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ABSTRACT

The article studies differential properties in parametric optimal
control with equilibrium constraints. The article obtains some new
results on generalized differential properties in parametric optimal
control problems governed by semilinear elliptic partial
differential equations with equilibrium constraints. The new
results of the article include formulas for computing the Fréchet
coderivative and Mordukhovich coderivative of the constraint
operator of the parametric optimal control problems with the
perturbed equilibrium constraint form and formulas for computing
Fréchet subdifferential of the marginal function of the parametric
optimal control problems with equilibrium constraints.
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ctru. Pay 1a mot nghién ciru tiép ndi theo bai bao Qui

et al. (2022) ma ¢ do cac tac gia da khao sat bai toan
Céc tinh chét vi phan va vi phan suy rong trong diéu khién t6i uru c6 tham s6 véi rang budc dang bién

16p bai toan diéu khién t&i wu c¢6 tham s0 cho tron

phuong trinh dao ham riéng elliptic ntra tuyén tinh

v6i rang budc can bang duge tim hiéu trong nghién

1. GIOI THIEU

u € L2(Q), Y(u,ep) <0,
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Trong khi bai toan diéu khién t6i wu c6 tham sb
v6i rang budc dang can bang dugc khao sat trong
nghién clru nay.

ue€E LZ(Q)! 0 € ll}(ul eP) + Q(ul eP)'

Pay 1a van dé nghién ciru méi, kha phirc tap
nhung mang nhiéu y nghia khoa hoc vi cac phuong
trinh suy rong dang can bang va cac rang budc dang
can bang thuong xudt hién trong giai tich bién phan,
Iy thuyét t6i wu va Iy thuyét diéu khién, v.v.

Bai toan diéu khién t6i wu c6 tham sé P(e) duogc
khao sat trong bai bao nay la bai toan tim min cua
ham muc tiéu J: L2(Q) X E - R véi

J(u,e) = f L (x' yu+ey(x)) dx

[9)

+5 [+ ereoax
Q

+ [ & @irey dx
Q
théa diéu kién rang budc cho cac diéu khién u
dang can bang sau
ue€ LZ(Q), 0€ l)b(u! eP) + Q(u’ ep), (11)
trong d6 Yy 4, la nghi¢ém yéu ctia phuong trinh
dao ham riéng (phuong trinh trang thai) dudi day
{Ay +f(x,y)=u+ey
y=0
& day A 1a toan tir vi phan elliptic bac hai ¢6 dang

Ay = - ZZ — (au(x) — y(x))

i=1 j=
v6i cac ham hé sb a; ; € L”(Q) théa man dicu

kién
N N
2l < D7 ay vy,

i=1 j=1

véimoiy = (yy,..,¥n) € RV, hh.x € Q, 1, >
0 13 hing sb, va 1: L2(Q) X LP(Q) » W thudc 16p
C? véip € (1,+0),

Q: L2(Q) X LP(Q) - 2W

trong £)
trén T,

(1.2)

la anh xa da tri voi W 1a mot khong gian Banach,
va {(x) = 0 h.h. x € Q 1a mot ham cho trude.
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Ta dinh nghia E = 12(Q) x L2(Q) X LP(Q) 1a
khong gian tham sdbvie= (ey, e, ep) € E la tham
s6 cuia bai toan P(e), trong d6 chudn cua tham sé
e € E 1a chuan tong sau day

llellz = llellzi) + llellzqy + llellr -

Vi mbi e € E, ky higu Gaq(e) 1a tip cac didu
khién chap nhan dugce cua bai toan P(e). Tuc 1a,
todn tir rang budc cua bai toan P(e) 1a Gyq: E -
2@ x4c dinh boi
u € L2(Q),

O€ l/)(u, eP) + Q(ll., eP)

Ta thiy rang khi tham s6 e = 0 thi bai toan ban
dau P(0) c6 ham muyc tiéu la

Gaa(e) = {u } (1.3)

1
10 = [ Ly @)dx+5 [ e
Q Q

day 1a ham muc tiéu rat phd bién trong 1y thuyét
diéu khién toi wu. Khi e # 0 thi so hang

f e](x)yu+ey(x)dx = <e]’yu+ey>
Q

=(e, G(u+ey)) =(G"e;, u+ ey)

c6 dang nhiéu xién duoc gidi thiéu va nghién ciru
bdi Poliquin and Rockafellar (1998), trong d6 ham
U+ ey P Yype, = G(u + ey) s& duoe dinh nghia &
muc sau. Bao ham thirc ring budc can bang trong
(1.1) 1a mot hé théng bién phén, cac dang nhidu cia
hé thdng bién phan dang (1.1) dwoc nghién ctru ky
trong Qui (2016). Trong (1.2), tham s thanh phan
ey xuit hién voi vai tro nhiéu tuyén tinh d6i voi
phuong trinh dao ham riéng dang xét.

