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déu xay ra theo trinh tu thoi gian nén hé dong luc 1a

ly thuyét giai tich quan trong dugc dung dé nghién
Nhiéu qua trinh ty nhién xay ra xung quanh ctru cdc mo hinh.

chung ta hang ngay can phai dugc nghién ciru dudi

dang mot cAu trac khoa hoc, thuong duogc goi la mo

hinh. Toan hoc la mdt cong cuy hitu ich dé mo hinh

hoéa cac qua trinh ty nhién. Vimoi sy vat, hién tuong

1. GIOI THIEU

Céc m6 hinh v& lan truyén vi-rat vé cac loai bénh
v6i nhiéu dic tinh va phuong phap tiép can khac
nhau da dugc nghién ciru rong rdi (Kermack &
McKendrick, 1927; Beretta & Capasso, 1986). Nam
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2002, Wodarz et al. d3 dé xuét mo hinh toan hoc vé
sinh bénh hoc va diéu tri HIV. Neil et al. (2003) da
céu trac mot mo hinh toan hoc dé moé phong anh
huong cua thude e ché “raminidase” 1én chung vi-
rt khang thubc. Pongsumpun et al. (2016) xét su
lan truyén cua cim lon (mot ching cim vi-rat méi
loai A) v6i x4c suit khac nhau caa lon nhiém bénh
c6 triéu ching va khong c6 triéu ching. Khanh
(2016a) dung phuong phap dai s va hinh hoc dé
nghién ciru tinh 6n dinh toan cuc trong mé hinh vi-
rat cm voi sy mién nhiém. Bai toan lan truyén bénh
da dugc mo rong cho nghién ctru vi-rat may tinh trén
hé théng mang (Kephart & Chess, 1993; Mishra &
Pandey, 2010; Khanh, 2016a).

Tinh 6n dinh 14 vin d& quan trong trong viéc
nghién ctru cic mo hinh. Tinh 6n dinh dia phuong
ctia cac diém cén b@mg thu’ong dugc chirng minh
bang phuong phap gia tri riéng (Perko, 2000) cho
truong hop toa do cac diém can bang tim duoc bang
biéu thic va dung tiéu chuin Routh-Hurwitz
(Khanh, 2016b) khi toa d cac diém can béng khong
thé xac dinh duoc cu thé. Tinh 6n dinh toan cuc,
quyét dinh dong luc mé hinh, duoc nhidu ngudi
quan tam nghién ctu (Li & Muldowney, 1995),
trong d6 phuong phap ham Lyapunov dugc sir dung
rit ¢6 hiéu qua (Lyapunov, 1992; Korobeinikon &
Wake, 2002). Gan day, ly thuyét phan nhanh duoc
dwra vao nghién ctru mé hinh lan truyén dé giai thich
su thay doi tinh 6n dinh cua cac diém can bing
(Mostak et al., 2023).

Trong bai bao nay, chung t6i sir dung nhiéu k¥
thudt va phuong phap khac nhau dé khao sat dong
lyc ctia md hinh lan truyén vi-rat trong cong dong,
déc biét tap trung vao nghién ctru tinh 6n dinh cua
céc diém can bang. M6 hinh cho boi mot hé cac
phuong trinh vi phan phu thudc cac tham sb. Véi
phuong phap ma tran thé hé ké tiép (Driessche,
2002), sb sinh san co s Ro dd duoc xac dinh. S6 nay
dong vai tro quan trong xac dinh su lan truyén, khi
Ry <1 thi sy lan truyén tat dén, con khi Ry > 1 thi sy
lan truyén van con trong cong dong. Tinh 6n dinh
dia phuong dugc chirng minh bang phuong phap gia
tri riéng va tiéu chuan Routh-Hurwitz, tinh 6n dinh
toan cuc dugc chimg minh bang phuong phap ham
Lyapunov. Phin nhanh transcritical tai gia tri
ngudng Ro = 1 dugc chimg minh va giai thich sy
thay d01 tinh 6n dinh cia cac diém can bang. Khao
sat s6 dugc thyc hién bang phan mém MatLab dé
kiém tra tinh dang dan cua cac két qua ly thuyet
Duya vao cac két qua nhan dugc, co ché lan truyén
trong mé hinh da duogc giai thich day du.
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2. MO HINH VA CAC TINH CHAT CO
BAN
2.1. CAu tric ciia mé hinh

