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TOM TAT

Bai bdo nay nham muc dich nghién civu cdc bai todn t6i wu héa
ham tich phdn mo cia nhiéu bién s6 phu thudc véi cdc rang
buéc hé phirong trinh vi phan cdp mét. Tride hét, cic diéu
kién can t6i wu cho cdc bai todn toi wu héa ham tich phan mo
Véi cdc rang budc hé phwong trinh vi phdn dwoc thiét ldp. Sau
dé, cac diéu kién di toi wu dwoc khao sdt sir dung mét s6 gid
thiét loi.

Tir khod: Bai todn t6i wu héa ham tich phan mo, rang budc hé
phirong trinh vi phin cap mét, diéu kién t6i wu, gia thiét 16

ABSTRACT

This paper is intended to investigate fuzzy variational
problems of several dependent variables with nonholonomic
constraints. Firstly, the necessary optimality conditions for
fuzzy variational problems with nonholonomic constraints are
established. Then, sufficient optimality conditions are obtained
under some convexity assumptions.

Keywords: Fuzzy variational problems, nonholonomic

constraints, optimality conditions, convexity

1. MO PAU

(Bellman & Zadeh, 1970) chang han nhu cac yéu td
anh hudng cia mdi trudng bén ngoai gdm co nhiét

Bai toan ti uru héa ham tich phan hay t6i wu hoa
bién phan 1a mot bai toan quan trong trong cac bai
toan toi wu hoa. Nhiéu bai toan trong todn hoc, vat
1y, co hoc ¢6 thé mo ta dudi dang bai toan tdi wu hoa
bién phan nhu bai toan xac dinh do vong déy xich
(catenery), bai toan xac dinh dudng trugt c6 thoi
gian ngin nhit (brachistochrone), bai toan xac dinh
duong tric dia (geodesic) trén da tap. Céc kién thirc
co ban cta bai toan t6i wu hoa bién phan c6 thé tham
khao trong cac sach (Hestenes, 1966; Giaquinta va
Hildebrandt, 1996; Torres & Malinowska, 2012;
Clarke, 2013). Trong cic bai toan téi wu héa, cé
nhiéu yéu t6 dan dén su thiéu chinh xéac trong dir liéu
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do, ap sudt, thoi tiét, cac yéu td sai s do do dac, cac
yéu to thiéu chinh xac trong qua trinh ldy y kién
khao sat. Dé xac dinh nghiém t1 wu chinh xac hon,
céc bai toan t6i wu hoa duge mo rong thanh cac bai
toan toi wu hoa v6i ham gia tri khoang (Ahmad et
al., 2019; Tung va Tam, 2022; Rayanki etal.,2023),
hay cac bai toan t6i wu hoa véi ham gia tri mo (Wu,
2009; Tung va Tam, 2022). Bai toan t01 uu hoa bién
phan dwoc mé rong thanh bai toan tdi wu hoa bién
phan mo dugc khao sat cac diéu kién can tdi vu
trong (Farhadinia, 2011) str dung dao ham dang tap
mirc. Theo Soolaki et al. (2016), mot sb diéu kién
can tdi uu cho bai toan tdi uvu hoa bién phan mo sir
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dung dao ham Hukuhara duogc trinh bay. Trong thoi
gian gan ddy, mot cach biéu dién méi cho s6 mo sur
dung ham thudc dang khong gian duoc dé& xuat
(Piegat va Landowski, 2015; Piegat va Plucinski,
2021). Cac biéu dién nay c6 mot sé loi thé hon so
voi cac dang dao ham theo tap mic hay dao ham
Hukuhara trong mét sé truong hop, do khong phai
chia bai toan thanh nhiéu bai toan theo cdc trudng
hop biéu dién cua sé mo. Nhiéu két qua gan day da
sir dung cach biéu dién nay va thu dwoc nhiéu két
qua mdi trong phuong trinh vi phdn mo (Son et al.,
2019), bai toan t6i uu dleu khlen phan s6 mo (Dong
et al., 2020). Didu kién can téi wu cho bai toan toi
uu bién phan mo mot bién su dung ham thudc dang
khong gian da dugc khao st trong nghién ctru cua
Mustafa et al. (2021). Str dung ham thudc dang
khong gian, bai bdo cua Tung va Tam (2023) khao
sat ca dleu kién can va diéu kién du t6i wu cho bai
toan t6i uu bién phan mo nhiéu bién véi cac rang
budc gdm rang budc dang chu (isoperimetric), rang
budc vi tri (holonomic). Tuy nhién, bai toan tdi wu
bién phan mo nhiéu bién v&i rang budc hé phuong
trinh vi phan chua dwoc khao sat trong cac két qua
trude ddy. Dya trén nhitng phan tich trén, diéu kién
can va diéu kién du tdi vu cho bai toan tdi wu bién
phan mo nhiéu bién véi rang budc hé phuong trinh
vi phan dugc khao sat trong bai bao nay. Mot vi du
chi tiét ciing dugc trinh bay d& minh hoa cho két qua
cua bai bao.
2. KIEN THU'C CHUAN BI

Trong bai bao nay, ky hiéu K, 1a 16p cta tat ca
cac khoang déng va bi chan trong R. Tép tit ca cac
s& mo trén R dwoc ki hidu 1a F(R). Mot s6 mo i
duogc goi 1a sb chuan tic trong truong hop cac ham
sé 1, () = uk van, (u) = uy 1a lién tyc trén doan
[0,1], véi [u#, ] = [&]*. Tap At c& cac sb mo
chuan tac trén R ki hiéu F.(R).

