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TOM TAT

Bai bdo nay nghién ciru van dé tim mét lat cdt phdan chia mét do
thi lién thong thanh hai thanh phan lién théng roi nhau sao cho
tong khodng cdch cé trong sé tir bat ky dinh ndo cia do thi dén lat
cdt la nhé nhat. Bai todn nay dwoc goi la bai todn ldt cdt tong t6i
tiéu. Bai bdo sé chimg minh rang bai todn nay la NP-khé trén do
thi tong quat bang cach quy gian bai todn phii tdp hop vé bai todn
nay va dong thoi chi ra rang bdi todn trén do thi cdy c6 thé gidi
trong thoi gian tuyén tinh bang quy hoach dong.
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ABSTRACT

This paper concerns the problem of finding a cut which partitions
a connected network into two connected components so that the
total weighted distance from any vertices of the network to the cut
edge(s) is minimized. This problem is called the minisum cut
problem. This paper shows that the problem is NP-hard on general
networks by reducing the set cover problem to this problem and the
problem on trees can be solved in linear time by dynamic
programming.
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1. GIOI THIEU cong giup tdi thiéu hoa chi phi di chuyén nhu bénh

, LV vién hay truong hoc. Bai toan p-center c6 muyc ti€u
Ly thuyét vi tri ¢6 nhiéu ung dung quan trong J Y & e P ;

trong vén tri hoc va trong thuc té cudc séng. Bai bao
“Ném muoi nam Ly thuyét vi tri” (Marianov &
Eiselt, 2024) da téng hop cac cot mdc quan trong va
ndi bat trong lich sir phat trién cua Ly thuyét vi tri.

Hai bai toan phd bién nhit trong Ly thuyét vi tri
la bai toan p-median va p-center. Hai loai bai toan
nay dugc phat trién vo cung manh mé (Kariv &
Hakimi, 1979a, 1979b). Di véi bai toan p-median,
muc tiéu 1a tim vi tri dat p co sé trén mot do thi sao
cho tong khoang cach co trong sb tir mdi dinh dén
co sO gan nhat 1a nho nhat. Bai toan p-median
thuong duoc dung dé mo hinh héa céc co sd cong
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1a chon p dinh tir mét d6 thi sao cho khoang cach 16n
nhit tir bt ky dinh nao dén dinh gin nhét trong tap
hop cac dinh dugc chon 1a nhé nhit. Bai toan p-
center ¢6 nhiéu ung dung thuc té quan trong, dac
biét trong cac linh vuc lién quan dén quy hoach céac
co 6 van chuyén nhu 1a cac tram xe buyt, trung tim
logistic dé dam béao rang khoang cach van chuyén
hodc di chuyén 16n nhat dwoc giam thiéu, tir d6 cai
thién hi€u qua van hanh va giam chi phi (Chen et al.,
2020; Ibrahim Mirag¢ & Eren, 2020).

Trong khi cac bai toan vi tri cd dién thudng tap
trung vao vi¢c xac dinh cac vi tri quan trong nhu 1a
cac diém trén mit phiang hodc trén mang ludi do thi,
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moét s tac gia da nghién ciru vin dé xac dinh vi tri
clia cac d6i tugng hinh hoc khong phai 14 diém. Vi
du, Schobel (1999) da nghlen ctru bai toan vi tri cac
duong thing trén mat phing va cac siéu phang trong
khong gian. Brimberg et al. (2009) da xem xét bai
toan dinh vi mot duong tron sao cho tong khoang
cach c6 trong sb tir cac co s& dén dudng tron nay 1a
nho nhét. Ho da chirmg minh rang néu ban kinh cta
duodng tron khong duge ¢b dinh, thi s& ton tai mot
duong tron ti wu di qua hai co s¢. Bén canh do, Juel
(2005) cling da nghién ctru bai toan vi tri cia duong
tron trén mat cAu.