Xét mo hinh lan tmyen mot loai vi-rat trong
cong dong. Tong céac ca thé clia cong ddng duoc chia
thanh nhom (S) cac ca the 6 kha nang nhiém virus
(susceptiple group) voi s6 lugng S, nhom (E) cac ca
thé phoi nhlem (exposed group) nhung chua phat
bénh véi s6 luong E, nhom (1) cac ca thé nhiém virus
(infectious group) va phat bénh vdi sb lugng I va
nhém (R) céc ca thé binh phuc (recovered group)
v6i 56 luong R. Trong m6 hinh ¢6 trudng hop ca thé
phat bénh roi hét nhung van con vi-rat (chuyén tir
nhém (I) vé nhém (E)). Tong s6 cac ca thé trong
cong dong cho bai

N() = S(¢) + E(f) + I(f) + R(?).

44

Y . 1_2
Py

Hinh 1. Biéu d6 chuyén tiép ciia mé hinh

M& hinh cho bdi hé cac phuong trinh vi phén
sau:

ds
Z - A=BS@I(1)—pS@)
d
&~ BSOIO-(+WE® ol ()
(D

a YE(@)—(a+6+0)I(2)
dt
I~ ol -ura)

t

v6i diéu kién ban dau
S(0) = So, E(0) = Eo, 1(0) = Ip, R(0) =Ry, (2)

trong d6 A4 1a s6 luong (khong ddi) cac ca thé
tham gia vao hé thong nghién ctru, 414 ty 1& chuyén
tiép tir nhom (S) sang nhom (E), y1a ty 1é chuyén tir
nhom (E) sang nhém (1), o'1a ty 1é cac ca thé nhidém
virus duge diéu tri va tré nén binh phuc, o la ty 1€
céc ca thé nhiém virus nhung chua duogc diéu tri, &
1a ty 1é cac ca thé nhidm virus tir vong va p 13 ty 1¢
céc ca thé chét ty nhién (u < §).

Diém can bﬁng c6 toa d¢ la nghiém cua h¢ voi
vé phai cta (1) bang 0. Ta c6 hai diém can bang theo
toa do (S, E, I, R):
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* Diém can bang ty do £ (<£,0,0,0).

* Piém can bang bénh P (S*, E*, I*, R¥) véi cac

thanh phan dwong nhu sau:

. K. ABy-K
s =K poesrp =K
Hpy AByK
I*:uABy_K, R*:GABy—K

pK pK
trong d6 K =p[(8+o)(y+p) +on], 4py-K
ABy
> 0. (hay RO :7>1).
2.2. Tinh bi chan cia nghiém
Ki hiéu
R!={(S,E,I,R):S>0,E>0,]>0,R>0}.

binh li 1. Nghiém cua bai toan (1) va (2) bi
chan trong mién

Q={(S,E,[LR):S>0,E,[,LR>0;S+E+I+R s%}.

Chirng minh

Tacod
ds
—(0) = A>0
dt()
d—E(O) = BSI+al 20
dt
dl
—(©0) = yL>=0
dt() Y
dR
—(©0) = ol>0.
dt()

Vi (S(0), £(0),1(0), R(0)) € R} va trudng vector
huéng vao R!nén nghiém cta hé (1) khong am.
Ngoai ra, ta thiy

N'=(S+E+I+R)'<A-(S+E+I1+R)
nén
. A
limsup(S+E+1+T)<—
1= ”’
Do d6 mién cho nghiém cia hé (1) 1a

Q={(S,E,I,R): §>0;E,[,R>0;S+E+1+R<2}.

85

Téap 60, S6 chuyén dé: Khoa hoc tu nhién (Todn-Ly) (2024): 83-90

2.3. S6 sinh san co sé

Phan nay x4c dinh 6 sinh sin co s6, ki hiéu Ry,
1a s6 céac truong hop lan hai ma cé thé tr¢ vé nhom
c6 kha nang nhiém bénh.