Pinh nghia 2.1. (Piegat va Landowski, 2015;
Piegat va Plucinski, 2021) Cho ii: [a, b] - [0,1] &
trong Fp(R). Khi d6, ham thudc dang khong gian
cua i dugc dinh nghia nhu sau

u9:[0,1] x [0,1] - [a, b]
() = €= w9 (@) = uf + (uff — uf)a,
trong do, “gr” ki hiéu cho thong tin cbt 13i
(granule) dugc chira trong t € [a, b], u € [0,1] va

€ [0,1]. Ham thudc dang khong gian cua @ €
F¢(R) cling duge ki hiéu 1a 7 (#): = u9" (u, ay,).

Ménh dé 2.1. (Piegat va Landowski, 2015; Son
et al., 2019; Piegat va Plucinski, 2021) Ham nguoc
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H (w9 (w ) coa w9 (w,ay,) 1a sb mo @ voi
tdp muc-u la

e (u )] =

mfmmugr(ﬁ ay,), supmaxugr(,[? a,)|.
Bzu Lzu ay

[ﬁ]lr‘ =

Dinh nghia 2.2. Cho %, 7: [a, b] -
Fe(R).

() =7 néu H@ =H@) (" Wa,) =
v9" (4, @,)) voi moi @, = a, € [0,1] va u € [0,1].

[0,1] trong

(i) &=7 néu H@) =>HD) (w9 @a,) =

vI" (U, av)) véi moi a, = a,, € [0,1] vau € [0,1].

(i) @ > néu H@) > HP) (w9 @ a,) >
vI" (U, av)) véimoi a, = a,, € [0,1] vau € [0,1].

DPinh nghia 2.3. Cho ¢: [a, b] - R la ham gid tri
thue

(i) C([a, b]) 1a khong gian cua tat ca cic ham
lién tuc trén [a, b], nghia la

C([a, b]) = {¢| ¢ 12 lién tuc trén [a, b]},

(i) C*([a, b]) 1a khong gian cua tit ca cac ham
kha vi lién tuc trén [a, b], nghia 1a

C'([a,b]) = {¢|3¢": [a,b] » R va ¢’ lién tuc
trén [a, b]}.

(iii) €%([a, b]) 1a khong gian cia tat ca cac ham
kha vi lién tuc cap hai trén [a, b], nghia la

C%([a,b]) = {¢|3¢":[a, b] - R va ¢"" lién tuc
trén [a, b]}.

Dinh nghia 2.4. Cho @:[a,b] = F-(R) 1a ham
mo bao gobm n s6 mo phan biét iy, uz, wr, Up. Ham

thudc dang khong gian ctia ¢ (t) tai dlem t € [a,b]
duoc ki hiéu 2 (p(t)): = ¢p97(t, u, a,) trong do:

¢9" :=[a,b] X [0,1] X ...x [0,1]" - [c¢,d] € R
a,)-

Pinh nghia 2.5. Cho ¢:[a, b] - F.(R) 1a mot
ham mo.

(i) (Mazandarani et al., 2017) Him mo ¢ dugc
goi la kha vi granular (gr-kha vi) tai t, € (a, b) néu

va a¢ = ((Xul, vy

ton tai s6 mor gr¢(t°) € F-(R) sao cho gi6i han sau
ton tai:
m to+h) Ogr P (to) _ dgrd(to)
h—0 h B dt
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trong d6 gioi han duoc lay trong khong gian
métric (F¢(R),Dgr) va Glto +h) O G(ty) Ia
mot s6 mo c¢6 ham thudc dang khong gian

7 (Bto + 1) Ogr P(t0))
= 3 (Bt + 1)) — 3 ($(to)).
Khi do, gia tri % duoc goi 1a dao ham

granular (hay gr-dao ham) ctia ham c6 gia tri mo ¢
tai ty. Chiing ta noi rang ¢ 1a gr-kha vi trén [a, b]
dgr@d(t) .. . 4.2

% ton tai voi moi diém t € [a, b].

gr(b
o la.b] -

Fc(R) duge goi 1a gr-dao ham cia ¢ trén [a, b].
(i) (Mazandarani et al., 2017; Son et al., 2019)
Gia st ¢ gr-kha vi trén (a,b). Ham s6 ¢ duoc goi
1a kha vi granular cap hai tai t, € [a, b], néu ton tai
gr¢(to)

a2

néu dao ham

Khi d6, ham c6 gia tri mo ¢ =

mot s6 mo € F¢(R), sao cho gi6i han sau

ton tai:

dgr(ﬁ(to + h) @ dgr(ﬁ(to)
lim —dt g dt
h—0 h

dér(ﬁ(to)
dt?
trong do, giéi han dugc lay trong khong gian
$ =
d5rd o -
17 :[a,b] - F¢(R) khi d6 duogc goi 1a gr-dao
ham cép hai cua ¢ trén [a, b).
Ménh dé 2.2. (Mazandarani et al., 2017; Son et
al., 2019) Cho ¢ : [a,b] = F.(R) la mét ham mo.
(i) Ham m(‘f(ﬁ: : [a, b] - Fe (R) kha vi granular
tai ty € [a, b] néu va chi néu ham thuéc dang khong
gian cia né I ((f)(t)) = ¢I7(t, 1, a¢) kha vi iing