Lién quan dén bai toan P(e) voi ham rang budce
dang can bang duoc cho boi (1.3), ham gié tri toi uu
(ham marginal) ctia bai toan P(e) A ham u: E - R
duoc cho boi

inf  J(u,e),

1.4
U€Gqaq(e) a4

u(e) =
va 4nh xa nghiém S:E - 2X°@ cua bai toén
P(e) duoc xac dinh boi

S(e) = {u € Ugg(e)|u(e) =J(u,e)}.  (1.5)
Céc nghién ciru v& ham gia tri tdi vu va anh xa
nghiém cuia cac bai toan tdi wu phu thudc tham $6 ¢o
thé tham khao trong cac cong trinh Mordukhovich
(2006a, 2006b, 2018), Mordukhovich et al. (2009),
Qui (2020), Qui and Wachsmuth (2020), Qui et al.
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(2022), Qui va Phiic (2022). Ham gia tri tdi wu va
anh xa nghiém cua cac bai toan tdi wu phu thude
tham s6 dong vai trd quan trong giai tich bién phan,
Iy thuyét t6i wu, didu khién t5i wu, va da thu hat dugc
nhiéu chuyén gia quan tdm nghién ctru. Ham gi4 tri
t6i wu noi chung khong kha vi va anh xa nghiém
thuong la anh xa da tri, nén cac khai ni€ém vi phan
suy rong thuong duoc sir dung dé khao sat ham gia
tri t6i wu va anh xa nghiém cua cac bai toan t6i wu
¢6 tham sb.

Céc bai toan diéu khién téi wu cho phuong trinh
dao ham riéng elliptic lién quan dén bai toan P(e)
v6i rang bude diém duoc khao sat trong Casas and
Mateos (2002), Casas et al. (2008), Casas (2012),
Qui and Wachsmuth (2018, 2019, 2020), Qui
(2020), Qui va Phuc (2022), Troéltzsch (2010). Bai
bdo Qui et al. (2022) 1a cong trinh déu tién nghién
ctru vé bai toan diéu khién t6i wu c6 tham so lién
quan dén bai toan P(e) v&i rang budc bién tron. Tiép
tuc mé rong theo hudng nghién ciru trong Qui et al.
(2022), bai bao nay xét bai toan P(e) voi rang bude
cén bang. Bai bao nay khao sat cac tinh chat vi phén
theo nghia ¢ dién cua ham muc tiéu, tinh chat vi
phan suy rong ciia toan tir rang budc can bang va
ham gia tri toi wu cta bai toan P(e).

2. KIEN THUC CO SO

Muc nay trinh bay cac gia thiét can ban trong ly
thuyét didu khién t6i uu cing cac khai niém co ban
clia giai tich bién phéan va vi phan suy rong dé khao
sat bai toan diéu khién t6i wu P(e).

H¢ thong cac gia thiét dugc sir dung trong bai
bao nay bao gom:

(A1) Tap Q c RN (véi N = 1,2,3) 1a mot mién
mé va bi chin trong RY véi bién Lipschitz T.

(A2) Ham f:Q X R - R 1a ham Carathéodory
(tac 1a, £ (-, y) do duwgc véimoi y € R va f(x -) lién
tuc v6i h.h. x € Q) thude 16p ham C? dbi voi bién
thir hai va thoa man

of

f(,0) € L?(Q), @(x,y) >0véihh x €Q,

va v6i moi M > 0 tdn tai Csn > 0sao cho

|%(x.y)|+

voihh.x € Qvaly| <M,

02 2
f( Y2) — dy ];(x y1)

0% f
— <
ayz (x'y)‘ —C

< CfMlyZ Y1l
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voihh. x € Qva |Y1|: |y2| <M.