2.3.1. Xdc dinh s6 sinh san co sé

Ta dung phuong phap ma trén thé hé ké tiép dé
xac dinh bieu thirc cho Ry (Driessche & Watmough,
2002). Xét tai diém can bang tr do P,(<,0,0,0) . Dat

"

x=(E,1,S,R)" . Khidéhé (1) cé thé viét dang
dx
—_— = .T(x)_,y(x)a
dt
trong do
BS1 (y+wWE-od
—YE+(a+06+0)]
Fx) = , V) =
—A+BSI+puS
0 —ol +uR
Ta co
0 4 _
F( u ] ()
0 0 -y o+d+0

a+d+0
-1 _ | (G+o)(y+m)+op
Vo= Y

(8+0)(y+u)+ap

TR

o
(8+0)(y+p)+ap
(8+0)(y+p)+op

Ma tran thé hé ké tiép 1a

Ay AB(y+p)
Fy = | w@ro)yrp+an]  pl@G+o)(y+u)+on]
0 0
Ban  kinh  phd cua  FV'  Ia
PUFV ™) = it . Vi s sinh san co s6 cho
boi

R = Apy
" op(@+o)y+p+ap)

. 3)

2.3.2. Tinh don diéu ciia Ry theo cdc tham sé

Tinh don diéu ciia Ro theo cac tham sb nhan duoc
qua cac dao ham:
dRO — BY > 0
dAd  p(@+o)(y+p+ap)

&: Ay >0
dp  u(@+o)(y+w) +ap)
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ar, __ ABy o
do (B+o)(y+p)+op)
dr, _ ABy(y+1) -0
S (W(@+o)y+w+ap))
ar, __ APy(3+0) -0
dy (“((5+G)(V+H)+ap))2
ﬂ:_ABY((8+G)y+2(a+6+G)H) -0
do

((G+o)y+) +ap))

Céc tham s6 4 B 6,y o trong (3) khong phu
vao diéu kién ban dau tmg v6i dir liéu. Ta thiy Ro
tang theo cac tham s6 4, A va giam theo cac tham s6
o, 6, 7, o, do d6 tir mot by tham sO bét ky ta co thé
diéu chinh mdi tham s ting hoic giam dé Ry dan vé
gia tri ngudng Ro= 1, noi thay dbi cau trac ctia md
hinh (1).

3. TINH ON PINH CUA CAC PIEM CAN
BANG
3.1. Tinh f)n dinh dia phwong ciia cic diém
can bang
_ Tinh 6n dinh tiém can dia phuong cua diém can
bang tu do Py dugc chirng minh bang phuong phap
gia tri riéng.

Pinh li 2. Piém can bcing tw do Py on dinh tiém
cdn dia phwong khi Ry < 1 va khong on dinh khi Ry
> 1.

Chirng minh

Ma tran Jacobi tai Py cho bdi

—u 0 - 0

|0 —(y+p)  4B+a 0

"o v —(a+d+0) 0
0 0 c

—
Céc gia tri riéng cua ma tran la

b (T

-, 21 ;

o (L Jr - 4M)

>
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trong do L:(O(+5+’Y+G+|J)|.,L’

M = (K - Apy)

Ta thdy céc gia tri riéng A,, A, va A, ludn am.
Néu Ry < 1 thi M>0nén A, <0. Do d6 Py on dinh
tiém can dia phuong. Con khi Ry > 1 thi A, > 0nén
P, khong 6n dinh.

Tiép theo, ta nghién ctru tinh 61:1 dinh dia phuong
cua diém can bang bénh. Ti€u chuén Routh-Hurwitz
(Perko, 2000) dugc su dung dé chung minh tinh 6n
dinh trong trudong hop nay.

Pinh li 3. Piém cin bang bénh P, on dinh tiém
cdn dia phwong khi Ry > 1.

Chirng minh
Ma tran Jacobi tai P; c6 dang

*

—BI" - 0 -BS 0

J - BI" —(y+v) a+pS” 0
f 0 y —(0+8+0) 0
0 0 c —u

Phuong trinh dac trung cia ma tran cho boi

(7L+H)P=0’
voi
p=k3+a1k2+a27\.+a3’
trong do
= (a+8+0+20)+ 0 (R (R, 1))
=W ABYR; (a+8+0+p),

= W(ABY)’ Ry (R, —1).

