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TOM TAT

Trong bai bdo nay, mé hinh bude di ngdu nhién trong khong
gian aZ. sé dwoc xem xét. Pau tién, phuwong trinh Poisson lién
két véi toan tir Markov P duwege gidi dé tim nghiém riéng ciia
né. Sau dé, phirong sai cia bién ngau nhién sé dwoc tim dua
vdo tinh chdt nghiém ciia phicong trinh & trén. Cudi cing, gidi
han cua phwong sai sé duwoc tinh dé dat dwoc két qua mong
muon.

Tir khod: Buée di ngdu nhién, phwong trinh Poisson, phirong
sai, toan tw Markov

ABSTRACT

In this paper, a random walk model in space aZ will be
considered. First, the Poisson equation associated with the
Markov operator P is solved to find its solution. Then, the
variance of the random walk will be found based on the
property of the solution of the above equation. Finally, the
limit of variance will be calculated to obtain the desired result.

Keywords: Markov operator, Poisson equation, Random walk,
variance

1. GIOI THIEU

Budc di ngau nhién 1a mot qué trinh ngau nhién
co ban trong nghién ctru ly thuyét xac suat, dong
thoi dong vai tro rat quan trong viée ing dung vao
c4c md hinh khac nhau nhu sy chuyén dong ngau
nhién cua cac chat diém trong vat ly, 1y thuyét tro
choi trong kinh té hay sy lan truyén virus trong y
hoc,... Do @6, day 1a mot dbi tugng dugc rat nhiéu
nha toan hoc quan tam, dac biét 1a nghién ctu budce
di ngau nhién trong khong gian mot chiéu. Mot cau
hoi 16n thuong duoc dat ra la dang diéu tiém can
phan phdi xac suit ciia budc di ngau nhién s& nhu
thé nao khi thoi gian du 16n va cac trang thai ciia no

¢6 hodi quy hay khong? Trudng hop budc di ngau
nhién can bang, tire 14 xac suat chuyén sang trai va
sang phai bang nhau, ta thu duoc dinh 1y gi6i han
trung tAm va cac trang thai 1a hoi quy. Truong hop
budc di ngau nhién khong can bang, tirc 1 x4c suat
chuyén sang trai va sang phai khac nhau, ta thu dwoc
luét s6 16n va cac trang thai la khong hdi quy (xem
thém chi tiét trong Chuong va ctv., 2017, 2021,
Chuong, 2021; Norris, 1998; va Ross, 2010).

Trong pham vi bai bao nay, mo hinh budc di
ngiu nhién khong can bang dugc nghién ciru tong
quét hon trong Chuong va ctv. (2017) va Chuong
(2021), dong thoi gidi han phuong sai duoc chi ra.
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Cu thé, xét budc di ngau nhién (Xn)n=o trong khong
gian trang théi aZ véi diéu kién ban dau 1a X, = 0
va cac x4c sudt chuyén dugc cho boi cac biéu thirc
sau

P(Xpy1 =k +alX,=k) =8,
P(Xpoy = klX, =k)=1—B—,
P(Xn+1 =k—a|Xn=k) =Y,

trongdo 0 <y < B vapf+y <1 bayciing la
mot xich Markov véi thoi gian va khong gian trang
thai roi rac.

Thong thudng dé nghién ctru xich Markov nguoi
ta hay sir dung toan tir Markov lién két v6i rat nhiéu
tinh chit quan trong. Ta nhac lai nhu sau:

DPinh nghia 1.1 Cho (Z,)) 5o la m¢t xich Markov
voi khong gian trang thai aZ. Toan tw Markov P
dwoc xac dinh boi

Pf(Zy) = Elf (Zn+1)|Zn],n 2 0,

trong do f la ham xdac dinh trén aZ.

M

Ap dung cong thirc (1) cho buéde di ngﬁq nhién
(X1 nso, cling 1a xich Markov, ta thu dugc biéu thirc

Pf(k) = E[f (Zn+1)|Zn = k]
=Blfk+a) = fF(R)] —yIf(k) — f(k — a)]
+f (k)

hay tuong duong
Pf(k) — f(k) = BIf (k + a) = f(K)]

—vIf (k) = fk —a)].2)

Trong céac bai bao, Chuong va ctv. (2017) va
Chuong (2021) di dwa ra mé hinh budc di ngiu
nhién chi c6 dich chuyén sang phai 1 don vi va sang
trai 1 don vi voi xac suit khac nhau. Khi d6 mot
dang cuia luat sb 16n dugc chi ra. Trong truong hop
bude di ngdu nhién can bang, Chuong va ctv. (2021)
da chimg minh sy ton tai ciia dinh 1y gidi han trung
tam.