(A3) Ham L:Q X R = R 1a ham Carathéodory
thudc 16p C? dbi véi bién thir hai. Hon nita, ta ciing
¢6 L(-,0) € L*(Q) va véi moi M > 0 ton tai hing s6
Coym > 0 vayy € L*(Q) sao cho
2

L
G| S @), |57 00)

| 3y < Cwr

véihh.x € Qvaly| <M, va

0%L 0%L
G_yz xy1) — a_yz x,y2)

< Comly: =yl

véihh x € Qva |y, ly,| <M.

Céc gia thiét néu trén 13 cac gia thiét can ban va
thuong dugc st dung trong 1y thuyét diéu khién t6i
ru va ching dam bao cho su ton tai nghiém yéu cua
phuong trinh trang thai (1.2) cta bai toan P(e).
Nghiém yéu clia phuong trinh trang thai (1.2) dugc
dinh nghia trong Troltzsch (2010). Két qua phat biéu

trong dinh 1y sau dy co thé xem trong cubn sach
chuyén khao Troltzsch (2010) (Pinh 1y 4.4).

Pinh ly 2.1. Gia su rang cdc gia thiét (A1)—~(A3)
duoc théa man. Khi dé, véi moi u + ey € LZ(.Q)
phuong trinh trang thdi (1.2) luén co nghiém yéu
duy nhdt e, € HH(Q) N C(Q).

Dua vao Dinh 1y 2.1, ky hiéu anh xa nghiém yéu
cua phuong trinh trang thai (1.2) béi

G:L*(Q) - HY () nCc(Q)
Ut ey P Yyre, = G(utey).

Cho tham sb & € E, mot diéu khién chép nhan
dugc 1 € Goq(8) duoc goi 1a mot diéu khién toi weu
(hay nghi¢m) cua bai todn P(e) ung vdi trang thai
t01 U Vgre, = G(U + &) € H(Q) N C(Q) néu

J@e) <] eé), Yu € Guqu(e).

Céc khai niém co ban cia giai tich bién phan va
vi phén suy rong trinh bay dudi day dugc tham khao
trong bd sach chuyén khao Mordukhovich (2006a,
2006b), xem thém Mordukhovich (2018) voi cac
phién ban hitu han chiéu twong tng. Cho khong gian
Banach X, ham da tri F: X — 2% va ham thuc m&
rong o: X — R. Gidi han trén theo ddy theo nghia
Painlevé — Kuratowski cia F khi u — u dugc xac
dinh bai

Limsup F (u)
u-u .
. . ton taiu, - U va
={u*€eX A A
F(uy,) 3 u;, = u* theo topé w*
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Véie = 0, tap cac e-dudi gradient ciia ham o tai
7 € domo = {u € X|o(u) < oo} dugc cho bsi

d.0(11)

:[u*

Duoi vi phan Fréchet (dwdi vi phdan chinh quy)
cua ham o tai 4 € dom o dugc dinh nghia boi

do (@) = 0o ().

u* € X* thoa man
(o) —o(@) = (u'u — u)
[lu — ull

limin
u-u

—ef

Duci vi phan Fréchet trén (dudi vi phan chinh
quy trén) ciia ham o tai u € dom o dugc xac dinh
boi

d*to() = —0(—0)(@).

Duoi vi phdn Mordukhovich (dwdi vi phan qua
gidi hgn) cia ham o tai 4 € dom o dugc dinh nghia
baoi

do (1) = Limsup 0.0 (1)
ugﬁ,elo

va duwdi vi phdn qua gioi han suy bien ciia ham
o tai 4 € dom o dugc cho boi

0°c (@) == Limsup Ad.0(u),

g
u-u,el0,Al0

g
trong d6 u - U c6 nghia la u - u va o(u) -
o(u).

Cho 4nh xa da tri F: X — 2% gifta cac khong
gian Banach X va W. Khi do, tap hop

gphF:={(x,y) € X x Y|y € F(x)}

13 db thi cta F. Non phdp tuyén Fréchet hay con
goi 14 nén phdp tuyén chinh quy N((ﬁ, D); gphF)
ctia gphF tai diém (&, ¥) dinh nghia boi

N((u, 9); gphF) = 35((m, v); gphF),

va  nén  phip  tuyén  Mordukhovich
N((u, 7); gphF) ciia gphF tai diém (i, ¥) dugc cho
boi

N((ﬁ, v); gphF) = 66((17, v); gphF).

