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ABSTRACT

This paper considers vector optimization problems via co-radiant sets and
studies the existence conditions of the Benson weakly efficient solutions of
these problems. Firstly, the properties of radiant sets and co-radiant sets
were discussed. Then, models of vector optimization problems via co-
radiant sets and their Benson weakly efficient solutions were proposed.
Finally, using the linear scalarization method, sufficient conditions for
these Benson weakly efficient solutions are formulated.

TOM TAT

M6 hinh bai todn t6i wu vector thong qua tdp co-radiant dicoc xem xét va
nghién ciru cac diéu kién tén tai cia nghiém hitu hiéu yéu Benson cho cac
bai todn nay. Tride tién, cdc tinh chat cia tdp radiant va tap co-radiant
duogc thao ludn. Sau do, mé hinh bai todn t0i wu vector thong qua tdp co-
radiant va nghiém hitu hiéu yéu Benson cia ching duoc dé xudt. Cudi
ciing, bang cach si dung phuong phap vé huong hoa tuyén tinh, cdc diéu
kién dii cho su ton tai ciia cdc nghiém hitu hiéu yéu Benson nay duwoc thiét
lap.

1. GIOI THIEU

T6i uwu vector 1a mot linh vuc quan trong

ton tai nghiém (Kazmi, 1996; Lee & Kuk, 1998;
Aubin & Frankowska, 2009; Anh et al., 2021), tinh

clia Toan hoc dwgc nhiéu ngudi quan tdm trong
nhitng ndm gan day, c6 thé liét ké mot cach khong
day du mot sb cong trinh nghién ctru tidu biéu vé
linh vuc nay dugc cong bd boi cac nha Toan hoc
trong nude va trén thé gigi nhu: Ehrgott (2005),
Gutiérrez (2006), Patrone et al. (2007), Aubin and
Frankowska (2009) va Jahn (2009). T nhitng cong
trinh da cong bd, cho thay cac chi dé cua téi wu
vector da dugc cac nha Toan hoc khao sat véi nhidu
két qua tha vi, c6 y nghia khoa hoc nhu: diéu kién
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6n dinh nghiém (Miglierina & Molho, 2002; Aubin
& Frankowska, 2009; Zhao et al., 2013; Lalitha &
Chatterjee, 2015; Anh et al., 2018; Anh et al.,
2020a), su hoi tu nghiém (Anh et al., 2020b), tinh
lién thong cua tap nghiém (Han & Huang, 2018;
Anh et al., 2022).

Mot dic diém quan trong cua téi wu vector 1a
ching ¢ rat nhiéu dang nghiém khdc nhau, tuy
thudc vao cac phuong én gidi quyét cac tinh hudng
thyc té. Chinh vi véy, cho dén nay c6 nhiéu dang
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nghiém hitu hiéu dugc cac nha Toan hoc dé xuat nhu
nghiém Edgeworth (Edgeworth, 1881), nghiém
Pareto (Pareto, 1906), nghiém Geoffrion (Geoffrion,
1968), nghiém Borwein (Borwein, 1977), nghiém
Benson (Benson, 1979), nghiém Henig (Henig,
1982). Mot trong nhiing yéu té mang tinh chat quyét
dinh dan dén cac dang nghiém hitu hiéu nhu di dugc
dé cap o trén chinh 1a cau tric cua nén thir tw. Do
d6, viéc nghién ctru cac mé hinh bai toan tdi wu bang
viéc thay thé va mé rong cac cau trac non 1a mot chua
dé hay va dugc nhidu ngudi quan tam trong thoi gian
qua. Theo hudng nghién ctu nay, tap co-radiant
duogc cho 1a ¢6 vai tro quan trong, dac biét 1a dbi véi
viéc xap xi nghiém trong téi uu vector. Gutiérrez et
al. (2006) da gi6i thiéu mot loai nghiém gan dung
méi dé hop nhat mot s6 nghiém gém dang hién co,
dong thoi céc tac gia cling thiét lap két qua vo hudng
hoéa phi tuyén cho cac nghiém gan dung hop nhat do.
Tur y twdng cta Gutiérrez et al. (2006), Gao et al.
(2011) da gidi thiéu mot loat cac nghiém hiru hiéu
cho céac bai toan t6i wu vector va thao luan vé mdi
quan hé cta chung ciing nhu cac diéu kién t6i wu cho
cac nghiém nay thong qua phuong phap vo hudng
hoéa phi tuyén. Sau d6, dua trén khoang cach dinh
huéng Hiriart-Urruty, Zhao et al. (2015a) da cung
cAp mot ham phi tuyén tinh vo hudng cho bai toan
t6i uu hoa vector thong qua tap co-radiant va bang
cach str dung ham nay, cic tac gia da dé xuat nhiéu
loai nghiém hiru hiéu cho bai toan lién quan va thu
dugc nhiéu phién ban cai tién cua két qua trong Gao
et al. (2011). Gan day, Gao and Xu (2019) ciing da
xem xét mot sé nghiém hitu hiéu cho cac bai toan
t6i uru hoa da myc tiéu nhu nghiém Benson, nghiém
Borwein, nghiém xip xi, nghiém Henig va bing
cach sir dung phuong phap vo hudng tuyén tinh,
nhom tac gia da thanh cong trong viéc nghién cuu
cac diéu kién t6i wu va méi quan hé gitra cac nghiém
nay.