dgr&(t)) _ AHP(t)
dt - o

métric (F(R), dg). ham c6 gia tri mo

Véi t tai diém do. Hon nita, .‘i{(

(i) Ham mo ¢ : [a,b] - Fc(R) kha vi
granular cdp hai tai ty € [a, b] néu va chi néu ham
thuéc dang khong gian cua né H (q,’)(t)) =
I (t, 1, ap) kha vi cdp hai img véi ¢t tai diém do.

- aZ- )\ _ 92HP(t)
Homn nita, 7—(( p” ) =

Pinh nghia 2.6. Cho ¢ :
ham c6 gia tri mo.

[a,b] = Fc(R) 1a

(i) C([a, b]) 1a khong gian ciia tit ca cic ham mo
lién tuc trén [a, b], nghia 14,

C([a,b]) = {¢ | ¢ lién tuc trén [a, b]}
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(ii) C*([a, b]) 1a khong gian cta tit ca cac ham
md gr-kha vi lién tuc trén [a, b], nghia 1a,
C'([a,b]) = {$|3¢: [a,b]
- F¢(R) va ¢ lién tuc trén [a, b]}
(iii) C2([a, b)) l1a khong gian cua tat ca cac ham
md gr-kha vi lién tuc cap hai trén [a, b], nghia 13,
C2([a,b]) = (13 [a,b]
- F¢(R) va ¢ lién tuc trén [a, b]}

Nhin xét 2.1. Him mo ¢: [a b] » FC(]R) kha
vi lién tuc (cAp hai) trén [a, b] néu va chi néu ham

thuéc dang khong gian H (q,')(t)) = ¢ (t, a¢)
kha vi lién tyc (cAp hai) trén [a, b].

Pinh nghia 2.7. (Mazandarani et al., 2017; Son
etal., 2019) Cho ¢:[a, b] = F¢(R) 1a mot ham mo
c6 ham thuoc dang khong gian H ((ﬁ(t)) =
¢97(t,u, ap) khd tich trén [a,b].
T:@'(t)dt biéu thi tich phan cta ¢ trén [a, b]. Khi
d6, ham mo ¢ duogc goi 1a kha tich granular (gr-kha
tich) trén [a, b] ton tai mot sb mo M = T ; P(t)dt
sao cho

}[(chﬁ(t)dt) — M) = f::f{ (60 dt
= fbdr‘"(t, wagp)dt.

B6 dé 2.1. (Hestenes, 1966; Giaquinta va
Hildebrandt, 1996; Torres & Malinowska, 2012)

Ky hiéu

Gia st rang ¢ (t) 1a ham co gié tri thyc lién tuc
trén [a, b]. Néu xay ra

b
f SO dt =0

véi moi n(t) € C?%[a,b] sao cho 7n(a) =
n(b) = 0,thi p(t) =0 voéimoit € [a,b].

B6 dé 2.2. (Hestenes, 1966; Hestenes, 1975;
Giaquinta & Hildebrandt, 1996)

Cho hé m ham (n + m bién s6) Fi: R* x R™ —
R(i = 1,..,m) théa

1) Fi(Xq,, s X, V1) -0, Yym) (i = 1, ..., m) 1a céc

ham lién tyc cung vai cac dao ham riéng trong lan
can A cua diém (0, ...,0,0, ...,0) = (0,0);

(i) F00)=0@(=1,..,
Jacobi

m) va dinh thirc
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(FDy,(0,0) (FD3,,(0,0)
+ 0.
(En)y,(0,0) (Fn)y,, (0,0)
Khi dé, ton tai lin cin  S5(0) =

{x € R"|||lx|| < 6} cua Ova lin cdn S.(0) =
{y € R™|||lyll < €} cuia 0 sao cho

(a) Voi moix € Ss(0) ton tai duy nhdt y €

S.(0), ki hiéu y; = fi(x) = fi(xq,, 0, x) (A =
1,...,m) sao cho
( X1,y eees Xy J1(X1y s e X))y e
F ( ! " ) =0
4 ! fm(xln ""xn)
X1ss e Xy J1 X1y s oy X)) wens
F ( 1 w1 n ): 0.
L " fm (1, s x)
(b) Hon nita, cac ham y; = f;(x1,, ..., x)(j =

1,..,m) cing c¢6 cic dgo ham riéng lién tuc

i _
an(]_l

, ., M) xdc dinh boi

[63’1 63’1]
6x1 axm
Bym aym
6x1 axm
’ ’ -1
(Fy, (0,0) (F1)y,, (0,0)
(F)y,(0,0) (F)y,, (0,0)
[axl axm}
laF J0F, J
dx; 0x,

3. PIEU KIEN TOI UU

Trong bai bao ndy, xét bai toan tdi wu hoa bién
phan mo cua nhiéu bién s6 phu thudc vai cac
rang budc h¢ phuong trinh vi phan cap mot co6
dang nhu sau:

(NVP): 1 () = (5, .., T)
= TP PG o B T (D), ) B (D), D)
VOl
G(F®, -, %, (), % (D),

G (B (O), ..., B (£), %1 (1), ..
=0(m<n),

L% (0),t) =0,
 Xp (0), )

% (a) = X100 v Xp(a) = Xnar X1 (b) =
Xy ps s (D) = X ps
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trong  d6, &;,..,%, € (*([a,b]), ham
f.G; Fe(R)?" X R - Fe(R)(j = 1,..,m) 1a céc
ham thudc 16p C2 va J: (C2([a, b]))"™ = Fc(R). Bé
thuén tién, ta ki hiéu

FIZE1(O) = F(#1(0), e, %y (0, %1(0), ..., X (0), 1),
162410 L
= G (%), o, 2n (0, X1 (D), o, Hn (D), 1), ]
=1,..,m

f(t) = (Y{(t); ...,fﬁ(t)), X = (fl,a: ---fgn,a)'ib

= (fl,b' ey fn,b)'

Tép céac diém chép nhan dugc cia (NVP) 1a
Q= {x € (C([a,b))" |g;[% X](t) = 0,
j=1,..,mZXx(a) =X, %(b)
= Xp}.
Ham %* € (C*([a,b]))" 12 nghiém tdi uu dia

phuong ciia (NVP) néu ton tai 1an can U ctia ¥* sao
cho

J&E) <J®),vEeUn Q.

Néu U = (C*([a,b]))™, thi % 1a nghiém t6i wu
toan cuc cua (GNVP).

Bai toan t6i wu hoa bién phan dang granular
tuong ing voi (NVP), ki hiéu (GNVP), c6 dang
nhu sau:

[

(GNVP): min J9" (x97) =

FIr e (b ax, ), s x (61 ax,), %77 (6 1 ax,)

s X9 (1, @y, t)dE

vOoi

r xiqr(t, u, axl), gr(t U, axn) x (t U, axl)
’ 'xg (ttul a)'cn); t) =0

CT () e xd (G ay), X (6 0 ay,)

s X7 (t 1 a,-cn), t)=0 (m<n),
s T
xig (a, H, axi) = xfa (,u, axi,a)'

gr _ ,ar
X; (b,,u, axi) =X (,u, axu;)'

Vay, = ay,, = ay, (=1..,n).

Dé thuén tién, ta ki hiéu
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for[x9m, x971(¢t, u, ar)
= £ S (b, iy, ), -
(6w ag,),t)
g7 o, %] (t, )
=97 (" (b ay,), -,
,xgr(t’ U, fon),t),
j=1,...m
x9" = (xf7, .., x7") e R"véi

xig = xfgr(t, 'Ll, (in) (l = 1, ...,Tl),

x3" = (xf e xmg) x) = (s -
3 (2(1) = (3 (F®), ....%(a?;(t)))
— xgr,g_[—l(xgr)
= (#H (T, o 1 ()
= %(t).

Véi  cac ham  @:R*™3 5 R dang
QX1 ey Xy Xy, vy Xy b, W, @) (nhur cdc ham f, g;)
ky hiéu 9;¢ = @y, (i =1,..,n) va 9;0 = 5, (i =
n+1,..,2n).

Tap céac diém chép nhan dugc cia (GNVP) 1a

Q8" = {x97

€ (C*([a,b)" 1g]" [xo", %%"] (., g, ) = 0,
=1,..mx9(a) =xJ",x97(b) = x;"}.

Ham x*9" € (C?([a, b])"™ 14 nghiém t5i wu dia
phuong ciia (GNVP) néu ton tai lan cén U9" cua
x*9" sao cho

J(x*97) < J(x97),¥x9" € U9" N QF",

Néu U9 = (C2([a,b]))" , thi x™97(¢) la
nghiém ti wu toan cuc cia (GNVP).

Ménh dé sau duoc ch&qg minh tuong tu nhu cac
dang khac cta bai toan bién phan mo trong (Tung
va Tam, 2023).

Ménh dé 3.1 Gid sir H:0 c F.(R)"* - 29" c
R™ dwoc xdac dinh boi }[(J?(t)) = x9" la song anh
thi

() ¢ (0)

(ii) Néu X* la nghiém t6i wu cua bai todn (NVP)

thi H(x*) = x*9" ciing la nghiém cuec tiéu ciia bai
toan (GNVP),

= QF vaH-1(QF) = 0

xrgr(t' u, axn)’ xigr(t' u, axl)

x,‘?r(t, M, axn)l xigr(t! H, a?ﬁ)
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(iii) Néu x*9" la nghiém t6i wu cua bai todn
(GNVP) thi x* = H ~1(x*97) ciing la nghiém toi uu
cua bai toan (NVP).

