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TOM TAT

Trong bai bdo nay, moment bédc cao cia mé hinh bude di ngau
nhién trong khong gian trang thdi roi rac sé dwoc xem xét. Pau
tién, sir dung cong thirc Jacob-Bernoulli tinh tong liiy thira béc cao
dé tim nghiém riéng ciia phwong trinh Poisson lién két véi toan tir
Markov P twong ing qua trinh dang xét. Sau do, su: dung tinh chat
cua ky vong co dieu kién va phuwong phdp dé quy dé tinh cac
moment. Cudi ciing, gidi han ciia moment bdc cao sé duogc tinh aé
dat dwoc két qua mong muon.

Tir khod: BuGc di ngdu nhién, cong thirc Jacob-Bernoulli,
moment, toan tir Markov

ABSTRACT

This paper investigates the higher order moment analysis of the
random walk model in discrete state space. Initially, Jacob-
Bernoulli's formula is employed to compute the sum of higher-
order powers, facilitating the determination of a partial solution to
the Poisson equation associated with the Markov operator P
relevant to the studied process. Subsequently, when the properties
of conditional expectation are applied and a recursive approach is
employed, moments are computed. Lastly, the limit of higher-order
moments is determined to attain the desired result.

Keywords: Random walk, Jacob-Bernoulli's formula, moment,
Markov operator

1. GIOI THIEU

Moment 1a mot trong nhitng tham s dic trung

lién quan dén phuong phap moment da dugc cong
bo trong céc tai liéu nhu Norris (1998); Ross (2010);

quan trong nhét trong viéc nghién ctru quy ludt phan
phdi x4c suét ciia cac bién ngau nhién, hay tong quat
hon 14 cac qua trinh ngiu nhién. Nam 1887, nha toan
hoc Chebyshev lan dau gioi thiéu phwong phap
moment trong viéc chimg minh sy ton tai ctia dinh
ly gidi han trung tdm cho mot s6 mo hinh xéc sut,
lam nén tang cho su phat trién dén tan ngay nay va
phuong phap nay da dugc gidi thi€u lai trong tai liéu
cua Billingsley (1995). Tir d6 rat nhiéu nghién ctru
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Chuong va ctv. (2021); Chuong (2021); va Chuong
va ctv. (2024). Ngoai ra, mot trong nhitng qua trinh
ngiu nhién quan trong va co nhiéu y nghia trong
khoa hoc ciing nhu trong doi song 1a mé hinh budc
di ngau nhién. Pay 1a mot dbi twong nghién ctru da
va dang duoc rat nhidu nha toan hoc quan tim cting
muire d0 dao sau khai thac van dé dat dugc gﬁn nhu
tuong tan. Tuy nhién, véi nhiing ung dung ngay
cang manh mé trong nhiéu linh vuc, dic biét a trong
ly thuyét tro choi, thi nhidu van dé can nghién ciru
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méi lai dwoc phat sinh. Trong két qua nghién ctru
moéi gan day, Chuong va ctv. (2024) da dua ra giéi
han ctia phuong sai cho budc di ngiu nhién trong
khong gian trang thai ¢Z trong mo hinh tro choi
khong coéng bang thong qua viéc xac dinh cac
moment bac 1 va bac 2 cia qua trinh. Tt do, nd tré
thanh dong Iyc thuc déy viée tiép tuc nghién ctru cac
moment bac cao hon nham 1am phong phti hon nira
céc tinh chét ciia budc di ngau nhién véi khong gian
trang thai rdi rac Z. So vdi cac moment bac thép thi
van dé tré nén phtre tap hon rat nhiéu khi xét cho
moment v&i bac bt ky vi cac phép toan tré nén cong
kénh va khé khan hon. Dleu nay doi hoi can nhiéu
cong cu hon dé giai quyét van dé. Ngoai ra, mot
trong nhiing ung dung quan trong ciia moment bac
cao la dé chirg minh sy tdn tai ctia dinh ly gidi han
trung tdm hay luat s6 16n cho cac bién ngiu nhién.
bay duoc xem 1a mdt phuong phap kha hi¢u qua
trong nghién ctru cac dang hdi tu ctia cac bién ngau
nhién phu thude.

