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bét phuong trinh phi tuyén tong quat véi ham dang

1. GIOI THIEU xét 1a khong tron va khong 16i. Thong tin nay rét hiru

Ly thuyét vé can sai s6 duwoc d¢ xuit boi ich trong viéc giai toan, vi vi€c danh gia cac can trén
Hoffman (1952) dé nghién ciru sy ton tai nghiém thi hoan toan c6 thé, trong khi viéc tim chinh xéc tap
clia hé bt phuong trinh tuyén tinh. Hoffman da nghiém 14 rat phtrc tap. Ly thuyét nay dugc van dung
chimg minh sy ton tai ciia c4n sai s6 toan cuc cho trong bai toan phan tich d6 nhay (Jourani, 2000), bai
cac ham affine trén khong gian hitu han chiéu. Céac toan danh gia toc do hoi tu cua cac thudt toan (Dao
két qua ctia Hoffman sau d6 dugc mé rong cho ham & Phan, 2019) va cac van dé co lién quan.

16i (Li, 1997), ham da thtc (Luo & Luo, 1994), ham
lién tuc Lipschitz (Ioffe, 1979) va ham nura lién tuc
dudi (Az¢é et al., 2002). Can sai s6 c6 mbi lién hé
chit ch@ véi cac tinh chét quan trong khac cia giai
tich bién phan: tinh chinh quy métric (Cuong &
Kruger, 2021), bat dang thirc Kurdyka-Lojasiewicz
(Bolte et al., 2017), va diém cuc tiéu yéu chat (Burke
& Deng, 2009).

Viéc nghién ciru can sai s6 tuyén tinh ¢ chira
tham sé dugc dé xudt boi Jourani (2000). Jourani da
thiét 1ap cac diéu kién du trén khong gian dbi ngau
béang cach van dung nguyén 1y bién phan Ekeland va
quy tic tong chinh x4c cho cac dudi vi phan trong
khong gian Banach. Gan day, Cuong et al. (2022) da
phat trién cic két qua ctia Jourani cho trudong hop
phi tuyén Holder théng qua viée thiét 1ap diéu kién

Cén sai s0 cung cap thong tin v€ can trén cua da dudi dang d6 doc va dudi vi phan Fréchet riéng
khoang cach tir mot di€m dén tap nghi€ém cta mot phan. Trong bai bao nay, cac két qua trén dugc mé
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rong cho truong hop phi tuyén tong quét trong
khong gian métric va Asplund. Bén canh diéu kién
du, cac diéu kién can cho can sai sb phi tuyén chira
tham s ciing duoc thiét 1ap.

2. KIEN THU'C CHUAN BI

Trong bai bao nay, X 1a m¢t khong gian métric
hodc dinh chuan, va Y 1a mét tap khac rong. Khong
gian dbi ngau ciia X dugc ki hidu 1a X*. Ta ki hiéu
Bs(x) cho hinh cdu md tdm x véi ban kinh § > 0.
Hinh cau don vi trong khong gian nén va khong gian
dbi ngau duogc ky hiéu 1an luot 1a B va B*. Tap hop
céc s6 thue, s thuc khong am va s6 thuc suy rong
dugc ki hiéu 1an luot 13 R, R, = [0, +), R, =
R U {+}. Véi @ € R, taki hiéu a, := max{0, a}.

Anh xa da tri F: X =3 Y giita hai tap hop X, Y 1a
mot anh xa ma trong d6 véi mdi x € X, ta xac dinh
F(x) 1a mot tap con cua Y. Mién hiru hiéu va do thi
cia F duoc ki hi¢u la domF := {x € X | F(x) # 0}
va gphF :={(x,y) EX xY |y € F(x)}. Anh xa
ngugc cia F duge xdc dinh boi F~1l(y) :=
{xeEX|y€eF(x)} véi moi y€Y. D& thiy
domF~! = F(X).

Cho tap hop Q c X, khoang cach tir x dén Q
duoc dinh nghia 1a d(x, Q) := inf,cqd(u, x), va ta
quy ude d(x, @) := +o00. Cho ham thyc suy rong f :
X - Ry, khi d6 mién hitu hiéu cua f duogc ki hiéu
ladomf:={xeX|f(x) <+w}.