Ménh @& 3.2. Chox™" = (x;%7,..,x,9") €
(C?[a, bD)™ la nghiém t6i wu ciia (GNVP). Néu

gy, ... 99)
0T 57

an+191 (x™97) aan (x*gr)

an+19m (x*gr) aan (x*gr)

) co hang bdng m, nghfa la co mot dinh thiee con
cap m khdc khong, chang han

D
a2n—m+1giqr(X*“qr) a2ng HEED!
= det .
aZn—m+1gr€zr(X*gr) aan (x*gr)
0
thi ton tai cac ham lien twe A9 =
Agr(t oy YG=1,...,m) sao cho x"9" =
(x*gr, *gr) thoa cac phuong trinh Euler-
Lagrange sau
O LT[ x™97, X*9T](t, w, ayor)
= g Qi LT[ 279, 29Tt aor) = 0, (0
=1,..,n)

trong d6 L: R?™*3 — R x4c dinh boi

Lgr[ X9, )-C*gr] (t' uw O.’Lgr)
— fgr[xgr xgr](t’ W af)
+ Ayr gr[xgr’xgr](t’ W a.gh)
+.
2868 x5 (e ag,)-

Chirng minh. Xét mot bién phan cua x*9" =

(%777, ..., x;9") dang x*9" + €h € Q9" hay
*gr *gr *xgr < kgT
(19 e, 2 279 27T ' ‘
+e(hyy oo by oy o )

véi |e] < 6,6 >0 nhd va ham tuy ¢y h =
(hy, .., hy) € C?([a,b])™ théa h;(a) = hy(b) =
0i=1,..,n).

(i) Do x*9" 1a nghiém t6i wu cia (GNVP), nén
x*9" € 08, do d6

gj[x9, %9 |(t,p, ) = 0( = 1, ..., m).
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Su dung ki hieu k= (hy,...,
hl(t),h = (}'.ll, ...,]:ln) voi ]:li = hl(t)

hn) voi hi =
va  ham

Gi(,.):R*" > R(j = 1,...,m) v6i
G(hy, oo by By s oy By, o By .
—c (hl ®), h,(t), hl(g), )
hon (8), g1 (), .., R ()

Xét hé¢ gobm m ham véi 2n = m + (2n —m)
bién b hy, ., by, hl, ...,h v6li cac  ham
Gi(,. )R > R(j =1, ...,m) xac dinh boi

Gl(hli" hnlhli"'

hy)
_ . kgr
X, + Ehn, %7

gT
nm

hn —-m n m+1s =y

= gig (x;gr + Ehl, .-
+ €hy, ...
*g’r

+ €y, X n-m+1

. *gT
+ €hpmets s X

+ efln, t,u, ag].)

Gm(hyy wor By By s B By s )

— 97 (g7 = L *gr
= Om ( +€hy, ..., Xy + €hy, Xy
*gr
+é€hy, .., 0.0
+ €y, X

*gr
n-m+1
+ €y i oo

. xgT
I‘xn

+ efzn, t,u, agj).

Céc ham G; lién tuc cung cac dao ham riéng

trong 1an can A cua (0, ...,0,0, ...,0),
G;(0, ...,0,0,...,0) =
9¥ x50 (6 ag,) = 0G = 1,..,m) va
9(Gy, ..., Gp)
G = M (0, ...,0,0, ...,0)
J (X1, ey Xy Xy weey X))
91G1(0,0) 02,G1(0,0)
091G (0,0) 0,,G1(0,0)
197" (x797) Ongy (x*97)
£
0,95 (x*97) angm (x*gr)

an+191 (x*97) aan (x*gr)

O2nGim (9

¢6 mot dinh thirc con cﬁp m khac khong

(e+0)
an+1gm (x™97)
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D =
[02n-ms190 ("9 Bpngf” (6]
e.det
a2n m+lg [ (x97) 62n9 (x*gr)_
027 me197" (x"7) amg”(x*gr)'
e.det
a2n m+lg [ (x97) 62n9 (x*gr)_
# 0.

Ap dung Dinh ly ham 4 4n trong Bo dé 2.2, ta suy
ra su ton tai 1an can U cua (0, .. ..,0) va cac
ham  Ap_pmeq, e B U = R vc’ri |
hnms1 (R, ooy By Ry, ooy B,

hy = hy(hy oy gy By, ooy By ) thoa
hi(0,...,0,0,..,00 =0( =n—m+1,...,n) sao
cho,vj=1,..,m,
Gj(hy, ..., I P
Pn—ms1(hay oo By Bty vy o),
.y hn(hlv ey th’ hl' ey hn_m) = 0,
V(hy, s by By, oo ) € UL

Diéu nay dan d&én sy ton tai & > 0 di nho sao
cho

Hi(e) = g¥" (x*gr + €hy, ... xn + €hy, 4,97

+ ehl, ., X9

n m
*gr
+6hn m Xn—m+1

. *g’r
+ €hpmats s X

+ efzn, t, U, agj) =0
vOi moi €| < 8. Nén,
H(0) < H(e), Vel <.

Do d6, theo diéu kién can cuc tri ham 1 bién
H:R-> R, taco

dH;
J = gr gr
Eezo—algj .h1+ +angj 'th
+ an+1.g}'gr- hy 4+ aan}'qr- hy,
=0 @3.1)
voi g]gr = g],gT [x*gr’x*gr] (t, u, agj) ) (] =
1,..,m).

(i) Do x*97 1a nghiém t0i uu cua (GNVP), nén
phiém ham tich phan
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b
I(e) = f I (x;9" + €hy, ..., X + €hy, %97
a

*gr
+€h1,... nem

*gr
+6hn m Xn—m+1

. xgT
+ €1, I

+ ehn, t,u, af)dt
théa I(e) —1(0) = 0,Ve = 0. Do do, theo diéu
kién t0i wu cho ham mot bién
dl

de

biéu nay dan dén

=1'(0) = 0.