M hinh dugc nghién ctru trong pham vi bai bao
nay thudc 16p cac bude di ngau nhién khong cén
bang vai cac gia tri 1an can gan nhat. Cu thé, xét
budc di ngau nhién (X,,),»0 trong khong gian trang
thai Z véi didu kién ban dau 13 X, = 0 va cac xéc
sudt chuyén dugc cho boi cac biéu thirc sau

P(pir =k +1|X, = k) =5,
PXny1 =klXy=k)=1-F—v,
PXnp1 =k — 11X, = k) =,

trong d6 B va y la cac sb duong thoa g +y < 1.
Ngoai ra, ta gia st rang y < B nhu la diéu kién cua
budce di ngiu nhién léch phai, tirc 1a qua trinh c6
khuynh hudng dich chuyén vé bén phai trén truc s6
nguyén Z.

Bai bao tap trung vao viéc xac dinh gidi han cho
moment cua budc di ngau nhién dang xét. Két qua
chinh cta nghién ctru dugc cho ¢ dinh ly sau:

Pinh ly 1.1 Gioi han sau luén dung

(n)

lim =B -~
n-+oo
trong do E(g(nk) la moment bac k (k =1,2,3,...)
cua bien ngau nhién X,,.
Chuong va ctv. (2024) da xac dinh gidi han nay
cho truong hop k =1 va k = 2 trong khong gian
trang thai aZ.

2. PHUONG PHAP NGHIEN CUU

Muc nay sé trinh bay chi tiét cach tinh moment
bac 1 cta budc di ngau nhién nhu da gidi thiu &
phan trudc. Dong thoi, phuong phap nghién clru sé
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dugc phan tich va danh gia dé lam tién dé cho viéc
xac dinh moment bac cao. Ta nhac lai dinh nghia
toan tir Markov lién két vdi bude di ngau nhién nhu
sau:

Pinh nghia 2.1 Cho (Z,,)nso la mot xich Markov
voi khong gian trang thai Z. Toan tir Markov P duoc
xdc dinh boi

Pf(Zn) = Elf (Zn+1)|Zn)n 2 0,

trong @6 f* 1a ham xac dinh trén Z.

€y

Dura vao xéac sudt chuyén ctia bude di ngau nhién
(X7)n=o va cach tinh ky vong co diéu kién ta co:
Pf(m) = E[f Xn+)|Xn =m],n 20

theo cong thirc (1). Tir do, ta thu dwoc biéu thirc nhu
sau:

Pf(m) — f(m) = B[f(m + 1) — f(m)]
—vIfm) —f(m-1D]. 2

Tiép theo, ta nhic lai phuong phéap xac dinh gigi
han ciia phuong sai clia budc di ngau nhién trong
mdi trudng ngiu nhién duge gioi thidu 1an dau boi
Depauw and Derrien (2009). Khi d6, nhom tac gia
d3 nghién ctru toan tir Markov P lién két v6i bude
di ngau nhién dé xay dung phuong trinh Poisson voi
diéu kién bién cho trudc. Pay 1a mot dang cua
phuong trinh ham xé4c dinh trén tap sé nguyén Z va
dugc giai thong qua ap dung phuong phép truy hoi
voi cac gia tri rdi rac. Cu thé, ta xét phuong trinh
ham c6 dang nhu sau

Pg(m) — g(m) =1, A3)

trong d6 ham s g xac dinh trén tap Z, véi diéu kién
bién g(0) = 0. Pay con dugc goi la phuong trinh
Poisson tuong tng vdi toan tir P. Diéu quan trong
nhit & phuong phap nay 1a ta cin chi ra su ton tai
nghiém phuong trinh (3) bang b d& sau

B6 dé 2.2 Phuong trinh (3) luén cé nghiém g
xdc dinh trén tap Z.

Chirng minh. Bién d6i vé tréi cia phuong trinh
(3) bang cach ap dung cong thuc (2) ta cd phuong
trinh twong duong

1
glm+1) — g(m) —%[g(m) —gm—-1)] =

5

Dé thuén tién trong cac budc tinh todn ta dat hé
s6 p = y/B 1a mot sd duong nho hon 1. Ta ¢6 nhén
xét phuong trinh b1en d6i sau cung c6 dang truy hoi
theo m v&i céc hé sb khong bang nhau va dat biét 1a
cohé sb p < 1. Pay la tién dé dé ta tinh dugc téng

chudi lity thura trong mién hoi tu (0; 1). Dé thay rd
hon diéu nay ta c6 thé dat ham



Tap chi Khoa hoc Pai hoc Can Tho

p(m) =g(m)—g(m-—1)
V("Ti m€ Z. Khi d6 ta lai dugc mot phuong trinh truy
hoi méi c6 dang nhu sau

1
p(m+1) —pp(m) = 7

Vinhédn xét 6 trén 1a 0 < p < 1 nén khi d¢é quy
theo m ta xac dinh dugc ham ¢ nhu sau
(m) =
eim) =———-
B —p)
véi moi m € Z. T d6 ta c6 phuong trinh tuong
duong theo ham g 1a

B—v
v6imoi m € Z. Cubi ciing, nghiém ciia phwong trinh
(3) hoan toan duoc xac dinh, do 1a

gm) =5= @

v6i moi m € Z nhd vao diéu kién bién cho trude
theo gia thiét ban daula f(0) =0.

gm)—g(m-—-1) =

B6 dé 2.3 Gid sit ham s6 g la nghiém ciia
phuwong trinh (3). Khi do, ta co

E[g(Xn)] =n, ©)

véimoin = 0.