Nhu vdy md hinh trong bai bao dang xét tong
quat hon trong Chuong va ctv. (2017) va Chuong
(2021). Cu thé, ching ta xét truong hop bude di
ngiu nhién khong can bang voi khong gian trang
thai aZ. Két qua dat dugc trong bai béo lién quan
dén giéi han cho phuong sai cua bién ngiu nhién.

binh 1y 1.1 Cho (X,)nso la budc di ngau nhién
cdn bang nhw trén. Khi do ta co
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B -1)?]
trong do V (X,,) la phuong sai cua X,,.
2. PHUONG TRINH POISSON

lim =a’[B+y-—

n-+oo

V(Xn)
n

Mot cong cu rat hitu hiéu trong nghién ctru ky
vong cua bién ngiu nhién d6 1a st dung toan tir
Markov ciing véi tinh chit cia ky vong c6 diéu kién.
Phuong phap nay ciing da duoc nghién budc di ngau
nhién trong méi trudng ngiu nhién trong cac bai bao
cua Depauw and Derrien (2009) va Lam (2014). Ta
x¢ét phuong trinh ham c6 dang

Pf(m)—f(m) =1, (€))

trong d6 ham sb f xac dinh trén tap aZ, véi diéu
kién bién f(0) = 0. Pay con dugc goi 1a phuong
trinh Poisson tuong tmg véi toan tir P. Diém dic biét
cua phuong trinh nay la nghiém cua n6 c6 nhiing
tinh chét gitp ta tinh truc tiép ky vong ctia bién ngau
nhién X,, véi moin > 0.

Ta c6 bd dé sau

B6 dé 2.1 Phuong trinh (3) luén cé nghiém f xdc
dinh trén tap a.

Chirng minh. Ngoai viéc chiing mjnh su ton tai
nghiém, ta s€ chi ra mt nghiém cu thé cua phuong
trinh da cho. Ap dung cong thure (2) ta dugc

ﬁ[f(m+a)—f(m)1]—V[f(m)—f(m—a)]

biatp = y/B thip € (0; 1). Phuong trinh ¢ trén
tré thanh

1
fm+a) = f(m) —p[f(m) — f(m—a)] =5

bat ham ¢(m) = f(m) — (m — a) voi me al.
Phuong trinh & trén c6 thé duogc viét lai theo ham s6
@ nhu sau:

1
p(m+a) — pp(m) = 7

b¢ quy theom — a,m — 2a,..., —oo ta dugc
p(m) —pp(m—a) =1/p
pp(m —a) — p*p(m —2a) = p.1/

p*p(m —2a) — p*p(m —3a) = p>.1/p

Tir d6 ta x4c dinh duoc ham sb ¢ theo biéu thirc
dudi day
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1
B(1—p)
. voi moi m € aZ. Theo dinh nghia ham sb ,
dicu nay tuong duong véi

p(m) =

1
f(m)—(m—a)=m

v6i moi m € aZ. Két hop vai diéu kién £(0) =
0 ta co ket qua

f(m) = “

vl moi m € aZ. [ ]

m

ap(1-p)

Bo dé 2.2 Gid sir ham s6 f la nghiém ciia
phuong trinh (3). Khi do, ta co
E[f(X,)] =n,véimoin = 0. 5)
Chirng minh. Ta c6
Pf(Xn) — f(Xn) =1
voimoin = 0.
Ap dung cong thirc (1) ta dugc

Elf Xns )Xl = f(Xn) = 1,

véimoin = 0. Lay ky vong hai vé, dépg thoi ap
dung tinh chat ctiia ky vong c6 dicu kién, dan dén keét
qua

Elf(Xn+1)] - Ef (X)) = 1,
véimoin = 0.

Theo gia thiét cia md hinh budc di ngau nhién
dang xét thi X, = 0 nén f(X,) = f(0) = 0. B¢ quy
déng thirc trén theo n — 1,n—2,...,0 ta c6 didu
phai ching minh. u

Ménh d@ 2.3 Vi budc di ngdu nhién (Xn)nso
drgc xdac dinh nhw trong phan mo dau, ta luon co

E(Xy) = aB(1—p)n (6)

voi moin = 0.

Ching minh. Ap dung cong thirc (4) cho X, ta
duoc biéu thirc sau

X
f(Xn) = Xn

vi X, cling nhédn gia tri trong tdp khong gian
trang thai aZ, trong d6 A= af (1 — p).

L’éy ky vong hai vé rdi ap dung cong thirc (5) ta
co ket qua la

X e
E[T”] =n,v6imoin = 0,
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hay tuong duong véi diéu phai ching minh.  ®

3. PHUONG SAI CUA BUOC PI NGAU
NHIEN

Ta nhic lai dinh nghia phuong sai ciia bién ngau
nhién nhu sau

Pinh nghia 3.1 Phirong sai ciia bién ngau nhién
X duoc cho boi cong thirc

V(X) = E(X?) — E(X)?
néu gid tri ciia vé phdi ton tqi.

Ap dung cong thirc tinh phuong sai cho X,,, dong
thoi ket hop cong thire (6) ta dugc

V(Xn) = E(an) - E(Xn)z
= E(X,*) — [An]?.

Trong phan tiép theo, ta s& tinh gia tri cua
E(X,?) thong qua toan tor Markov P va phuong
trinh Poisson. Tuong tu phan trudc, ta s& tim nghiém
cua phuong trinh ham

(™)

v6i moi m € aZ va thoéa diéu kién bién g(0) =

Pg(m) — g(m) =2

0.
Ta co6 cac bo dé sau

B6 dé 3.2 Chudi sé sau luén hoi tu

+00

Z(k Fypk =t
1-p)

k=0
V&i moi s6 thuc p € (0; 1).