€=0

fb[alffﬂ.h1 Foe ot Opf I Ry + Oy fIT g +
’ + 0,0 f 97 hy]dt
=0 (3.2)
(iii) Nhan hai vé (3.1) voi 277 = 27" (t, W a,lj)

r0i 1y tich phan 2 vé trén [a, b] va sau d6 cong véi
(3.2),tacod

L0, fm + 20,987 + - +
2900195 ). hy + 4 (B f9 + A9 0,97 + - +
A97.0,9% hy
+(0,f97 + 297 0,977 + -+ A% . 0,92, ) hy +
+(alf‘qr /197" 61g +"'
+ A9 .0,97 )hn}dt =0
Pat L9 = LIT[ x*97, x*97)(t, u, ager) =

fIr+ A0 gy + -+ A0 g L taco

b
f (01197 hy + -+ 8,L9 hyy + 8,41 L9"hy +
a
+ 8,,L97hy,)dt = 0.

Str dung cong thirc timg phan

d
{u = 04, L9" . du = —0inl®

dv = hydt = f hydt = h;

va gia thiét h;(a) = h;(b) = 0(i =1, ...,
cod

n), ta
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b
d
f {01 L = Oa LIT). hy o+ - (O LT
a

d
dt aZn m) hn m

+ (an—m+1L'g

- E a211—m+1)- hn—m+1

d
4ot (8,197 — EaZnLgr)' hy}dt = 0.(3.4)

Cht ¥ rang do hy_m41, -, hy khong chon tiy y
nén hy_pmiq, -, Ry cling khong tay y. Voij =n —
m + 1, ...,n, xét cac hé thirc sau:

aLgr_iajMLgT:a.(fgr AT g 4
A 98) ~ L (PO + A% 8" + 4 287 08)
=0; fgr +/1“"a,g1 4+t Agrajgm -
d
dat j+nf g — _(Agr ]+ng1 ) -t
(Agr J+ngm )
= ajf‘gr + Agrajgl + -+ Agrajg;%r
T ]+nf (Agr 1+n91
d
# 4 Gy yenst) -
(Agr ]+ngm

d
A;an E ]+ngm )

=—(8;97". 27" + -+ 0;957. 1))

d
+ (090" - = 0yngf") 28"

+ e

or_ 4 gr\ ,or
+ (0,98 - = 0y1ng?") 2%
FOFT = 0T

Do do, hé phuong trinh vi
On-m+1L9" — %aZn—m+1Lgr =0
phﬁn d tuong
0,L9" — EGZnLgT =
duong

gr A‘gr gr Agr

aZn m+1g +t aZn m+19m

- an—m+1g1

d
- & a2n—m+1g1‘gr) -Afr
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d d
o (an_m+1g1€lr _ Eazn_m_'-lg;?lr) . Agﬂr On-m+1f9" — gazn_m+1fgr
C(t) — A
= an—m+1fgr - Eazn_m+1fgr anfgr - %aznfgr
.................................................... ta co hé phu0’ng trinh vi phﬁn dang ma tI‘E_AlII
gr 39T 4 .. gr A9 '
3ongl" A" + 4 By - Aoh AA®) - BOA() = € ().

d
— (090" — 2 0ang") A" ‘ _
( ndi T 0 )4 Do hang ctia A(t) 1a m, nén ton tai (A(t)) ' va
d hé phuong trinh vi phan dang ma tran twong duong

-t (angglr - dt aangzr) 'Afnr voi

d . - -
= 0uf " — — 0o A©® = (4®) " BOA® = (41) €.

Chon diéu kién bién A(a) = A, nio dé, thi theo
) Pinh 1y Picard-Linderl6f, h¢ phuong trinh vi phan
aZn—m+1gigr o Oznomer1Gm /lfr trén lubén c6 nghiém A(t) (Jacob & Evans, 2018).
Do d6, [uén ton tai cac ham A7 ..., 29" sao cho

hay dang ma tran

aaniqr aanrg;Lr Argnr
[ gr gr Op-m41 L9 — aam—mﬂld‘gr =0
~ I an—m+1g1 - EGZn—m+1g1 G s (3.5)

d
d 0,L9" — —03,,L9" = 0.
anglgr _aOanigr k dt
Truong hop dic biét véi n =2 va m = 1, thi

d —_ — _ — \ ar 3
B mirg?" — aazn—mﬂgﬂl 97 2Zn-m+1=4n-m+1=2vad,g; # 0thi

g d
d gr angr - _64L‘gr = 0
0ngm ~ 0ty | Um at i
= A
a3 gr_ia gr 9,97 — L 3,997
n-m1f dt an-m+1f %291 T %9 g
= i 915" A5
4
00T — 00 w_ 8o
nf 9" = g Oon L 0f9 — r0uf
it 0.97"
( ) -aZn—m+1gigr aZn—m+1gr€1r Do dé’ luon ton tai
A(t) = gr
’ A5 () =
aanigr aanhgqr 2 ( ) d
_ gr __ gr
On-ms197 — =0 g .. 0,99~ L0,99" i
n-m+1Y1 dt 2n-m+1Y1 291 —gg%491 dt 9 gr
B(t) = I 64ggr 4-g1
0ngy" — = 03n97" i 1 ) oa0l gust”
ndi ~ g O R S
+C
On-m+19m — = Oan-m+19m ;
nomt1m dt 2n-m+19m vé6i C tim tir diéu kién 29" (a, u) = 4, sao cho