Tinh cht phi tuyén cta cén sai s6 dugc xac dinh
b6i ham s ¢ : R, = R, théa ¢(0) = 0, va kha vi
lién tuc v6i @’ (t) > 0 véi moi t > 0. Ho tat ca cac
ham s nhu vay duoc ki hiéu 1a C.

B6 dé 2.1 (Ekeland, 1974)

Cho X la khong gian métric dud, f: X - R, 1a
hémpi’ra lién tuc dudi trén X, X € X,e>0,val>
0. Néu f(x) < infyf + ¢, thi ton tai X € X thoa:

(1) d(x,x) <4

(i) f(®) = fk);
(iii) f(uw) + (¢/A)d(w, ) = f(x), Vu € X.

Pinh nghia 2.1 (Kruger, 2003)

Cho X 1a khong gian dinh chuén, f : X - Re,,
va x € domf. Dudi vi phén Fréchet cia f tai x,
duoc ki hiéu 1a 0 f (x), 1a tap hop tat ca cac phan tir
x* € X* thoa
W —fO) —u—x)

hu—xl -
B6 dé 2.2 (Kruger, 2003)

lim inff

u-x

0.
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Cho X la khong gian dinh chuén,“ f:X->Rey,
x € domf. Néu x 1a mét di€m cuec ti€u dia phuong
cua f thi 0 € 9F f(x).

B6 dé 2.3 (Fabian, 1989)

Cho X la khong gian Asplund, f;, f5 : X = R,
va x € domf; Ndomf,. Gia su f; lién tuc
Lipschitz, va f, ntra lién tuc dudi trén mot 1an can
cua x. Khi d6 véi moi x” € F(fi+ f)(x) vae >
0, ton tai xq,x, € X thoa ||x; — x|| <&, |f;(x;) —
fi)| <e(i=12),va

x* € F f(x)) + 07 f,(x) + €B*.

B6 dé 2.4 (Cuong et al., 2022)

Cho (X, II-I) 14 khong gian dinh chuén.

()" I (0) = {x" € X* | lx"ll < 1}.

() oF I (x) = {x* € X* | {(x*,x) =l x Il,

[lx*ll = 1} néux # 0.
Pinh nghia 2.2 (Cuong et al., 2022)

Cho X 1a khong gian métric, Y 1a tap khac rong,
f’: XXY >Ry, va (x,y) € domf. Bo doc va d6
doc toan cuc riéng phan cua f tai (x,y) la
[fCey) = fwyls
d(u, x) ’

IV.fl(x,y) = lim sup

U-DXUEX

va

[f(x;Y) —f+(u'}’)]+

1V f 1" y) = sup ==

U#X

Nhan xét 2.1

(i) Néu f 1a ham kha vi Fréchet trong khong
gian dinh chuén X thi 46 déc cta ham sé bang chuin
cua toan tir dao ham.

(ii) Néu x 1a diém cyc tiéu dia phuong cia f thi
d6 déc cua ftaix béng 0.

Pinh nghia 2.3 (Cuong et al., 2022)

Cho X 1a khong gian dinh chuan, Y 1a tap khac
ong, f:X XY > Ry, (x,y) € domf. Duéi vi
phan Fréchet riéng phan cua f tai (x,y), duoc ki
hiéu 12 8 f (x, ¥), 1a tap hop tit ca cic phan tir x* €
X* thoa

S @y) = fy) —(x"u—x)
m inf

li
Tu—xI

= 0.

u-x

Nhan xét 2.2

I\Zéu g() = f(y), thi [Vgl(x) = |V.fl(x,y),
[Vgl'(x) = IV, fI'(x,¥), va 0F g(x) = 05f (x, y).
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Do do, céc’d(f) dbec va dué@ vi phan Eréchet riéng
phan thoa tat ca cac tinh chat cua d§ doc va dudi vi
phéan thong thuong.

B6 dé 2.5 (Cuong & Kruger, 2022)

Cho X 1a khong gian dinh chuén, Y 1a tap khac
rong, f:XxXY >R, (x7y)€domf voéi
fx,y) > 0.

() Vf1Cey) < IVof (2, 9).

(ii) [V f1(x, y) < d(0,05f (x, ).

