Q
tai w* nhu sau

D*Q(u, &p, w)(w*) = {{(0.0)} veiw* =0

1] voiw* < 0.
Do d@o6
{0 € VY (i, ép)*'w* + D*Q(H, &p, w)(w*)
= w"=0.

Ap dung Dinh 1y 3.2 va Dinh 1y 4.3 ta thu dugc

i) Khi S 1a y-nira lién tuc trong tai (e, ;) thi ta
¢6 bao ham thtrc

ou(@) < Jo(ti, @) + EQ, ¥, @) (Ji (T, ©)
c {((pﬁg,é + (e + &y), Yagrey NVep ¥ (e, e_P))},
trong do n: = w* > 0.

ii) Khi S 1a p-nira compact trong tai diém & thi ta
c6 bao ham thirc
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w@c | | (t@e+e@y.00u@e))

ues(e)

C

U {(‘Pﬁ,é + (@ + &y), Yare, NVe,p, 0 (4, ép))},
ues(e)
trongdo n:=w* = 0.

ii1) Khi S 1a g-nura lién tuc trong va c6 mot 1at
cat Lipschitz trén dia phuong tai (€,%s) thi ta co
cong thire tinh chinh xac sau

ou(e) = Jo (i, @ + E(Q, ¥, @e) (Ju.(Ge, ©))

= {((pﬁg,é + (e + &y), Yagrey NVep ¥ (Ue, e_p))},
trongdon:=w* = 0.
4. KET LUAN

Bai bao nghién clru sy 6n dinh vi phén cua bai
toan diéu khién t6i wru c6 tham sd cho phuong trinh
dao ham riéng elliptic nira tuyén tinh véi rang budc
can bang. Bai bao da dat dugc cac két qua mgi bao
gdm cac cong thirc tinh toan/danh gia dudi vi phan
Mordukhovich ctia ham gia tri toi wu ciia bai toan
diéu khién t&i wu c6 tham sé véi rang budc dang can
bang. Bai bao co thé tiép tuc dugc mé rong theo
hudng nghién ctru dudi vi phan qua gidi han suy
bién cua ham gia tri t6i wu cua bai toan diéu khién
t6i rru ¢6 tham s6 véi rang budc dang cén bang.
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