Doi dao ham Fréchet hay con goi 1a doi dao ham
chinh quy cia F: X — 2% tai diém (4, ¥) € gphF 1a
anh xa da tri

D*F(@,v):W* - 2%
dinh nghia béi
D*F(u,v)(v*)

*,—v*) € N((ﬁ, 7); gphF)}.
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“ Péi dao ham Mordukhovich cia F: X — 2W tai
diém (i, ¥) € gphF la anh xa da tri

D*F(u,0):W* - 2%
xéc dinh boi

D*F(u, v)(v*)

L, —v*) € N((ﬁ, ); gphF)}.

Anh xa da tri F: X — 2W duoc goi 1a chinh quy
phdp tuyén tai diém (i, 7) € gphF néu nhu ding
thirc sau day dugc thoa man

D*F(u,v)(v*) = D*F(u, v)(v*), Vv* € W*.

Tir céc dinh nghia d6i dao ham Fréchet va ddi
dao ham Mordukhovich ta ¢ nhan xét rang trong
truong hop tong quat thi ching khic nhau. Tuy
nhién, trong mot sé truong hop dic biét, chang han
nhu d6i v6i 16p ham chinh quy phap tuyén, thi hai
khai niém ddi dao ham nay tring nhau.

Thong qua bd sach chuyén khao Mordukhovich
(2006a, 2006b), cac khai niém dbi dao ham va dudi
vi phan cia Mordukhovich mang nhiéu y ¥ nghia quan
trong trong giai tich bién phan, ly thuyét toi wu va
diéu khién, v.v. Ly thuyét vi phan Mordukhovich
duoc xdy dung dua trén cac khai niém dudi vi phén,
nén phap tuyén va dbi dao ham theo nghia
Mordukhovich, dang chi y 1a cac khai niém nay
dugc dinh nghia cho cac ddi twgng khong nhét thiét
16i. Vi vy, pham vi ap dung ctia 1y thuyét vi phan
Mordukhovich 14 rit rong. Hon thé nita, 1y thuyét
Mordukhovich c6 thé dic trung cho céc tinh chat
quan trong cua anh xa da tri nhu tinh gid-Lipschitz
theo nghia Aubin, tinh chinh quy métric, tinh mo dia
phuong, v.v.

3. PAO HAM VA POI PAO HAM

Céc cong thirc tinh dao ham theo nghia c6 dién
cho anh xa nghiém yéu G (-) ctia phuong trinh trang
thai (1.2) va ham muc tiéu J(+,-) cua bai toan P(e)
dugc trinh bay va cac cong thic tinh/danh gia doi
dao ham Fréchet va d6i dao ham Mordukhovich cua
toan tir rang budc dang can bang G,4(-) duoc thiét
lap. Céc cong thire tinh dao ham va céac cong thic
tinh/danh gia d6i dao ham nay déng vai trd quan
trong trong viéc thiét 1ap cac cong thic tinh dudi vi
phan suy rong ctia ham gia tri toi wu p(-) cua bai
toan P(e) v6i rang budc c6 dang cin bang.

Tinh kha vi ctia xa nghiém yéu G (+) ctia phuong
trinh trang thai (1.2) néu trong dinh ly sau day dugc
khéng dinh trong Casas et al. (2008) (Pinh ly 2.4);
c6 thé xem thém Qui et al. (2022) (Pinh 1y 2.3), Qui
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va Phuc (2022) (Pinh ly 3.2) va Casas and Mateos
(2002).

Pinh Iy 3.1. Gid sit rang cdc gid thiét (A1)~(A3)
duoc thoa man. Khi do, anh xa nghiém yéu cua
phuong trinh (1.2), G: L*(Q) - HL(Q) n C(Q) véi
Gw) =y, thudc 16p ham C?. Hon nita, véi moi
u,v,ey € L>(Q), Zytep v = G'(u+ ey)v ld nghiém
Yéu duy nhat ciia

AZyyeyy + @ (x, yu+ey)zu+ey‘,, =v trong(l
Zyyeyw =0 trénT.
Véi moi u, vy, v,, ey € L2(2), ta c6
_ "
Zu+ey,v1v2 =G (u + eY)Ulvz

la nghiém yéu duy nhdt ciia

f
AZyteyviv, T 3y (%, Yurey)Zureymmv,
0% f
+ a—yz (x; yu+ey)zu+ey,vlzu+ey.v2 =0 trong Q
Zuteywiv, =0 trénT,

trong d6 Zy ey, = G' (U + ey)v; voii = 1,2.