(i) Néu f(,y) 1a 18i, thi |V,f|Cxe,y) =
|fo|°(x, y) = d(O, 0. f (x, Y))

Bo dé 2.6

Cho X 1a khong gian dinh chuan, Y 1a tap khac
ong, f:XXY >Ry, ¢ €C, (x,y) € domf
véi f(x,y) > 0.

(@) [Vx(p e Ollx,y) =
o' (f (6 )1V f 1 (x, ).

(i) 9f (¢ © I, y) = 9" (f(x, 3)) 9% f (x, )

Chirng minh

() Néux1a giiém cuc tiéu dia phuong cua £ (-, ),
thi x ciing 1a diém cuc tiéu dia phuong cuia ham hop

(@o)Cy). Khi d6 [Vi(pe)lx,y) =
|V,.fl(x,y) = 0. Gia st x khong 1a diém cuc tiéu

dia phuong cua f(-, ). Néu f (-, y) khong nira lién
tuc dudi tai x, thi a = klir+n fOo,y) < fx,y) voi

x;, = x. Dudi gia thiét ciia ¢, ta suy ra @ 1a ting chit
xung quanh f(x,y) va do d6 l,i(minfgo(f(xk, y) <

p(@) < ¢(f(x,y)). Do d6 (pof)(,y) cing
khong ntra lién tuc dudi tai x. Khi d6

|Vx((p °f)|(x;:V) = |fo|(x,3’) =
Gia st f(-,y) 1a nira lién tuc dudi tai x, tic 1a
lim igff(u, y) = f(x,v). Khi do,
U-X,UFX

V(@ ° l(x,y)
<p(f(x y) —o(fwy))

= limsu
u—>x,u¢x d(u,x)
= limsu ‘P(f(x»J’)) - ‘P(f(u,Y))
u—»x,u#g d (u, x)
Fuy)<f(xy)
— e PUEY) —e(f@wy)
u—»x,u:#g d (u, x)
Fwf(xy)
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o(fe, ) —o(fw,y))
f(x,)’)—f(u'Y) '

= limsup
U-DXUEX

Fwy)Tf(xy)

f(x»J’) —f(U'J’)
' d(u,x)

=o' (f(x,). lim sup %

=o' (f O, M)V f1(x, ).

(i) T gia thiét ctia ¢, ta c6 (t) > o(f (x,y))
voimoi t > f(x,y), vao(t) < o(f(x,y)) véi moi
t<f(x,y). baty = limiglff(x +u,y). Néuy #

Uu—>

f(x,y) thi

St uy) = fxy)
lim inf
u=0 [l
Y= fxy)
—11m _—
w0 lull

<p(f(x +u,y) —o(f(x,y))

= limin
i [l
— lim oM -o(f(x)
u—-0 [zl ’

Néuy < f(x,y) thi ca hai gioi han trén déu bang

—ovadf (@ f)(x,y) = 0ff(x,y) = 0. Néuy >
f(x,y) thi ca hai gi6i han trén déu bang +oo va

Ok (@ofIlx,y) =0if(x,y) =X". Gia su y=
flx,y) vax* € X*. Do (p’(f(x,y)) > 0, nén

o(fx+uy) —o(f(x, 1) — o' (f G, ) {x", u)

e Tull
= liminf
u—-0
fx+uy)-f(xy)
e(fx+u,y) —o(f(x, ) — @' (f(x,3))(x", u)
[l
+ ) - ] - *r
— o/ (£(t,)) lim inf fx+uwy) — f(xy) —(x"u)
u-0 [l
Do d6, x*€0ff(x,y) khi va chi khi
o' (flx,y)x" € 5@ ). n
Nhin xét 2.3

B6 dé 2.7 va 2.8 trong Cuong et al. (2022) la
truong hop dic biét cia Bo dé 2.6 khi ¢(t) = t?
(g >0).

Dinh nghia 2.4
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Cho X 1a khong gian métric, Y 13 tap khac rong,
f:XXY >Ry, vageC. Ham s6 f duoc goi la
cb @-cén sai sb tai € néu ton tai 8§ > 0 sao cho

d(x [, < 0]) < o(fi e 1)
vGi moi x € Bs(x) va y € Y, trong do6 [fy <
0] = {x €X|f(x,y) <0}
Nhan xét 2.4

binh nghia 2.7 trong Cuong et al. (2022) la
truong hop ddc biét cua Pinh nghia 2.4 véi (t) =
™9 (1> 0,q > 0).