Kiém tra ta thdy diéu kién @, >0, a, >0va
aa, >a, dugc thoa. Theo tiéu chuin Routh-
Hurwitz, ta suy ra P, on dinh ti¢ém can dia phuong.

3.2. Tinh 6n dinh toan cuc

Trong phin nay ta dung phuong phép ham
Lyapunov (Lyapunov, 1992) d¢ chirng minh tinh 6n
dinh tiém cén toan cyc cua cac di€m can bang.

~ Dinh li 4. Néu Ry< 1 thi diém cdn bang tu do Py
on dinh tiém cdn toan cuc.

Chirng minh

Xét ham Lyapunov sau:
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ps’ u
W(S,E,I,R)=£S—£—£ln%J+E+k]I+k2R, trong 6 e <G <14
nop u ) ’
24<¢e, <a-(1-£)a . .
, ) . oR VOl a=c(a+5+0)—-BS .
trong do k=1+£>0 va ,
v Taco

0<k, <t(k(a+3+0)—a—=B). Taco g
Vi(t)= (A—BS]—uS)(l—?j
W(t) :(1—%}(A—MS+BSI)+BSI—(y+;,L)E+aI
it .
+ (BSI—(y+p)E+0LI)(1—E—J

o k(YE—(a+8+0)])+k (ol ~pR) E

r
(1_ij(A—HS)+(kly—(Y+u))E G (yE—(oc+8+c)1)[1—7j
- us +

e
[£B+a—kl(a+6+G)+k26J1—k2uR + (GI—MR)(l—?}
+\H ,

. D\ , d.,‘\ k'A A: S*I* S*’
Vi k =1+% nén ky-(y+p)=0. Cha y ring uig  cac dlen Wl ST +n

I v \ * *
== = t
Wi R, <1 vaa khd bé nén 5 = e VA WR =0l taduge
, (, S 5
k(0+3+0)—a—2p = (1+8)0+5+0) V= ps [2—5 —;J
n Y
0—R (8+0)(y+1) +BS’I 3_S__£I__L1E_
) 0 Y S E I I' S E
A BS” I
1+—)(1-R - : ty| —————¢ |[E—+ —(y+p)E
> (=R )(0+8+0) =0 >0 y[a+8+c ] =)
Tir diéu kién k, <1(k(a+8+0)-a-4B) ta + (BS" +a—c(a+3+0)+c,0)(I 1)

* *

A
suy ra [—B+a—k1(a+8+0)+k20j<0. ) 0L[E__C GIR——cR
9 E 2 R 24 -

Do d6 W'(t)<0 va W'(t)=0chi khi S=4, * . I . .
Y ! —ocIE—<EE -c,6—R <—-c,6R
E=0, I=0,R =0. Theo nguyén ly bat bien Salle Vi E 4 R nén
(Salle, 1976), ta suy ra di€m can bang Py 6n dinh
tiém can toan cu’c. 7 ‘ Vi < uS*(2— S _S_]
. Pinh li 5. Neu Ry > 1 thi diém can bang bénh P, S
on dinh tiém can toan cuc. ¢ E I IS E
Chitng minh . BS1 (3_?_E_7_I_S_fj
Dinh nghia ham Lyapunov nhu sau:
S I
- . E B Bl ey
VS, ELR)=(S—5 —S o)+ (F—E —In -2 Y(a+8+c C]JE pHer-rmE
S E +
(I-r 1*1n1)+ (R-R’ R*lnR) a
n G 7o R [BS*+oc—cl(oc+5+cs)+czc—zE*jI
+
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. (a=BS" +¢,(@+d+0)+c,0(1-R))I
. GHR

< r <A ‘A BS n
Tr cic dicu kien 5o<¢ <145,

%sQ Sa—(l—%)owé a=c(a+3+c)-PBS ta

suy ra

ps”

<0
o+8+0 ’cw—(v+u)s 0,

BS*+a—cl(a+6+G)+czc—%E*s 0

>

a—BS" +c(a+8+0)+c,6(1-R)H< 0

So sanh giita trung binh s hoc va trung binh
hinh hoc ta dugc V'(£)< 0vdi moi (S, E, I, R) va
V'()=0 khi S=S", E=E", I=I", R=R".
Theo nguyén ly bét bién Salle (Salle, 1976), ta két

luan rang diém can bang bénh P; 6n dinh tiém can
toan cuc.