Lay y tuéng tir nhimg cong trinh trén, nghiém
hitu hiéu yeu Benson ung voi tap co-radiant cho bai

toan tdi wu vector va nghién clru cac diéu kién ton
tai cua nghiém do duoc dé xuét.

2. KIEN THUC CHUAN BI

Cho X, Y 14 cac khong gian dinh chuan, X 1a tap
con khac rong cua X.

Pinh nghia 2.1. Tap C © Y duoc goi 1a nén néu
VvGimoi x € Cvamoi a > Otaluoncoax € C.No6n

C dugc goi 1a nén c6 dinh néu € N (=€) = {OY}
Nén € duoc goi 1a nén 16i néu € 1a nén va 1a tap 16i.

Vidu 2.1. Trong R?, ta 6 R% 13 nén 16i c6 dinh.
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Gia st Y* 1a khong gian ddi ngau cua Y. Ky
hiéu nén doi cyc C* cua C la:
C:={feY:¥4(y)=0,Vy€EC}

Cho R, tap hop cac sb thuc khong am va A 1a
tap con khéc rong cua Y, ky hi¢u bao déng va phan
trong cua A lan luot 13 clA va intA. Non sinh ra
boi A ky hiéu la:

cone(A):= {ta:t = 0,a € A}.

Ta noi tap A la dic néu intA # 0.

Bo dé 2.1. (Jahn, 2009, Bo dé 3.21, tr. 77) Néu
Y 1a mot khong gian t6 pd tuyen tinh thuc va C la
nén 15i thoa méan intC # @ thi:

intC ={y e Y:£(y) > 0,v¢ € C*"\{0y+}}. (2.1)

Dinh nghia 2.2. M4t anh Xa c6 gia tri vector
g:X - Y duogc goi 14 lién tuc tai x, € X néu véi moi
lan can V cua g(x,), ton tai lan can U cua x, sao
cho g(x) € V véi moi x € U.

Dua vao Dinh nghia 2.2, ta c¢6 dinh nghia ham
lién tuc theo nén nhur sau:

DPinh nghia 2.3. (Anh et al., 2009) M6t anh xa
c6 gia tri vector g: X — Y duoc goi la

(@) nika lién tuc dudi theo non C (C-Isc) tai x, €
X néu véi moi 1an can V caa g(x,), ton tai 1an can
U cua x, sao cho g(x) € V + C véi moi x € U;

(b) niza lién tuc trén theo nén C (C-usc) tai x, €
X néu véi moi 1an can V caa g(x,), ton tai 1an can
‘U cua x, sao cho g(x) € V — C véi moi x € U;

(¢) lién tuc theo nén C tai x, € X néu nd C-usc
va C-lsc tai x,.