Chirng minh. Vi g 1a nghiém ctua phuong trinh
(3) va X,, cling nhén gia tri nguyén nén ta co thé thay
m boi X, trong phqorng trinh (3) ma khong anh
huong dén dau cua dang thire. Khi d6 ta co

PgXn) —g(Xn) =1
luon ding véi moin = 0.
. Theo dinh nghia cua toan tur P ta c6 Ehé viét
lai dang thtrc trén thong qua ky vong c6 diéu kién
cua X,, nhu sau

Elg(XnsD)|Xn] —g(Xn) = 1,

v6i moi n > 0. Str dung tinh chét ky vong cua ky
vong co6 diéu kién 1a

E[E(9(Xn+)1X)] = E[g(Xn41)]
dan dén két qua 1a
E[g(Xn+1)] —Elg(Xn)] =1,

v6i moi n = 0. Dén day, sir dung phuong phap dé
quy theo n két hop gia thiét vé trang thai ban dau
cua budc di ngau nhién la X, = 0 suy ra g(X,) =
g(0) = 0 thi ta dugc diéu phai chimg minh. B

M¢énh dé 2.4 Moment bdc 1 ciia budc di ngau
nhién (Xp)nso la
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E(Xy) = (B —v)n

voi moin = 0.

(6)

Ching minh. Dé chimg minh ménh dé nay ta
chi viéc két hop ham g tim dugc trong cong thirc (4)
va dang thic (5) bang viée thé tryc tiép ham g vao
cach tinh ky vong ciia X,,. Cu thé, ta c6

Elgt)] = [

v6i moi n > 0. Do B — y 14 hing nén ta c6 thé dua
ra khoi ky vong rdi quy dong mau so thi duoc ket
qua mong muon. B

=n

Trong phan tiép theo, ta s& ap dung cach thirc
nay dé xac dinh moment bac cao cua budc di ngau
nhién X,,. Didu quan trong nhét cia phwong phap
nay la giai phuong trinh Poisson tim nghiém thich
hop dé danh gia ky vong cua cic bién ngiu nhién
dang xét.

3. MOMENT BAC CAO CHO BUOC bI
NGAU NHIEN

O doan nay ta s& tinh gia tri cua E(X,") ciing
thong qua toan tir Markov P va giai phuong trinh
Poisson dé tim nghiém 1a cac ham s xac dinh trén
tap s6 nguyén Z. Ta xét phuong trinh sau

Pgi(m) — gx(m) = m** (7N
v6imdi k = 1 va véimoi m € Z ddng thoi thoa diéu
kién bién g, (0) = 0. Day 1a mdt dang phuong trinh
ham bac cao, doi hoi sir dung cac cong cu giai tich
lién quan dén da thtrc va chudi lity thira. Trudng hop
dac biét voi k = 1, ham g, dugc xac dinh nhu trong
phﬁn tim moment béac 1, cu thé 1a

m

g1(m) = g(m) = =y

v6i moi m € Z.

Dinh nghia 3.1 (Ham da thirc logarit) Chudi lity
thura co dang
+00

duoe goi la ham da thire logarit hay chudi Dirichlet,
trong do s € R.

~Ham da thtrc logarit duge ky hiéu la Li; (z). Ta
thay rang ham da thac logarit ludn xac dinh véi
|z| < 1.
Céc bd dé sau dugc chimg minh trong tai liéu
cua Graham et al. (1994).

B6 dé 3.2 (Jacob-Bernoulli) Tong liiy thira
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k
1 : .
E i =i E Cipq Bym* 177

i=1 j=0

3

trong do Bj la hé 56 Bernoulli thit j, dé la

J 1 v
v=0 r=0

B6 dé 3.3 Chudi sé sau luén hoi tu

N+ 10k =Ly ()
k=0 P

véi moi 56 thue p € (0; 1) va j € N.

B6 dé 3.4 Phurong trinh (7) luén cé nghiém g,
xac dinh trén tdp 7.