Nhén xét 1. Khi Ry < 1 thi diém cin bang tu do
Py (thanh phﬁn nhiém bénh /o = 0) 6n dinh tiém cén
toan cuc. Cac nghiém din v& Py nén thanh phﬁn
nhiém bénh I(7) dan vé I, = 0. DPiéu nay cho thay su
lan truyén tit dan.

Khi Ry > 1 thi diém can bang bénh P, (thanh
phan nhiém bénh 7* > 0) 6n dinh tiém can toan cuc.
Céc nghiém dan vé P, nén thanh phan nhiém bénh
I(f) dan vé I* > 0. Két qua 1a sy lan truyén van con
trong cong dong.

4. PHAN NHANH

Su thay d6i tinh on dinh ciia cac diém can bang
Py vi P, c6 thé giai thich boi phan nhanh
transcritical. Day 1a phan nhanh dia phuong véi ddi
chiéu 1, trong d6 diém can bang co gia tri riéng ma
phan thuc di qua gid tri 0. Trong phén nhénh nay
mot diém can bang ludn ton tai. Diém can biang nay
trao ddi tinh 6n dinh v6i mot diém can bang khac tai
gia tri phan nhanh, noi chung trung nhau.

DPinh li 6. H¢ (1) c6 phan nhanh transcritical tai
diém cdn bang ti do P, (1,0, 0,0) khi tham s6 B di

Hl(S+o)(y+u)+au]
qua gid tri nguong = A—/.
Chirng minh

Cau trac ham sau:
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A=BSOI(t) - pS(t)
F(S.E.1.R)=| PSOIO =G wE@D ol ()
YE(t)—(a+3+0)I(2)
ol(f)— pR(t)

Ma tran Jacobi J, (B") ¢ gié tri riéng 0 va ba
gia tri riéng con lai &m. Vector riéng Gng véi gia tri
riéng 0 cia J, (B) va J,ZO (B)1a

(S+o)y+u)+au 0
yo
u(a+8+0) Y
V= = va W= 7;" .Tacod
ﬁ
1 0
—SI 0
| SI| . .10
fﬂ_ﬁ: 0 nen fp(Po’ﬂ )= ol
0 0
00 -4 0
00 4 0
Df,(R) = “ ,
00 0 O
00 0 O
_A4
* Ao-
Df, (B, BV = 8 )
0
S+o
D’ f (R, BV, V)= O"
0
Khi d6
i)W f,(R,f)=0.
iy W' (Df, (R, ﬁ)V)——:tO
o(y+u)
iy W (D f,(B, BV, V)) = _16+a) Ly,
o(y+u)

Tir i), ii) va iii) ta thiy cac diéu kién cua dinh li
Sotomayor (Perko, 2000) dugc thoa. Vi vay hé (1)
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c6 phan nhéanh transcritical tai gid tri ngudng
'B* = M)yt mrau]
Ay

Nhén xét 2. Trong mo hinh (1), diém can bang
tu do Po ludn ton tai. N6 dn dinh khi Ry < 1 va khong
6n dinh khi Ry > 1. Diém can bf?lng bénh P; tn tai
khi Ro > 1 va né khong 6n dinh. Hai diém can bang
nay trung nhau tai Ro = 1 (Ing vdi gia tri ngudng
) va chung trao di tinh 6n dinh cho nhau.

5. MO PHONG SO

Phan nay thuc hién mot s md phong sb dé kiém
tra tinh dung dén cta cac phan tich 1y thuyét. Phan
mém MatLab dugc st dung cho cac tinh toan. Phan
mém Matcont (chay trén nén MatLab dé giai cac bai
toan phan nhanh) dugc ding dé phat hién phan
nhanh transcritical.