Tinh kha vi cua ham muc tiéu J (u, e) theo bién
diéu khién u néu trong dinh 1y sau day duoc khing
dinh trong Qui et al. (2019) (Pinh ly 2.3), ¢ d6 u
dugc thay thé boi u + ey; c6 thé xem thém trong Qui
et al. (2022) (Pinh 1y 2.4).

Pinh Iy 3.2. Gid sit rang cdc gid thiét (A1)~(A3)
dwoc thoa mén. Khi dé, anh xa J(-,e): L*(Q) - R
thudc l6p ham C?. Hon nita, véi moi u, v € L*(Q),
dao ham riéng J,,(u, e) xdc dinh boi

Ju(w,e)v = fn (gau,e +{(u+ ey)) vdx

trong do @,. la nghiém yéu duy nhdt cia
phwong trinh

d
|{A*<p + % (X Yurey )9

JaL
= a_y (x, yu+ey) +e trongQ
¢=0
trong do Yyie, = G(u+ey) va A* la toan tu
lién hop cua A xdc dinh boi

N N P P
Ap() = ‘ZZ%(“U(’C)E‘P("))
j i

i=1 j=1

trénT,
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Dinh 1y dudi day thiét 1ap cong thirc tinh toan
cac ddi dao ham Fréchet va Mordukhovich cta toan
tir rang budc dang cén bang G,4(-). Pay 1a két qua
md&i dugce ap dung cho 1y thuyét didu khién tdi wu va
1a két qua chinh ctia myc nay. Ta can dinh nghia hai
tap hop sau ddy trude khi phat biéu va chimg minh
dinh ly. Véi mdi w: = —(u, ep) € Q(u, ep), tirc 1a
(u, ep, w) € gphQ, va diém w = (e,u) € gph Gaq,
ta dinh nghia tap

2(Q, 9, w)(u)

e* = (e,*,,e]*,e;) EE" ey = e]* =0,
= e’ (ep,—u*) €
Vl/)(u, eP)*W* + E*Q(u, ép, W)(W*)

wrewW*

va tap
EQ ¢, w)(u")
e’ = (e{i,e,*,e;) EE*, ey =e; =0,

(ep,—u*) €

Vi (u, ep)*w* + D*Q(u, ep, w)(w*)

trong d6 Vi (u, ep)* 1 toan tir lién hop cta dao
ham ctia ham v tai (u, ep). Khi d6, ta ¢ dinh 1y sau
day:

Pinh Iy 3.3. Gid st rang cdc gid thiét (A1)~(A3)
dwoc thoa man. Cho @ = (e,u) € gph G,q. Khi do,
véi moi u* € L2(Q), ta ¢ cac bao ham thirc

EQ ¥, o))
< D*Gaa(e,W)(") © D*Gaa(e, W) ().
7Né’u toan tir da tri Q dong dia phwong quanh
diém (U, ep,w) voi W= —(u, ep) € QL &p),
SNC tai diem (U, ép, W) va thoa diéu kién
{0 EVY(u,ep)'w* +D*Q(u, ep,w)(w*)
Sw"'=0

*

= e

wrew*

thi ta co cac bao ham thirc
EQ ¥ @)W
 D*Goa(&, @) (") & D*Gaa(e, W) (")
c E(Q. ¥, @) ().

Néu thém vdo dé todn tir da tri Q chinh quy do
thi tai diém (U, &p, W) thi ta cé cdc dang thirc

E(Q, ¢, @) (u")
= D"Gaa(&,0) (W) = D*Goq(e, w)(u")
=E(Q, ¢, ®)(u").

Chirng minh. Theo (1.3) thi tap diéu khién chap
nhan duogc cua bai toan P(e) duoc cho boi
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u € L?(Q), }
0€ l/)(u, eP) + Q(ll., eP) '

tirc 13 Gog: E = 2@ 1a todn tir da tri tir khong
gian tham so

E =12(Q) x L2(Q) x LP(Q)

Gaa(e) = {u

vao khong gian L2(Q). Ta dinh nghia toan tir da
tri G: LP(Q) — 2L x4c dinh boi

_{ |u€ L),

6Cer) = {u[{ € puepy + QG e}
tc 1a

G(ep) = Gag(e), Ve = (ey,e;,ep) EE.