Tuy véy, cho dén nay, chua c6 mé hinh nao
nghién ctru cac bai toan vi tri trén mang ludi dd thi
v6i cac dbi twong khong phai 1a diém. Bai bao nay
d& xuat bai toan xac dinh mot lat cét trén do thi sao
cho tong khoang c6 trong s tir cac co s& cho trude
dén lat cét 1 nho nhat. Viéc nghién ctru bai toan nay
¢6 tiém nang tng dung trong viéc xac dinh cdc lién
két quan trong (lat cit) trong mot mang lugi ddng
thoi dam bao tinh trung tdm (tong tdi tiéu) cua lat
cit. Vi dy, trong mot mang ludi giao thdng, cac con
duong chinh hodc cau c6 thé duoc xem 1a cac lién
két quan trong. Viéc xac dinh duoc nhing lién két
nay cé thé gitip quan 1y giao thong hiéu qua hon va
t6i wu hoa viéc phan bo tai nguyén.

2. PINH NGHIA BAI TOAN VA GIAI

THUAT

2.1. Kién thirc chuén bj

Trong 1y thuyét tinh toan, khai niém NP-khé 1a
mot thude do quan trong dé danh gia do phirc tap
cua céc bai toan. N6 xac dinh nhiing bai toan ma
murc d6 kho cua chung twong duong hoac 16n hon
bat ky bai toan nao trong 16p NP, tao ra mot thach
thire 16n cho cac nha khoa hoc. Hiéu duge NP-kho
gitip nhan thirc rd hon vé nhimg thach thirc khi ddi
mit v6i cac bai toan kho va phat trién cac phuong
phap hiéu qua dé giai quyét ching.

Dé hiéu r6 vé NP-kho, trude tién can biét mot sO
khai niém co ban khac nhu P va NP.

L6p P bao gdm cac bai toan ¢ thé dugc giai
quyét mot cach hiéu qua, tuc 1a béng mot thuat toan
c6 thoi gian thyc thi theo mdt ham da thirc cua kich
thude dau vao.

L&p NP bao gdm céc bai toan ma néu dugc cung
cAp mot giai phap cho bai toan, thi c6 thé kiém tra
tinh dung din cua giai phap d6 mot cach nhanh
chong (trong thoi gian da thirc). Mot bai toan thudc
16p NP khong nhat thiét phai c6 mot thuat toan giai
quyét no trong thoi gian da thirc, nhung néu c6 mot
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cach nao d6 dé kiém tra mot giai phap trong thoi
gian da thuc, bai toan do6 thudc 16p NP.

. Mot bai toan dugc goi la NP-ddy i néu nd vira
nam trong 16p NP va moi bai toan trong 16p NP déu
c6 thé dugc chuyén doi (bang mot thudt toan da
thirc) thanh bai toan d6. Néu c6 thé tim duge mot
thudt toan thoi gian da thirc dé giai quyet bat ky bai
toan NP-day du nao, thi tat ca cac bai toan trong 16p
NP cling c6 thé dugc gidi quyet trong thoi gian da
thirc.

NP-khé 13 16p céc bai toan it nhat ciing kho nhu
cac bai toan NP-day du. Tuy nhién, cac bai toan NP-
kho khong nhat thi€t phai thudce 16p NP. Noi cach
khac, mot bai toan NP-kho ¢ thé khong co cach
kiém tra giai phap trong thoi gian da thire, hodc tham
chi n6 c6 the 1a bai toan ma giai phap cua n6 khong
thé dugc xac minh trong thoi gian da thirc. Bac diém
chinh cua cac bai toan NP—khé 1'2} néu c6 mot thuat
toan thoi gian da thue dé gidi quyét mot bai toan NP-
kho nao do, thi moi bai toan trong 16p NP cling co
thé dugc giai quyet trong thoi gian da thuec.