Ching minh. Ta xem p 1a mot bién sb trong
chudi ham. Ap dung tinh chit dao ham theo bién p
ctia ham p*** ta duoc

+00 +oo

d d p
Serinr S,
k=0 dpk:o dpl=p

Két qua nay dan dén didu phai chimg minh. W

B& dé 3.3 Phuong trinh (7) luén cé nghiém g
xdc dinh trén tap aZ.

Chirng minh. Ap dung cong thic (2) ta duge

ﬁ_A.
bat ham h(m) = g(m) — g(m — a). Phuong
trinh O trén tro thanh

gim+a)—g@m) —plg(m) —gim —a)] =
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h(m+a)

B_A.

b¢ quy theom —a,m — 2a,...,

= ph(m) =

—oo ta duoc

m-—a
BA

m-—2a
BA
m—3a

LA

h(m) — ph(m —a) =

ph(m — a) — p*h(m — 2a) = p

p2h(m — 2a) — p3h(m — 3a) = p?

Tur @6 ta thu duoc

m

a
h(m) = B —p)b ﬁ_Ang(k + 1)pk

B(

voi rﬂn(_)i\ m € aZ. Ap dung gié tri cla chudi ham
trong B6 dé 3.2 ta co
m a
Bl —p)A B —p)?A

voi moi m € aZ. Tur do6 ta co

h(m) =

m _ a
B(1—p)A B(1—p)*A

v6i moi m € aZ. Két hop v6i diéu kién g(0) =
0 ta c6 ket qua

gm)—g(m—a) =

m(1+p)
2B(1-p)2A ®)

voimoim € aZ. [ |

gm) =5~

B6 dé 3.4 Gid sit ham s6 g la nghiém ciia
phuong trinh (7). Khi do, ta co

E[g(Xn)] = )

Chirng minh. Ta nhéq lai nghiém cua phuong
trinh (3) dugc cho trong Bo d€ 2.1 1a

fm) = ———+

nn-1 , . .
Q,vm moin = 0.

m
af(1 -

v6i moi m € aZ. Khi d6 ta co

Pg(Xn) —g(Xn) = f(Xn)

véimoin = 0.

p)

Ap dung cong thirc (1.1) ta duoc
E[g(Xn+ D1 Xn] — 9(Xn) = f(Xn),

v6i moi n > 0. Lay ky vong hai vé dan dén két
qua
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Elg(Xn+1)] =

voimoin = 0.

Elg(X)] = E[f(X)] =n,

Theo gia thiét cia mo hinh budc di ngau nhién
dang xét thi X, = 0 nén g(X,) = g(0) = 0. B¢ quy
theon—1,n—2,...,0 tacd

ElgX)]=14+2+...+(n—1).

Két qua trén dan dén diéu phai chimg minh. W

Ménh dé 2.5 Véi bude di ngau nhién (Xn)nzo
dwoc xac dinh nhw trong phan mo dau, ta luon co

E(X,") = 0*n® + (B +y — (B —y)*In

voi moin = 0.

Chirng minh. Ap dung cong thiic (8) cho X,, ta
duoc biéu thire sau
X, 2
2402

X, (1+ p)
281 —p)?A

vi X,, cling nhan gia tri trong tap aZ.

gXy) =

Lﬁiy ky vong hai vé roi 4p dung cong thirc (9) ta
co ket qua 1a
X,*

Xa(1+p) | _n(n—1)
o

2(1—p)2Al 2

voimoin = 0. Ap dung ky vong cua X,, trong
biéu thuc (2.4) ta dugc
(+p)A
B(1-p)? Baa-pz £ n)
+
= A’n? + ((—p)z - 1) A%n
B —p)

v6i moi n = 0. Rat gon biéu thirc sau cing véi
cac giatri A= af (1 — p) va p = y/p ta dugc dicu
phai chung minh. u

E(X,?) =n(n—1)A% +

) Cubi cing dé chimg minh Dinh 1y 1.1 ta chi can
két hop Ménh d€ 2.3 va Ménh dé 3.5 dé tinh phuong
sai cua X,,. Cu theé nhu sau

VX, = a*[B+v— (B —v)?In

Sau d6 chia phwong sai cho n rdi tinh gidi han
khi cho n — + oo thi duoc két qua mong mudn.

4. KET LUAN

Bai b4o di tinh toan chi tiét gi4 tri ciia phuong
sai va gioi han cua chung thong qua viéc st dung
toan tr Markov P trong phuong trinh Poisson. Day

1a mot dang phuong trinh ham véinghiém riéng thoa
mén cac diéu kién can thiét giup cho viéc tinh toan
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ky vong cua budc di ngau nhién dugc dé dang hon.
Tir d6 o thé tinh dugc cc ky vong béc cao hon va
don gian hon so véi phuong phap xap xi truyén
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