3. PIEU KIEN PU CHO CAN SAI SO

Ménh dé 3.1

Cho X la khong gian métric du, 7 > 0, vax €
[f, > 0]. Gia st £(-,y) 14 nira lién tuc dui tai x .
Néu |V, f1(u,y) = 7 véi moi u € X théa f(u,y) <
d(u, [fy <0]),flwy) < flx,y), va d(ux) <
d(x,[f, <0]) thi[f, <0] =@ va

wd(x,[f, < 0]) < f(x,y).

Chirng minh

Ta chimg minh bang phan chimg. Gia sir
flx,y) < Td(x, [fy < 0]) Chon 1 € (0,7) sao cho
f(x,y) < td(x, [f, < 0]). Ap dung B6 @€ 2.1 cho
ham ntra lién tuc dudi £, (-, y) véi &= #d(x, [f, <
O]) val= d(x, [fy < 0]), suy ra ton tai i € X thoa:

(1) f+(ﬁ;}’) S f+(x,}J)§

(i) d(@, x) < d(x[f, <0]);

(i) £ (4, y) < fr(u,y) + Td(8,u),Vu € X.

Tir (i) ta duoc @ € [f, < 0] hay f(2,y) > 0.
Két hop voi (i) ta co 0 < f(@,y) < f(x,y). Trong
(iii), ldy infimum hai vé cua bat dang thirc trén tap
[f, < 0], taduoc f(@1,y) < 2d(4, [f, < 0]). Do 6

f@y) <td(a,[f, <0]).va
f@y) - fwy)

<t
wen d(@u)
Tu dosuyra |Vaf|(@,y) <t <t
H¢ qua 3.1

Cho X la khong gian métric du, va t > 0. Gia su
£, v) la nira lién tuc dudi, va X € [f, < 0] véi mdi
y €Y. Néu ton tai § > 0sao cho |V, f|(x,y) =1
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véi  moi voi f(x,y) <

Td(x [fy

x € Bs(x),
0]) thi

wd(x,[f, < 0]) < fi(x, )

v6imoi x € Bs/(X) vay €Y.

yEY

Chung minh

Gia st ton tai x € By 2(%) thoa fi(x,y) <
td(x, [f, < 0]). Khi d6 theo Ménh @€ 3.1, ton tai @
sao  cho f(@,y) <td(d[f, <0]), fF@y) <
f@y), d@,x) < d(x[f, <0]). IVafl@y) <
7. Piéu nay mau thuin vi d(@,%) < d(@,x) +
d(x,x) <6. ]

Pinh 1y 3.1

Cho X 1a khong gian métric da, va ¢ € C. Gia su
f(,y) lanta lién tyc dudi, va x € [fy < 0] véi mdi
yEY. Néu ton tai 6>0 thoa
¢ (Fay)IVefICy) 21 v6i  moi

Bs(x)vay € Y thod o(f(x,y)) < d(x, [fy < O]),
thi

d(x, [fy = 0]) S (P(f+(x:Y))
voi mO] X € Bg/z(f) Vé.y ey.
Chirng minh

Ap dung B6 d& 2.6 (i) va Hé qua 3.1 véi @ o f
thay cho f vat = 1. [

Ménh dé 3.2

Cho X 1a khong gian Asplund, x € [fy > 0], va
7> 0. Gia sir f(-,y) 1a nira lién tuc dudi tai x . Néu
[x*l =7 v6i moi u€eX thoa f(u,y)<u,
flu,y) < Td(u, [fy < 0]), [lu— xIId(x, [fy < 0]),
va x* € 0f f(u,y), thi[f, <0] = @va

wd(x, [f, <0]) < fi(x, ).
Chirng minh

Gia sir f,(x,y) < td(x,[f, < 0]). Theo Ménh
dé 3.1, ton tai @1 € X thoa F(,y) < w1t — x|| <
d(x[f, <0]), f@y) <wd(a[f,<0]), va
[Vafl(@,y) <t7. Chon 1€(0,7) sao cho
f@,y) <td(@,[f, <0]) va [Vafl@y) < £. Khi
do f(,y) < f(uw,y) + |lu—1 v6i moi u gan 1.
Néi cach khac, 1 1a diém cyc tiéu dia phuong cua
ham: f(C,y) + T —u|| Theo B6 @& 2.2, duéi vi
phan Fréchet ctia ham s ndy tai @i n6 tai diém nay
chtra 0. Chon £ > 0 sao cho
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u —f(ﬁ;)’);d(x» [fy < 0]) - ”iZ —JC”,
STt
‘L'—T,l—”d(u, [fy < 0])