2.2. Dinh nghia bai toan

Cho d6 thi G=(V,E) véi tap dinh ¥ va tap
canh E. Mdi canh ee E dugc gan mot trong $6
duong, goi la / (e). Hon nita, mdt trong s6 khong
am w, dugc gan v6i mdi dinh v e V. Khoang cach
gitra hai dinh u va v, ky hiéu 1a d (u,v), la d¢ dai
duong di ngén nhat ni hai dinh. Véitap con S <V
va mdt dinh v eV, khoang cach gilta v va S dugc
dinh nghia 1a d(v,S)= misnd(u,v). Trong do thi

G, mot lat cat chia tap V' thanh hai tap con tach roi,
goi la V, va V,. Ta ky hiéu mot lat cat cua G la

(V\.1,). veilatcat (V,,7,), goi:
C(VI,VZ):{VGVI:EIv'estaocho(v,v
u{veVz:Elv'eVlsaocho(v,v')eE}

)e£)

1a tap cac dinh cit.
Goi {e =(u,v):u,ve C(VI,VZ)} 1a tap cac canh
cit trén dd thi.

Bai toan lat cat tong _)t(‘)i tiéu (Minisum cut
(MSC)) trén G dugc phat bicu nhu sau:
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Xac djnh mot lat cit (Vsz) dé ham median
> w,d(v,C(¥,,V,)) nho nhét, véi rang budc hai dd

vel

thi con sinh boi ¥, va V, lién thong.
2.3. Tinh NP-khé trén db thi tong quat

Xem xét van d¢ trén cac do thi tong quat va thu
duoc két qua sau day.

Dinh 1y 1. Bai todn vi tri tong lat cdt tong toi tiéu
trén do thi tong quat la NP-kho.

Chirng minh. D& chirmg minh bai toan 14t cit tdng
tbi tiéu 12 NP-kho, ta s& chimg minh rang bai toan
Bao phu tgp hop (Set Cover problem (SC)) c6 the
quy glan ve€ phién ban quyét dinh cua bai toan lat cét
tong toi tiéu. Cu thé hon, xuét phat tir bai toan (SC),
ta s& xdy dung mdt bai toan lat cit tong i tiéu dang
quyét dinh sao cho cau tra 101 cua bai toan nay la
“c6” khi va chi khi cau tra 161 cho bai toan (SC) la

“c6”. Khi d6, do bai toan (SC) 1a NP-ddy du (xem
Garey & Johnson, 1990), nén bai toan lat cét tong
t6i tiéu 1a NP-kho.

Trudce hét, ta gidi thiéu vé bai toan Bao phii tdp
hop (SC). Cho mot tip hop S={L2,..n},
S.,S,,...,S, lam tap con cia S va mot ) nguyén £,

véi k<m. Trong bai toan (SC), muc tiéu la xac
dinh sy tOn tai cla £ tap con cda S sao cho hop cua

k
ching ding bang S, nghia la [ JS, ={1.2,...n},
i=l1

m}

Bay gi0, ta giéi thiéu phién ban quyét dinh cta
bai toan lat cat tong t6i tiéu (MSC) trén d6 thi. Cho
dd thi G va mot gia tri muc tiéu B, cau hoi ¢ dy la
lidu c6 thé tich mang lu6i G thanh hai phin lién
thong sao cho gia tri trung vi trén cac canh bi ct
khong vuot qua B da cho hay khong?

trong d6 céc chi sb Jis-es J, thudc {1,...,

Xét bai toan (SC), ta s€ xay dung mdt bai toan
(MSC) tur (SC) nhu sau.

Xétdd thi G=(V; E)véi V =V, UV, UV, U{s,t|
va E=FE UE,UE, UE,.

Trong do6,
h={PR.Pos P
V,= {vl,v2,...,vn}.

(sp)} - E

J=hes

7,210,000, 1

E,

={(r-0)) -
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E, = {( j,vl.):ie {1,...
E4 = {(vi’t)}izl,...,n :

Do dai mdi canh trong G bang 1. Trong sb tai cc
dinh w,o=w, =0w, =w, =1

n},j € {1,...,m

},ieSj} va

la vol  moi
j=1,..,

B=k.

m, va W, =k véimoi i =1,..,n . Ta chon

Ta thdy rang do thi G dugc xdy dung tir (SC)
trong thoi gian da thirc. Tiép theo ta s& ching minh
rang cau tra 1i cho (SC) 1a “c6” khi va chi khi cau
tra 10i cho (MSC) dang quyét dinh 1a “c6”.