Taxét diém @p = (ép,7) € gph G va dinh nghia
hai tap hop sau:

K(Q! ¢' aP)(u*)

_ U{e?

wrew*

(ep,—u*) € }
VY (u,ep) 'w* + D*Q(u, ep, w)(W*)

va

A(Q’ 110! EP) (u*)
= U {e;
wrew*
Ap‘dung Qui (2016) (Pinh 1y 3.3) ta suy ra khing

dinh rang: véi moi u* € L2(Q), cic bao ham thirc
sau day nghiém ding

K(QI lrbl 5P) (u*)

< D*G(ép, W) < D*G(@p, W) ().

DNéu toan tir da tri Q dong dia phuong quanh
dlém (ﬁ’ ejPl M_/) le w= _1)[}(17"' e_P) € Q(al éP)’
SNC tai diém (i, &p, W) va thoa diéu kién

{0 € le(ﬁl e_P)*W* + D*Q(a! e_PIW)(W*)
=w"'=0

(ep,—u*) € }
Vl!)(u, eP)*W* + D*Q(u' ép, W)(W*)

thi ta ¢ cac bao ham thuc
AQ, Y, @p) (W)
c D*G(ep, W (") © D*G(2p, W) (u")
< A, ¥, wp) ().

Néu thém vao do6 toan tir da tri Q chinh quy dd
thi tai diém (4, &p, W) thi ta ¢6 cac dang thirc

K(Q! ll}r 5P)(u*)
= D*G(ep, W)(u*) = D*G(&p, ) (u")
= AQ, ¥, @p) ().
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Chu }’1 rﬁng ga’d (e) = ga’d (eY; e], ep‘) khéng phu
thudc vao céc bién tham so thanh phén ey, e;, va

gad(e) = gad(er e]: eP) = g(eP) nén ta Cé
D*Gaa(e,w)(u*) = {0} x {0} x D*G(&p, W)(u"),
D*Gaa(e,w)(w”) = {0} x {0} x D*G(&p, w)(u’),
va hon nira ta lai co
’E\(Q! l/J: 5)(11*) = {0} X {0} X K(Q, 1/)! (Bp)(u*),
Tir cac diéu nay va tir cdc khang dinh & trén doi
le CéC té}p K(Q, l/)l 5P)(u'*) Vé A(Q, ll}l GP)(u*)
chQ cac ddi dao ham cua toan tir G(+) ta suy ra cac
khdng dinh cta dinh 1y doi cac tap E(Q, 1, @) (u")
va E(Q,, @) (u*) cho cac d6i dao ham cua toan tir
rang budc G4 (-). O

4. VI PHAN SUY RONG

Trong phan nay, cac tinh chat dudi vi phan suy
rong cia ham gia tri tdi wu p(-) cia bai toan diéu
khién t6i wu P(e) v6i rang budc can bang duge khao
sat. Cac cong thuc tinh dao ham ctia ham muc tiéu
va cac cong thirc tinh/d4nh gia ddi dao ham ctia toan
tir rang budc cua bai toan P(e) 1a co so dé xay dung
cong thuc tinh dudi vi phan suy rong ctia ham gia tri
t61 wu p(+) cua bai toan P(e).

Dinh 1y sau day thiét 1ap mdi lién hé giita dao
ham ctia ham muc tiéu, d6i dao ham cua toan tt rang
budc cta bai toan P(e) va dudi vi phan Fréchet ciia
ham gi4 tri toi wu (). Trong phat biéu va chimg
minh dinh 1y s& c6 sir dung dén gia thiét vé lat cat
Lipschitz trén dia phuong, mdt khai ni€ém dugc trinh
bay trong Mordukhovich et al. (2009).

Pinh Iy 4.1. Gia sir rang cdc gia thiét (A1)—(A43)
duwoc thoa man va xét é = (éy, e, ép) € domS va
Uz € S(€). Khi do, ta co bao ham thirc

0u(@) < Jo(Ug,€) + D*Gaa (8, 1ie) 1 (e, ©))
trong do toan tu da tri

Gaai E = 28
xac dinh boi
u € L2(Q), }
0€yp(uep) +Quwep)

la todn tik rang budc dang cdn bang ciia bai todn
P(e) dugc cho trong (1.3).

e Gaale) = {U
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Thém vio d6, néu S:dom Gq — 212 ¢4 mot
lat cat Lipschitz trén dia phuong tai (€,Ug) thi ta
nhdan dwoc dang thirc