5.1. Truwong hop Ro<1

Chon cac tham b4 = 10, = 0.1, = 0.05,
5=02, y=0.05, u=0.45, o=0.9 va diéu kién ban
dau S(0) = 20, E(0) = 12, I(0) = 10, R(0) = 0. Tinh
dugc  Ro=0.9338 < 1. Truong hop nay diém can
bang bénh ty do Py (thanh phan nhiém bénh 7, = 0)
6n dinh tiém can toan cuc va cac nghiém cda hé (1)
déu dan vé Po. Hinh 2 biéu dién cac thanh phan
nghiém cua hé (1) theo thoi gian t. Ta théy thanh
phan I(7) ciia nghiém dan vé gia tri 0 khi 7 tién ra +oo,
chimg t6 sy lan truyén virus trong cong dong tat dan.
S, E;l, R

guuunnnt
.
.

20

\\\\\

Fis
'y,

/////
LTI

Hinh 2. Cic thanh phin nghiém ciia hé (1) theo
thoi gian 7 khi Ro <1

5.2. Trwong hegp Ro>1

Chon céc tham s6 4 = 10, =0.1, #=10.25, 5=
0.2, y=0.25, u=0.45, o=0.9 va diéu kién ban dau
S(0) =14, E(0) =17, 1(0) = 6, R(0) = 0. Tinh dugc Ry
=1.7042 > 1. Trudng hop nay diém can bang bénh
P; 6n dinh tiém cén toan cuc va cac nghiém cua hé
(1) déu dan vé Py (thanh phan nhiém bénh /* > 0).
Hinh 3 biéu dién céc thanh phan nghiém cua h¢ (1)
theo thol gian 7. Ta thay thanh phan I(¢) cta nghlem
dan vé gia tri dwong 1.879 khi  tién ra +oo. Diéu nay
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cho thay su lan truyén virus van con tiép dién trong
cong dong.

S,E IR
14,

susmmEEEE
wet

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

2‘5 ‘ ‘3‘0
Hinh 3. Cac thanh phin nghiém ciia hé (1) theo
thoi gian ¢ khi Ro> 1

20

5.3. Phan nhanh trascritical

Chon cic thamsé 4 =5, a=0.1, =02, y=
0.25, 1=0.45, 0= 0.5 va cho tham s6 f thay doi.
Dung phan mém Matcont ta phat hién phan nhanh
transcritical xdy ra tai B = 0.002875 (ing vdi Ry =
1).

Hinh 4 mé ta biéu dd phan nhéanh transcritical
ctia hé (1) trong mit phang (4 ). Truc hoanh 1a quy
dao cua Py va duong cong la quy dao cua P;. Hai
quy dao gip nhau tai diém phan nhanh BP (branch
point), tai diém nay hai diém can bang trdo doi tinh
on dinh cho nhau. Piém can b'fmg tu do Py tir 6n dinh
chuyén sang khong 6n dinh va diém cén bang bénh
P, nhan tinh 6n dinh.

16

Py stable

Py unstable
BR ' 1 |

0003 J[IEHEetaEEIDE 0006
Hinh 4. Biéu d6 phan nhanh transcritical ciia hé
(1) trong mit phang (B, I)

6. KET LUAN

Py stalbe
L

L 1 i 0y
0 0.001 0,002 0007 0008 0009 0.0

Trong bai bao nay, su lan truyén vi-rat trong
cong dong di duoc nghién ctru bang 1y thuyét hé
dong luc. Cac két qua nghién ctru di giai thich dugc
co ché cua su lan truyén vi-rat. Cac diém cén bang
va s6 sinh san co s& Ro 1a nhan td quyét dinh su lan
truyén cuia vi-rat. Khi Ry < 1 thi diém can bang tu do
Py 6n dinh tiém can toan cuc dan dén su lan truyén
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tat dan. Khi Ro> 1 thi diém can biang bénh P; 6n dinh

tiém can toan cuc lam cho su lan truyén van con

trong cong dong. Phan nhanh transcritical dwoc

dung dé giai thich sy thay ddi tinh 6n dinh cua cac

diém can bé'mg tai gia tri nguong Ry = 1. Dya vao sy

bién thién cta Ry theo cac tham sd, ta ¢ thé thuc
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