_ Nhu véy chimg minh s& gbm hai chiéu. Ta bit
dau chiéu dau tién.
Gia str rang cau tra 101 cho (SC) 1a “c6”. Ta can
chimg minh cau tra 161 cho (MSC) la “c6”. Khong
mét tinh tong quat, gia st ton tai k tip con cia S, goi

la S,,S,,...,S, , sao cho hop cua ching chinh xac la
S. Tiép theo, chon lat cat C(P,V\P) véi
P={s,E,PQ,...,Rn,Ql,QQ,...,Qk} . RO rang céc tap

con sinh ra boi P va (V| P) la lién thong. Bay gi¢ ta
s€ chimg minh rang gid tri ham muc tiéu ding bang
k. Dya vao cach chon lat cat nhu trén, ta thay rang
0,,....0, thugc vao lat cat nén
d(Q,,C(P,V'\P))=0.Hon nira, vi P lién k& O,
m, nén P, clng thuc C(P,V'\ P)

dods d(P,,C(P.V\P))=0

voi j=k+1,...,

Vihop cua S,,S,,...,
voii=1,...,
0,....0,, nghia 1a v la cadc dinh cit, do do
d(v,,C(P,V\P))=0 v6i i=1,...,n. Vay ta chi con
P véi i=1,..,kvas, t khong thuoe C(P,V\P).

Trong khido w_ =w, =0. Nén gid tri hAm muc tiéu

S, bang S, nén mdi dinh v;
n déu ké véi mot trong cac dinh

béng
k

Zw d(P,C(P,V\P))=Y w,d(P,Q,)=
i=1

i=1

N6i cach khéc cau tra 10i cho (MSC), véi db thi
G dugc xac dinh nhu trén, 1a “c6

DPé minh hoa cho nhiing 18p luan trén, xét vi du
sau:

Cho S ={1;2;3;4}.

={34} .8, =

4.
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Xét k =2, khi d6 dé thdy ton tai 2 tap S, va S,
dé hop cua chung chinh x4c bang S. Bing cach chon
lat cit C(P,V\P)véi P={s,P,P,,P,0,.,0,} Ta
c6 f(C(P,V\P))=2.Nghia la cau tra 1oi cho bai
toan MSC dang quyét dinh trong truong hop nay 1a

TPy &L

co .

Hinh 1. P thi minh hoa

Nguoc lai, ta gia dinh ré‘lng cau tra loi cho (MSC)
1a “co”, tirc 1a ton tai mot lat cat C(P,V \ P) voi ham
trung vi tuong ung khong vuot qua k. Ta can chung
minh ton tai & tap con cua S sao cho hop cua chung
chinh x4c bang S.

Gia st phan chimg, khong ton tai k tip con nao
cua S deé khi hop lai, ta dugc tap S.

Pit K ={P : P, & C(P,V'\P)}.Néi céch khéc,
K 1a tap hop cac dinh P, khong thudce vao tap cac
dinh cit. Xét hai trudng hop:

Truong hop 1: Néu|K| =0, nghia 1a P; phai 1a
dinh cat v6i i =1,...,m (1) hay noi cach khac, lat cat
phai nam trén cac canh E, U E,

(Vi nguoc lai néu co bét ky canh ec E, UE, 1
canh cit thi s& ton tai 2 nam ngoai lat cit). Tir (1)
suy ra
F(C(P,V\P) = w,d(v,C(P,V\P))

veh

+Y w,d(v,C(P,V \P))

vel

=> w,dv,C(P,V\P)= > w d(v,C(P,V \P))

veh vely

>3 w,d(v,,C(P,V\P) > kn>k

i=1

Ltc nay, ta théiy réng gia tri ham muyc tiéu vuot
qué k, diéu nay mau thuan véi gia thiet. Vay, ton tai
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k tap con cua S, ma khi ta hop ching lai ta dugc tap
S.

Ta xét vi du sau:

Cho S ={1;2;3;4}.