d 9,L9" — 29,197 = 0.
ang'glr - EOanfrZ J 2 ac
Khi do, tir (3.4) va (3.5) ta co

’ pri 29"
A =| .. |,A@®) =] .. |,
A A

27
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b
d
f (011"~ 2 0psa L97). By +
a

d
——0n-mL9"). hy_n}dt =0

+ (an—ngr dt
_ Két hop v6i hy, ..., hy_p, tlly ¥, ta suy ra tir B
dé2.1,
gr d gr i
0;L9" — EaHnL =0.(i=1,..,n—m)(3.6)

Két hop (3.4) va (3.6), ta co diéu phai chimng
minh.

Pinh nghia 3.1 (xem (Torres va Malinowska,
2012; Clarke, 2013; Tung va Tam, 2023))

Ham gia tri thuc ¢:R" X R™ X [a,b] X
[0,1]? > R duoc goi 1 16i doi véi 2n-bién dau
trong tap S © R?™+3 néy

dlu+p,v+pl(t,way) — ¢lu,vi(t, 1 ay)

2 ) @l vl(t 1 @)
k=1

+ 0en®lw, v1(t, 1, ag)qi)

vol moi (ul, vy U, Vg, 0, U 6 1, a¢), (u1 +
Py Uy T 00 V1 D01, 0, Un 00 6, a¢) trong
tap S va 0, (k = 1, ..., 2n) 1a cac dao ham riéng cua
ham @(., ...,., t, u, ap) ddi v6i bién thir k.

Ménh dé 3.3. Gid sir ton tai ham lién tuc
A}qr = A}’fr (t, U, aaj) sao cho x™9" théa cac phuwong
trinh Euler-Lagrange sau

;LI x*97, x* 97| (t, u, apar)

= g Qun LT[ X7, 27T ( @) = 0, (U

=1,..,n)

trong dé L: R¥™*3 — R xdc dinh boi

LIT[ x™97, x*97](t, w, agor)
— fgr[xgr xgr](t’ W af)
+ A7 g7 [x97, %97](t, 1, ay,)
+ .
28 g T 5 (1, gy, ).
Goi Kt=(=1..mx" (tra,) =2

0,vt € [a,b], u, a3, € [0,1]} K-={=

1, ...,m|/11‘9r (t, U a,lj) <0,vt € [a,b], u a, €
[0,1]}. Néu f9" la ham I6i theo 2n-bién dau va
97" € K*),—g7"(j € K™) ham i theo 2n-bién

va
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dau thi x*9" la nghiém t6i wu cia (GNVP) va
H1(x97") = %(t) la nghiém ciia (NVP).

Chung minh.

Xét x™9" +h9" €

Q9" 1a mdt bién phan

cua x*9" voi h;gr(a, u, ahi) =0=
h{"(a,p, ay,) (i = 1,...,n) thi ta suy ra tir tinh 16i
tuong Gmg voi 2n-bién dau cua £97 d6 1a

JOT (X7 + h9T) = JOT(x°9T) =
[ (For s + hor, 297 + o) (£, ) —

fgr [x*gr, x*gr] (t, 1, af)) dt
b n
IS it
a k=1.
+ Opanf 7. R{") dt (dung timg phan)
b n d
> [ 3 @ = OB e (37)
a k=1 dt
Miit khéc, v6i j € K+
0= g{ [x"9" + h97, %97 + h9"] (t, 1, agj)

— g}gr[x*gr’x*gr] (f, U, agj)
n
3
k=1

ar hgr
Nhan hai vé voi A7 = 29" (t, ) 2 0 €
K*),taco

gr hgT

%k + Ok+nd;

0> Z: A g R+ A O gt R
Véij € K-,
0 = (g0 + om0 + 5] ()
— (g, 557 1,y )
>Z O (=g7")- " + Oyeun(—g?")- BT

= —Z (akggr hgr

+ 6k+ng“” he").

Nhan hai vé voi 277 = 29" (t, w a;Lj) <0 e
K7), tacd

0> z (40" h + 2 O] R,

Nhu vay, trong ca hai truong hgp
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0> Z (Agrak 97"+ A0 g ? R

Z (@"-0ugf" -kl
+ (Ayr ak+ng AT,

dan dén

0> f > (g kT

+ (/1]”. Opesng)")-hy")dt.

Str dung cong thirc timg phan ta c6

0
b n
ar gr
ZL Zk=1</1j 0k Y;
d
-G 6k+ngfr)) hoT dt. (3.8)

Cong (3.7) va cac bat dang thuc trong (3.8) véi
j=1,..,m,tacod

JGroT + R — J(x°9T)
= | b D (0057~ S @uar o)

b n
o N
a k=1

d
— O 00ng?) ) i dt

-l— con
b " gr gr
+ f Z </1m .0k 9m
a k=1
d
A ) R
b n
T T
f Zk—l (akfgr +24]". 097"+
L
d T
; — - Qe ")
O Byngi) —

d T T T
— O Ongi) ) e

+ 250,957

b n d
> j Z (akLgr - —(6k+nLgr)).hfrdt =0.
a k=1 dt
Vi du 3.1. Giai bai toan t6i uu bién phan md
PR =1,/ 2
(VP): i J(7) = [, (%) dt
Y{(O) = (0’0'0)' YE(O) = (OlOFO)F

voi
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% (D) = (34,6),%;(0) = (0,1,2)

véi (0,0,0), (3,4,6),(0,1,1) 1a cac sb mo tam
giac.