Ham g duoc goi 1a lién tuc (lién tuc theo nén C)
trén tap X < X néu no lién tuc (lién tuc theo nén C)
tai moi diém x, € X.

Nhan xét 2.1. Ta thy rang I6p ham lién tyc la
tap con thyc sy cua 16p ham lién tuc theo nén (diéu
nay dugc minh hoa qua Chu y 5.4 trong Luc, 1989).
Céc vi du sau day cho thdy diéu kién nua lién tuc
theo nén 1a nhe hon so véi lién tuc.

Vi du 2.2. Xét anh xa D: R — R duoc xac dinh
nhu sau

xEQr
x €.

1:
D(x) = {0’
Khi d6, D 1a R,-ntra lién tuc trén tai v2 nhung
khong lién tuc tai V2.
Vi du 2.3. Xét 4nh xa g: R - R? dugc x4c dinh
nhu sau:
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=)
— X,
X
(_1’ _1)’

Khi do, g 1a R2-ntra lién tuc dudi tai 0 nhung
khong lién tuc tai O.

B6dé22 ChoxpeX, f€C vaf:X->VYla
anh xa c6 gia tri vector. Khi d6:

(a) £ o f nira lién tuc dudi tai x, néu £ nira lién
tuc dudi theo C tai x;

(b) € o f nira lién tuc trén tai x, néu f nira lién
tuc trén theo C tai x,;

(c) € o f lién tyc tai x, néu f lién tuc theo € tai
xo.

>0,
g(x) = x

x <0.

Chizng minh.

(a) Ta can chang minh véi mdiy E R ma y <
2(f (x,)) thi ton tai lan can U cua x, sao cho y <
2(f (%)) V6i moi x € U. Viy < £(f(x,)) va £ nira
lién tuc dudi tai £ (x,) nén ta c6 thé tim duogc lan can
V cua f(x,) sao cho:

y <{4(y), Vyew. (2.2)

Do f nira lién tuc dudi theo C tai x, nén véi lan
Can V, ton tai 1an can U cua x, sao cho f(x) €V +
C v6i moi x € U. Khi dé, voi moi x € U, ton tai
y€eVthoa f(x) Ey+C.Tu £ € C*, tasuyra:

() < £(f (x)). (2.3)
Két hop (2.2) va (2.3), ta dugc
y <f(f(x)), vx€eU.

Vivay, € o f nua lién tuc dudi tai x,.

(b) Chirng minh tuong tu ta ciing duoc két qua
(b).

(c) Suy ra tir két qua (a) va (b). n

Bo dé 2.3. Cho Y 1a tap con khac rong cia Y, khi
do, neu Y N intC = @ thi

clY nintC = 0.

Chizng minh.

Gia sir clY NintC # @ thi ton tai y € clY N
intC. Do d6 y € intC nén ta c6 thé tim dugc 1an can
V cua Oy sao cho y +V c intC. Mt khac, viy €
clY nén

+VY)nY # Q.

Tir d6 suy ra intC N‘Y # @ mau thuan. n
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Dinh nghia 2.4. (Guti¢rrez etal., 2012) Tap @ #
€ c Y duoc goi la tap cdi tien tuong ung V6i (tu.v)
Cnéuly & Eva& + C = E.Ho cac tap cai tién t.u.v
C trong Y ky hiéu la 3.

D& thay C\{0} € ¢, intC € I va Y\(—C) € Je.

3. TAP RADIANT VA TAP CO-RADIANT

) Phan nay nhéc lai dinh nghia va khao sat cac tinh
chat cua tap radiant va tap co-radiant.

Pinh nghia 3.1. (Rubinov, 2013, Pinh nghia
5.1, tr.156) Mot tap con khac rong R cua Y duoc goi
la tap radiant néu véi moir e R va 0 < a < 1 thi
ar € R.

Pinh nghia 3.2. (Rubinov, 2013, Dinh nghia
5.3, tr.159) Mét tap con khac rong D cia Y dugc goi
la tap co-radiant néu véi moi d € D va a = 1 thi
ad € D.