Ap dung B6 d& 2.3 va 2.4, ta tim duoc X,x' €
B.(),vax* € of f(,y)(R),x" € £ Il & —Il (%)
thoa |f(X,y)—f@,y)l<e va lIx*+x"ll <e.
Khi do, lIx"ll<%, |I£—x|l<d(x[f, <0])
@&, y) <u va |lx*|| < £+ e <1, didu nay mau
thudn véi gia thiét vi

fEY<f@y)+e<td(a[f,<0])+e

< (t- T)d(ﬁ, [fy < 0]) +e(1+1)
+1d(2[f, < 0])

<td(z,[f, < 0]).
H¢ qua 3.2

& < min

Cho X 1a khong gian Asplund, va t > 0. Gia st
£(,¥) lanira lién tuc dudi, va x € [f, < 0] voi mbi
y €Y. Néutdn tai § > 0, u > 0sao cho ||x*]| > 7
véi moi x € Bs(x), y€Y thoa f(x,y)<
Td(x, [fy < 0]) vax* € of f(x,y) thi

wd(x,[f, <0]) < fi(x,y)
v6éimoi x € Bs/p(X) vay €Y.
Ching minh
Gia sir ton tai x € Bs(%) sao cho fi(x,y) <

2

td(x, [f, < 0]). Theo Ménh d& 3.2, ton tai 4 € X
sao cho f(i,y) < Td(ﬁ, [fy < 0]), f@,y)<up
d(t,x) < d(x, [fy < 0]), [lx*]] < p véi moi x* €
04 f (41, y). Didu nay mau thudn vidl € [0 < f, < y]
valli —x|| < |la —x|| + ||lx — x| <. [

Pinh 1y 3.2

Cho X 1a khong gian Asplund, va ¢ € C. Gia st
£(,¥) la nira lién tuc dudi, va ¥ € [f;, < 0] véi mdi
yeEY. Neéu ton tai >0 sao cho
<p’(f(x,y))||x*|| >1 voi moi x € Bs(X), y €Y,
o(f(x,y) < d(x, [fy <0]),vax* € af f(x,y) thi

d(x [fy < 0]) < o(fi (. 3)
véimoix € Bsjp(X) vay €Y.
Chirng minh

Ap dung Bb dé 2.6 (ii) va Hé qua 3.2 véi @ o f
thay cho f vat = 1. ]
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4. PIEU KIEN CAN CHO CAN SAI SO

M¢énh dé 4.1

Cho X la khong gian métric, x € [fy > 0], va
7> 0.Gid str d(x, [f, < 0]) < f(x, ).

@) IVofI° (e, y) =2 7.

(ii) Néu X 1a khong gian dinh chuan, va £ (-, y)
1316i véimoiy € Y, thid(0,d,f(x,y)) = .

Chirng minh

(i) Lay batky 7' € (0,7). Taco

'd(x, [f, < 0]) <td(x[f, <0]) < f(x,9).
Khi d6, ton tai x’ € [fy < 0] théa T'd(x,x") <
f(x,y), diéu nay kéo theo
I} f(x'}’) f(x'}’)—f(x';J/)
v< d(x,x") = d(x,x")

Cho 7’ - 1, ta dwoc diéu phai chimg minh.

< AV f1 ().

(ii) dugc suy ra tir (i) va Bo d& 2.5.

H¢ qua 4.1

Gia sir X 1a khong gian métric, va X € [fy < 0]
véimoiy €Y.

(i) Néu f c6 can sai s tai ¥ thitontai § > 0 va
7> 0 sao cho |V, f|’(x,y) = 7 véi moi x € Bg(x)
vay €Y véif(x,y) > 0.