Giai. bat @i, = (3,4,6),1, =
granular tuong Gng vai (NVP) la

(J'Cfr(t, W axz))z dt

voi g1 = x1 (t u, axl) - 2x (t WU, axz) =
0, Vag = ag

X (0 a,) =

(0,1,2). Bai toan

1
(GNVP): min J9" (x97) = f
0

(0, a,) =
=a,

I (1,1, axl) =3+ pu+ B -3way, Va,,

0,Va,, =ay,

= aul,

xiqr(l,u, ay,) =pu+ Q2 -2Way,, Va,, = ay,.
Ham f«"r X, X (t woag) =

(x ) g "[x, J'c](t,y, “g1) x1 — 2x Do

991 _
a(xy ")
det[d5g,] = |1] = 1 # 0 nén theo Ménh dé 3.2 ton
tai ham 7" = 27" (¢, 1, a;, ) sao cho ham

=[1 0] c6hangbang 1 véi dinh thirc con

L9 [x, x](t, p, @) = ()'cfr)z + 297 ()" — 2xJ")
thoa cac phuong trinh Euler-Lagrange
0,L97 — 4 (0;L97) =0
dt
a,L9" — % (0,L9) =0
0——) =0

dt
—21 — a(zngr) =0

o 0-A4=0
—22 =2xJ" =0.
Do d6, ¥J" = =297, dan dén ¥9" = 19" = 0.
Lay tich phan bat dinh 3 lan, ta c6

54

x3" =i t? + ¢t + cs.

Thay vao diéu kién, ta c6 xJ7(t) = —c t? —
c,t — 3, vado do,

t2
Cz?_

t3
xJ" = —C1g - cst + ¢y

* Su dung cac dicu ki¢n bién voi a,, = a,, =

Ay, = Ay, =Q, tacod
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x(0)=0
x,(0)=0 N
x(1)=3+u+B-3wa
(1) =p+2-2wWa
C4=0
C3=0
—%cl—%cz—c3+c4=3+u+(3—3,u)a
k G+ te=pu+Q2-2Wa

(-

[UnN

1
§c1—562=3+,u+(3—3u)a

= Gte=u+2-2wa
C3=0
C4=0.
¢, =9u+ 18+ (24 — 24u)a
¢, =—18—-8u+ (22u — 22)a
=
C3=0
C4=O.

Viy, diém dung 1a
T =(-6+@u-2a,)t?
+(9+p+ (5 - 5p)ay, )2,
"= (=94 Bu—3)ay,)t?
+(9+u+G-5way,)t
twong tmg véi A7 (tua;,) = —%) =18+
(6 —6way,.
* Piéu kién du
fIlu+p,v+ql(twar) — £ wv1(t, 1 ar)
= (v, + q2)% — Vi = 2v,q; + 45 2 20,0,
=0.p1 +0.py + 0.9 + 2v,.q,

=01f9".p1 + 0219 .02 + 039" . q4
+ 049" q,

nén £97 16i theo 4-bién dau.
Do u,ay, €[0,1] nén A97(t) =18+ (6 —
6uwa,, =0,vt €[0,1]nénl €K™
T u+pv+ql(tmar) — g [uvl(tp ar)

= —2(u; + p2) + v +q1 — (—2u; +vy)
=-=2p;+tq

= 0.p1 + (_2).p2 + 1.q1 + O.qz
=0,99".p1 + 0,990, + 03997.q1 + 0,997 q;
nén g, (1 € K*) 16i theo 4-bién dau.

Theo Ménh dé 3.3, x9" = (xJ",x7") 1 nghiém
t6i wu cia (GNVP) va
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%= (%(t),%0®)=H"1(x9) véi cic

u —tap muc xac dinh boi

%, (t) = [-6t3 + (9 + wt?, 2u—8)t3
+ (14 — 4w)t?],

%, (t) = [-9t% + (9 + wt, Bu — 12)t?
+ (14 — 4p)t]

1a nghiém t6i wu ciia (NVP).

0.6 08 1
¢

04

Do thi ham %, (t)

=)

04 06 08 1
t

Do thi ham %, (t)

4. KET LUAN

Trong bai bo nay, cac diéu kién t6i wu cho bai
toan t6i wu hoa ham bién phan mo véi rang budc hé
phuong trinh vi phén da dugc khao sat. Mot vi du
chi tiét minh hoa cho céc két qua trong bai bao cling
da duogc trinh bay. Khao sat cac dleu kién ti wu cip
cao va khao sat cac bai toan d6i ngiu cua bai toan
t6i ru hoa ham bién phan mo 13 céc chu dé van chua
dugce nghién clu va co thé phat trién trong céc
nghién ciu tiép theo.
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