RO rang non C vura la tap radiant vira la tap co-
radiant.

MOi quan hg giira tap radiant va tap co-radiant
duoc thé hién qua bo dé sau:

Bo dé 3.1. Cho R la tap con khac rong cua Y

v6i R # Y. Khi d6, R 1a tap radiant khi va chi khi
phan bu cua n6 D = Y\R 1a tip co-radiant.

Chizng minh.
Léyy€eDvaa>=1,suyra0<—-<1, giast
ay ER. Vi R la tap radiant nén y = %(ay) ER.
Suyray € DN R,didunayvolyviDNR = @. Do
do, ay & R suy raay € D hay D la tap co-radiant.
Nguoc lai, voiy € Rva 0 < A < 1, gia st rang
Ay € D. Vi D=Y\R la tdp co-radiant nén y =
~(ly) € D.Suyray € D N R, diéunay vo 1y viD n
R = @. Do do, Ly € R, hay R 1a tap radiant. ]
Ta c6 c4c tinh chit sau cua tap co-radiant:

B6 dé 3.2. Cho D la tap co-radiant. Khi dé
(a) véi moi € > 0, €D 1a tap co-radiant;
(b) v6i moi &, > €, > 0, thig;D c €,D;
(c) véimoi A, > 0,néuDIdi thi

AD + uD < AD N uD;
(d) v6i moi € > 0, cone(D) = cone(eD).

Chizng minh.

(@) VéimoiyeeD, tacoy=ed,d € DvaD
la tap co-radiant nén véi a = 1 thi ad € D. Do d6
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ay = aed = ¢(ad) € €D,
nén €D la tap co-radiant.
(b) Voiphan tir tiy ¥ y € gD, ta tim dwoc d €

Dsaochoy = &,d. Diéunay kéthop véie;, > &, >
0, suy ra

&1
y=¢&d=c¢ (g—d) € &,D.

2

(c) Vi moi € > 0,thi D + €D < D. That vay,

ldy y € D + €D thi ton tai d,, d, € D sao cho
y=d; +&d,.

Do do,
Ldl + —d2> €D
1+¢ 1+e¢
khi D 14 tap 16i co-radiant. Do d6 D + €D c D.

y=d1+sd2=(1+s)<

Vé6i moi A, u > 0, tir két qua trén, ta c6
D + D = 2(D +4D) < 4D,

va

AD+;¢D=M(§D+D)CMD.

Vay AD + uD c AD n uD.

(d) Ly tuy ¥ phan tir y € cone(D) thi ton tai
t=>0vad € Dsao cho y = td. Hon nita, voi € >
Otacod

y=td= é(ed) € cone(eD).

Nguoc lai, vé’iqbét ky v € cone(eD), ta tim dugc
t=>0vadeDadé
y = ted = t;d € cone(D), voi t; =te = 0.

Vay cone(D) = cone(eD). [

Chiéu nguoc lai cua B6 dé 3.2 (c) 1a khong dang
dugc minh hoa qua vi du sau:

Vidu3.1. Trong R, cho D = [1, +oo[, xét 2D =
[2,400[, 3D = [3, + 0], thi
2D N 3D = [3,4+x],
2D + 3D =[5, +oo].

RO rang [3, +0o[ & [5, +oo[ nén
2DN3D ¢« 2D + 3D.
B dé 3.3. Vi D c €\{0y} 1a tap co-radiant 15i
dac va K = cone(D) thi
(@) K 1a non c6 dinh va D N (—intK) = @;
(b) % 14 nén 16i;
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(c) D la tap cai tién Gng véi K.
Cheng minh.
(@) Do D c €\{0y}, C la nén va

cone(D) = K < cone(C) = C. (3.1)
Ma C 1a noén c6 dinh nén ta suy ra
K 0 (=) = {0y}. 3.2)

Do do, K 1a nén c6 dinh.
Mic khac, vi D € K nén (3.2) kéo theo
DN (—intX) = @.