0u(@) = Jo(U, €) + D"Gaa(, 1ie) i (e, ©))-
 Chirng minh. Dé ching minh dinh 1y ta st dung
két qua Mordukhovich et al. (2009) (Pinh 1y 1) vé

danh gia trén cho dudi vi phan Fréchet cua ham gia
tri tOi wru sau

ou@ c (e* + D*Gaa(e, us) ("))
(u*,e*)€d* J (tig,€)
Luu ¥ rang cac gia thiét (A1)~(A3) dam bao cho
ham muc tiéu J(-,-): L2(Q) X E > R kha vi Fréchet
tai diém (g, €). Ket qua nay suy ra

0%] (s @) = {J' (g, €)}
={(.(us ), J:(us @)}
Do @6, ta thu dugc bao ham thirc
ou(@) c J, (g, ) + D*Gaa(8, us) (i, (U, ©)).

Néu thém vao gia thiét S: dom Goq = 25°@ ¢4
mdt lat cat Lipschitz trén dia phuong tai (€, ;) thi
4p dung Mordukhovich et al. (2009) (Pinh 1y 2) ta
suy ra rang

ou(@) = Jo(lig, @) + D*Gaq (&, 1e) (J1, (Uz ),
va nhu vay dinh 1y da dugc chung minh. [

Ta nhan xét ring cong cu va phuong phap chimg
minh Pinh 1y 4.1 twong tu trong Qui va Phuc (2022),
Qui et al. (2022). Tuy nhién, todn tir rang budc trong
Qui va Phuc (2022) 1a rang budc dieém va toan tir
rang budc trong Qui et al. (2022) 1a rang budc bién
tron, trong khi todn tir rang budc trong bai bao nay
la rang budc cén bang.

Pinh 1y 4.2. Gid sir rang cdc gia thiét (A1)—(43)
duoc théa man va xét e = (éy, e, ép) € domS va
Ty € S(&). Khi do, néu toan tir da tri Q doéng dia
phwong quanh diém (4, ép,w) € gphQ va SNC tai
diem (U, &p,w) véi w:= —(ii, &) € Q(i, &p), va
thoa diéu kién

{0 S le(ﬁl e_P)*W* + D*Q(a! e_PIW)(W*)
=w'=0

thi ta co cdc bao ham thirc

vol W: = (e_, ﬂé) € gph gad'

Néu thém vao d6 S:dom Gy — 25°@ ¢6 mét
lat cat Lipschitz trén dia phuong tai (€, ;) va toan

22
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tir da tri Q chinh quy db thi tai diém (i, &, W) thi ta
c6 cac dang thirc

ou(@) = Jy(ug e) + EQ, ¢, @) (J, (s @)
= Jo(Ug ) + E(Q, ¢, @) (Ji. (15, @)).

Chirng minh. Dudi cac gia thiét trong phan dau
cta dinh ly thi theo Pinh 1y 3.3 ta c¢6 bao ham thirc

D*Gua(@ us)(J1, (115 8) < E(Q, ¥, ®)(J}, (15, ©)).

Tur bao ham thirc nay va theo Dinh 1y 4.1 ta suy
ra

ou(8) < J¢(tie,€) + D*Gaa (8, ie) (J1u (e ©))

Néu thém vio gia thiét S: dom Gaq - 25 c6
mot lat cat Lipschitz trén dia phuong tai diém
(é,uz) va toan tir da tri Q chinh quy do thi tai diém

(, p, w) thi &p dung Dinh 1y 3.3 va Dinh 1y 4.1 ta
suy ra rang

ou(@) = Ji(ig €) + EQ, v, ®)(J; (T, ©))
= J¢(ts,€) + D*Gaa(&, e) (J1, (e ©))
= Je(g,€) + D*Gaa (8, 1e) (J1, (e, ©))
= Jo(t, @) + E(Q, ¥, &) (J1. (e, ),
trong d6 cac dang thirc sau day da duoc ap dung
0u(@) = J, (s, €) + D*Goa (€, ) (J1, (s ©))
va
EQ. ¥, ® (). (ue )
= D"Gaa(e, ) (1, (7s, @)
= D"Gaa(e,0)(J;,(7s, ©))
=E(Q, ¥, ®)(Ji(7e, @)
Dbinh 1y da dugc chirng minh xong. [