512}, =03},

> >

4.
Xét k=2, rd rang khong ton tai 2 tp con nao

ctia S, dé khi hop lai, ta dugc S. D6 thi G trong
truong hop nay dugc minh hoa trong Hinh 2. Hinh

2 ciing minh hoa mét lat cit trong d6 |K | =0.

Vi

Q
t

(0]

Hinh 2. P6 thi minh hoa

Néul<|K|<m, nghia I tn tai it nhat mot dinh
P nam ngoai lat cit. Mic khac, vi khong ton tai k
tap con sao cho hgp ching lai chinh xac bé'mg S, nén
ton tai it nhat mot dinh v, trong V3 nhung khong
nam trong C(P, ¥ | P). Khi d6
F(C(P.V\P)2w,d(B,C(P,V\ P)
+w, d(v,,C(P,V\P))
=l+k>k m

Theo Pinh Iy 1, khong c6 thuat toan thoi gian da
thire nao d€ giai bai toan tim vi tri 1at cat tong t0i
tiéu trén do thi tong quat, trir khi P = NP. Kho khan
nay la do so 14t cat trén do thi tong quat 1a phi da
thire. Trong muc tiép theo, ghﬁng ta s€ xem xét mot
16p d0 thi don gian hon 1a d6 thi cay. Khi do, moi lat
cat s€ trong (g voi mot canh, va do d6 bai toan co
the gidi dugc mot cach hiéu qua.

2.4. Giai thuat tuyén tinh trén db thi cay

Trong phan nay, bai toan lat cit tong i tiéu trén
dd thi cay duoc xem xét, ky hiéu cay 7 = (V,E )
D@ thiy rang, véi mot lat cit bt ky trén dd thi cdy,
tap cac canh cat chi gom duy nhat mt canh. Do tinh
quan trong cua tinh chat nay trong viéc xac dinh lat
cat tong toi tieu, ta s€ phat biéu n6é nhu mot dinh ly.
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Dinh ly 2. Trong mot lat cdt trén do thi cdy, tdp
canh cat gom duy nhat mot canh.

Tir dinh 1y, ta thdy c6 mot tuong tmg mot mot
giita tap cac lat cit va tap canh ctia d6 thi cay. Nhu
vay, dé giai bai toan (MSC) trén cay T, ta s& tinh ham
median tng véi moi lat cit, nghia 1a tng v&i mbi
canh cua d0 thi cy, tir d6 chon lat cit c6 gia trj ham
median nho nhét. Diéu nay c6 thé thyc hién qua giai
thuat quy hoach dong. Cu thé hon, ta s& tinh gia tri
ham median tng v6i mot canh e ctia cay sau do
tim cach cap nhat ham median cho cac canh lién ké
véi e.

Dau tién, ta chon ngau nhién mot 14 v* lam gbe
ta dugc cdy o huéng 7. Ta ky hiéu Des(v) 1 tap

dinh con chau cua v (khong bao gdm v) trén T. Véi

mdi dinh v thugc 7, ta dinh nghia
Wy = Z w,, +w, la tong trong so cua cdy con
v'eDes(v)

gbc tai v. Ta dit tong trong sb cac dinh trén cdy la
W =" w,.Chi y ring, ta c6 thé tinh W va w, véi

velV
moi veT  trong thoi gian tuyén tiph bang thuét
toan tim kiém theo hudng tir 14 dén goc.

Béy gio, gia st ta co thé tinh gia tri median cho
canh e = (u, V) , v6iv1a con cta u. Chung ta can tinh
gi4 tri median cho canh e'= (v,z) lién k& v6i e véi
zla con cta v.