Chirng minh. Bién d6i vé trai cua phuong trinh
(7) bang cach ap dung cong thuc (2) ta c6 phuong
trinh twong duong

gr(m + 1) — g, (m) — p[gx(m)
mk—i

B
bat  ham  hy(m) = g (M) — g (m - 1).
Phuong trinh ¢ trén tr thanh phuwong trinh truy hoi
theo ham sb hy, cu thé 1a

— gx(m —1)]

k-1

B
Ap dung gié tri ctia chudi ham trong B6 dé 3.3
vadé quy theom —1,m—2,...,—oo ta dugc

1
hue(m) = 22 [Lio(p)m*~?

+(—Dici 1LL' 1(p)ymk=24..,
+(—DFCEI LI g1y ()]

v&i moi m € Z. Tir d6 din dén

he(m +1) — phy(m) =

1 k
ﬁ [EAoom
1 1 X
+ (EAO]' + —k — 1A10) m
1 1
+ (EAO(k—l) tr 1Ak T

+ A(k—l)O) m]

gr(m) =

-14 ..

(8)
v6i moi m € Z. Trong d6 Ajs; duge xéac dinh boi
cong thirc
A= (-1DIC)_,Ci_jLi_j(p)B,0<s<k-1,
0<j<k-1.
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Ham g, (m) dugc xac dinh bang cich dé quy
theo m va két hop diéu kién bién g, (0) = 0. Nhu
vay, theo biéu thirc (8), ta duge ham g, (m) la mot
da thirc bac k theo bién m vai hé s6 clia bic cao nhat
cogiatrila 1/(f —y)k. B

B6 dé 3.5 Gia sir ham ség, la nghiém ciia
phuong trinh (7). Khi do, ta co

)
Elgi(x,)] = L2
v&i moin = 0.

+0(M, (9

Chirng minh. Ta s€ chimg minh b6 dé nay be‘jlng
quy nap. Vi k = 1 thi dang thtric (9) ding theo dang
thue (5).

Gia sir dang thuc (9) dung véi k > 1, phuong
trinh ham

PGis1(m) — Gr41(m) = m*

c6 nghiém la

Gr1(m) = =y [k—HAOOm"“
1 1
* (g o + o)
+ .
1
+ (k+1A0(k) + - Al(k 1) + - + A(k)O) m]

Tu do tacod

E[grs1(Xns)IXn] = Egis1(Xp) = E(Xnk)
véi moin = 0. B¢ quy theo n ta dugc két qua ky
vong nhu sau

Nk k1
Elgin ()] = B2

k+1
thi dugc diéu phai chimg minh. B

+0(n"),

Ménh dé 3.6 Moment bdc k ciia bude di ngau
nhién (X, )nso dwoc cho boi cong thirc
E(X,") = (B —p)fn* + 0@, (10)

voi moin = 0.

Chirng minh. Véi ham gx(m) tim dugc nhu
trén, ta thé m boi X,, thi ta dugc

11,
g(Xn) = E[EAOOXTL
1 1 K1
+ (EA01 + r—1 1A10)Xn
+ aee

1 1
+ (EAO(k—l) toT 1A1(k—2) + + A(k—1)o) Xn]

vi X,, ciing nhén gia tri trong tap s nguyén Z. Trong
bicu thirc trén ta luu y
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p

1-p
Lay ky vong hai vé 10 ap dung cong thirc (9) ta
duogc dicu can phai chirng minh. B

Ago = Lig(p) =

Trong phan cudi nay, ta dung Ménh dé 3.6 dé
chimg minh Dinh 1y 1.1. Cu thé, ta chia hai vé cua
déng thirc (10) cho n¥ rdi tinh gidi han theo n thi
duogc két qua mong mudn.

_ Hé qud 3.7 Néutaxétk = 1 vak = 2 thi Ménh
d¢ 3.6 suyra

i E&n) _
im =p-v,
n—-+oo ‘n2
. E(XT[ ) 2
Jm —e— =B -1

Tir 46 ta ciing két luan vé luat yéu sb 1on, d6 1a
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X,
n o p_
. n By
theo xac suat khin — oo.

4. KET LUAN

Bai bao da su dung cong cu giai tich trong giai
phuong trinh ham dé x4c dinh moment béc bét ky
ctia bude di ngau nhién véi khong gian trang thai roi
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bién ngau nhién thay vi phai tinh toan truc tiép rat
phuc tap. Day 1a mét cong cu hiru hi¢u cho cac dang
bai toan lién quan dén 16p cic qua trinh ngiu nhién
6 tinh chét truy hoi, phu thuéc nhau va cé tinh
Markov.
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