Pinh ly 4.3. Néu tdt ca gid thiét ciia Dinh 1y 4.2
dwoc thoa man thi ta co cong thirc twong minh sau
( e’ = (e{i,e]*,e;) € E*,

ey = Qg e + ((Us + &),
e’ e]* = YVug+ey
(81?. —Pg,e — ((Ug + e_y)) €
Vi (u, ep)*'w* + D*Q(u, ep, w)(W*)

L

va

[ —
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ou@) = Jo(ug e) + 2(Q, ¥, @) (J;, (i, €))

( e* = (ey,ef,ep) € E, )
v = Puye + {(Us + &y),
= e* 31* = Yug+éyr

wrew*

(e;, —Pg,e — ((Ug + e_y)) €
Vi (u,ep)'w* + D*Q(u, ep, w)(W")

Chirng minh. Ap dung Dinh 1y 3.2 ta suy ra rang
dao ham ciia ham muc tiéu theo bién diéu khién tai
diém (11, €) 1a

Ji(tg, €) = g6 + (s + éy).
Theo chirng minh Qui et al. (2022) (Dinh 1y 4.2)

ta cling c6 dao ham ctia ham muc tiéu theo bién tham
sO tai diém (g, €) 1a

Jo (g, €) = (Quye + { (s + &), Yayrey 0)-

Thé biéu thirc twong minh cia J;,(is€) va
Ji (g, €) vao cac dang thire duogc thiét 1ap trong
DPinh ly 4.2 sau day

op(@) = Jo (€ + E(Q, ¥, ®)(J1.(7z, @)
va

ou(@) = Jo (i, &) + E(Q, %, ®)(J1.(Te, ©)
ta suy ra khang dinh ctia dinh Iy. O

Vi du 4.1. Pé minh hoa cho Kkét qua dat duoc ta
xét ham Q: L?(Q) x LP(Q) — 2R x4c dinh béi

Q(u,ep) = [0,+),V(u,ep) € L2(Q) X LP(Q).

Khi d6 rang budc cin bang 0 € Y(u,ep) +
Q(u, ep) twong duong voi Y(u,ep) < 0. Xét Uiz €
S(e) véi e = (&y,e,ep) va xét (@ ep, W) € gphQ
v6i w = —(ii,ép). Ta thidy ring Q dong dia
phuong va SNC tai (@, ép,w). Ta co
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D*Q(u, ép,w)(w*) = {(0,00} vé6i w*=0
D*Q(u, ép,w)(w*) = @ v6iw* < 0. Do d6
{0 € VY (T, ép)*'w* + D*Q (i, ép, w) (w*)
= w"=0.

va

Ap dung Dinh 1y 4.2 va cac cong thire biéu dién
dang hién trong Pinh 1y 4.3 ta thu duoc

ou(e)
c {((pﬂg,é + ((aé + éY)! yﬁ§+§y’ nvepl/)(ﬁ! e_P))}!
trongdon:=w* = 0.

Nhén xét 4.1. Két qua trong Vi du 4.1 duoc thiét
1ap trong Qui et al. (2022) va la truong hop riéng cua
két qua trong bai bao nay.

5. KET LUAN

Nghién ctru lién quan dén sy 6n dinh vi phan ctia
bai toan diéu khién t6i wu ¢6 tham s cho phuong
trinh vi phén dao ham riéng elliptic nira tuyén tinh
v0i rang budc bién tron dugc phat trién, ma ¢ day
rang budc bién tron dugc thay thé boi rang budc can
bang (mot dang rang budc tong quat hon va phirc tap
hon rang budc bién tron). Bai bao da dat dugc cac
két qua m&i vé cac tinh chét vi phan suy rong cua
bai toan diéu khién t6i uu duéi tic dong cua nhiéu.
Céc két qua méi cia bai bao bao gdm cac cong thire
tinh ddi dao ham Fréchet va ddi dao ham
Mordukhovich ciia toan tir rang budc dang cén bang
¢6 nhiéu, cac cong thirc tinh dudi vi phan Fréchet
ctia ham gia tri toi uu cta bai toan diéu khién toi uu
¢6 tham s6 voi rang budc dang cin bang. Viée xay
dung cong thirc tinh dudi vi phan Mordukhovich va
dudi vi phan qua gi6i han suy bién 1a mot trong
nhitng hudng phat trién ctia bai bao nay.
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