M&i canh e* = (r,S) , v6i s 1a con cua r, chia d6
thi thanh hai phan ky hiéu 1a :

T(e*) = {v’ eV:d(v,s)< d(v',r)};

Be*) ={v'eV:d(v,r)<d(v's)}.Khi do, ta
¢6 thé viét lai ham muc tiéu Gng véi timg canh e va
e' nhu sau:

fle)= z w,d(v,u)+ Z w,d (v',v);
v'el(e) v'eB(e)

f(e‘): Z vad(V',V)-}— Z vad(V’,Z)
ver(e') v'eB(e")

198

Tép 60, Sé chuyén de: Khoa hoc ti nhién (Todan-Ly) (2024): 194-199

Hinh 3. 7(e) va B(e) wng v6i canh e (bén trai) ;
T(e’) va B(e’) canh e’ (bén phai).
Ta thay T(e‘) \T(e) = B(e) \ B(e') , dat tap nay
la tap M. Khi do, ta co :

f(e) z wv,d(v',u)+ Z wv.d(v',v)

\”ET(E) V'EB(@')
+ z w,d(v',v)
v'eM
w,d (v',u) + z w,, [a’ (v',z)-t—l(z,v)]

v'eB(e")

w,d(v',v)+ Z w‘,,d(v’,v)

v'eT(e) v'eM

+ Z w,.d (v‘,z)

v'EB(v')
= Z w‘,,[d(v',u)+l(u,v)]+ z w,d(v',v)
v'eT(e) v'eM
+ Z wv,d(v‘,z)
v'eB(e')
= f(e)-f(e)= D wil(uv)= D wi(zv)
v'eT(e) v'eB(e')

< f(e) =f(e)+(W—;vv)l(u,v)—vwvvl(z,v).

D@ thiy rang gi4 tri myc tiéu trén v6i e' b thé
tinh theo gi4 tri muc tiéu trén e trong thoi gian hang.
Béng cach tiép tuc thye hién quy tac cap nhat nay,
ta thay gia tri ham muc tiéu Gng v6i moi lat cat co
thé x4c dinh trong thoi gian tuyén tinh. Tir do, 14t cét
tong toi tiéu s& twong Ung véi canh co gia tri muc
tiéu nho nhat.
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Ta thu dugc dinh 1y sau:

binh ly 3. Bai toan lat cdt tong féi tiéu trén cdy
co thé dwoc giai trong thoi gian tuyén tinh bang gidi
thudt quy hoach dong.

Vi du 1. Cho cdy 7 = (V,E) véi trong sé dinh
don vi. Trén mdi canh cua cdy, ta chi dinh mot do
dai duong. Chung ta s& di tim lat cat tong toi
tiéu trén cdy 7. Cay c6 huéng T duoc miéu ti &
Hinh 4.

Hinh 4. Cay c6 hwéng véi goc tair

Taco W =14 va f({riv})=89

Béang 1. Trong so ciia cac nhanh c6 huwéng

Vi Y Y, V3 V4 VS v6 V7 VS V9 Vi 0 Vi Viz Vi 3

i

w(v,) 13 3 9 1 1 35 2 1 3 1 1 1

Béng 2. Gia tri ham muc tiéu cho tirng canh

{vl;vz} {Vl;vs} {Vz;v4} {Vz;vs} {Vs;v(;} {Vs;v7} {V(:;VS} {V7;V9} {V7;V10} {VS;VII} {Vlo;vlz} {VIO;VIS}

f 51 64 72 78 29 38 81 59 69 87 74 59

Vay lat cit tdng i tiéu bao gdm canh { i vﬁ} ldp.céc do thi cay béng céach khai thac tinh chat rang
moi lat cat trén do thi cay tuong tng vdi duy nhat
v6i gid tri ham myc tiéu 1a f ({V3 Ve }) =29. mot canh. Viéc mé rong bai toan nay 1én cac 16p dod
. . , . thi phtrc tap hon d9 thi cdy nhu @6 thi hai phan, khdi,
3. KET QUA VA THAO LUAN xuong rong, chu trinh, ... hira hen s& mang lai nhimng
Bai béo nay da nghién ctru bai toan vi tri lat cit k€t qua thi vi.
tong ti tiéu trén cac do thi va da ching minh rang LOI CAM TA
bai toan ndy la NP-kho trén céc do thi tong quat. Tuy . ) .
véy, mot thuat toan trong thoi gian tuyén tinh bang bé tai nay dugc tai trg boi Truong Dai hoc Can
quy hoach dong dugc dé xut dé giai bai toan trén Tho, Ma s6: TSV2024-95.
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