(ii) Néu X 1a khong gian dinh chuén, va £ (-, y)
12161 trén X v&imoi y € Y. Néu f ¢6 can sai sd tai X
thi ton tai § > 0 va T > 0 sao cho

|fo|(x’y) = d(ol axf(X,y)) 2 T
v6imoi x € Bg(x) vay € Y véi f(x,y) > 0.
Pinh 1y 4.1

Cho X 1a khong gian dinh chuén, ¢ € G, vax €
[f, < 0] véimoi y €Y. Gia st (-, y) va ¢ 1a 16i.
Néu f ¢6 @-can sai s6 tai % thi tdn tai & > 0 sao cho
@' (f(x,3))d(0,0,f (x,¥)) = 1 véi moi x € Bs (%)
vay €Y véif(x,y) > 0.

Chung minh

Puoc suy ra truc tiép tir Hé qua 4.1 véi @ o f
thay cho f. [ |

5. TINH CHINH QUY METRIC PHI
TUYEN CUA ANH XA PA TRI

DPinh nghia 5.1 (Cuong & Kruger, 2021)



Tap chi Khoa hoc Pai hoc Can Tho

Cho X,Y la cac khong gian métric, F : X 3 Y,
(%,7) € gphF, va ¢ € C. Anh xa F duogc goi 1a co
tinh ¢-chinh quy métric tai (¥, ¥) néu ton tai § > 0
sao cho

d(x, F71(y)) < o(d(y,F(x))
véi moi x € Bs(xX) vay € Bs(¥).
HE qua 5.1

Cho X 1a khong gian métric du, Y 1a khong gian
métric, F : X 3Y,(x,y) € gphF,p € C,vad > 0.
Gia st d(y,F(-)) la ham nira lién tuc dudi, va
(%,7) € gphF v6i mdiy € Bs/,(¥). Néu

@' (d(y, F())|Vd (v, F()|(x,y) = 1
véi moi x € Bs(X), y € B, (¥) v6i

P, F(x))) <d(x, F7'(») thi
d(x, F*(y) < 9d(y,F(x))
v6i moi x € Bs/, (%) vay € Bs/, (3.
Ching minh
Véimdiy € Y, xét f(-,y) = d(y,F()). Tacé
[fy < 0] = {x € X|f (x,y) < 0}
= {x € X|d(y,F(x)) < 0}
= {x e x1d(y.F(0)) = 0}
=F ().
Khi d6 Hé qua 5.1 duoc suy ra tir Pinh 1y 3.1
Hé qua 5.2

Cho X la khong gian Asplund, Y la khong gian
métric, F: X 3Y,(X,y) € gphF,p € C,vad > 0.
Gia sur d(y,F(-)) la ham nta lién tuc dudi, va
(x,y) € gphF  véi mdi y€Bs, (¥). Néu
@' ([@@, FOO)x"ll = 1 véi moi x € Bs(%), y €
Bs)» () v6i (v, F(0)) < d(x, F(3)). vax* €
ofd(y, F(x)) thi

d(x, F'(») < o(d(y, F(x))
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voi m01 X € Bg/z(f) Véy S B&/Z(J_/)

Chirng minh

Két qua dugc suy ra tir Dinh 1y 3.2 v6i £ (-, y) =
d(y, F()). "

Nhin xét 5.1

Hé¢ qua 4.1 va 4.2 trong Cudng va cong su (2022)
la truong hop dac biét cia HE qua 5.1 va 5.2 khi
o) =1tt9(t>0,q > 0).

H¢ qua 5.3

Cho X, Y 1a cac khong gian dinh chudn, F : X =3
Y, (x,y) egphF, o€, va 6§ >0. Gia su
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va y € Bsg(y) thoa
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6. KET LUAN

Bai bdo da trinh bay cac diéu can va da cho cn
sai sO phi tuyén cua ham thyc suy rong chtra tham
s0 dudi dang do doc riéng phan trong khong gian
nén va dudi vi phan Fréchet riéng phan khong gian
d(”)‘i ngau. Cac két qua duoc van dung dé nghién ctu
dicu kién can va du cho tinh chinh quy métric cua
anh xa da tri.
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