(b) V6i cac phan tir bat ky y,,y, € K, ton tai

a;,a, € R*, d;, d, € Dsaocho
y1=mdy,y; = aydy,
Véi t € [0,1], xét
tyl + (1 - t)yz = ta1d1 + (1 - t)azdz

= (tay + (1 - t)%)(ﬁdl
(1-08a,

—_— €
ta’1 + (1 - t)az d2> jc

do D 16i. Tir d6 suy ra K 1a non 15i.

(c) Tir tinh chét c6 dinh ctia nén K ta dugc
DcD+X. (3.3)
Vi D c C\{Oy} nén Oy ¢ D. Lay y €D+ XK
thi ton tai d; € D va k; € K thdéa man
y = dl + kl'
Két hop v6i K = cone(D) ta co thé tim dugc
t € R*,d, € D sao cho
y = dl + tdz.
Diéu nay két hop véi B6 & 3.2 (c) suy ray € D.
Do d6 D + K < D, két hop véi (3.3) suy ra

D+ X =D. [ |

~ Sur dung cac ky thuat trong ty trong chung minh

Bo6 dé 3.2, ta cling thu dugc mot so6 tinh chat cua tap
radiant.

B dé 3.4. Cho R 1a tap radiant. Khi d6

(a) véi moi € > 0, eR 1a tap radiant;

(b) v6i moi &, > &, > 0, thi &;,R C g R;

(c) véimoi A, u > 0,néuR 16i thi

AR+ uR c (A + WR.
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4. PIEU KIEN TON TAI NGHIEM CHO
BAI TOAN TOI UU VECTOR THONG
QUA TAP CO-RADIANT

Phan nay khao sat diéu kién ton tai nghiém cua
bai toan toi uu vector thong qua tap co-radiant D.

Xét bai toan tdi wu vector (VOP):

(VOP): min f(x) théaman x € X,

trong d6 f: X — Y énh xa c6 gia tri vector va
X 1a cic tap con khong rdng cua X.

Tu Benson (1979) va Sheng (2002), ta c6 dinh
nghia nghiém htu hiéu Benson va nghiém hitu hiéu
yeu Benson cho bai toan (VOP) nhu sau:

Pinh nghia 4.1. Phan tir x, € X duoc goi la

(a) (Benson, 1979) nghiém hifu hi¢u Benson cua
(VOP), ky hiéu x, € BEff(X, f)¢ néu

cl(cone(f(X) — fxy) + C’)) N (=C) = {0y}

(b) (Sheng, 2002) nghiém hzzu hiéu yé’u’ Benson
cua (VOP), ky hiéu x, € WBEFf(X, f) néu

cl(cone(f(x) — flxo) + C’)) N (—intC) = @.

Vé6i D c Cla tap co-radiant cho truéc, tur binh
nghia 4.1, ta xét bai toan toi wu vector thong qua tap
co-radiant D, ky hiéu (VOP)p nhu sau:

(VOP)p: min f(x) théamin x € X,
trong d6 f: X — Y énh xa c6 gia tri vector va
X 1a céc tép con khong rong cua X.

Pinh nghia 4.2. Phan tir x, € X duoc goi 1
nghiém hizu hi¢u yeu Benson cua (VOP)yp déng voi
D, ky hiéu x, € WBEFF(X, f)p néu

cl(cone(f(x) — f(xg) + 'D)) N (—intX) = @,
v6i K = cone(D).

_ Nhan xét 4.1. Tr B6 d¢ 3.2 (a) va (d), ta thay
rang viéc xem xét bai toan toi uu thong qua tap co-
radiant, thay vi )gét tap Cp-radiant c6 dang €D, voi
€ > 0 thi ta chi can xét doi véi e = 1.

Vi du 41. Cho X =R, Y = R%, X = [-1,1],

D={(x,y):x=1y=0}U{(x,y):x=0,y =
1}, ¢ = R% va f: R — R? duoc xac dinh nhu sau:

f(x) = (x,x%), vx € R.

Taco K ={(x,y):x =0,y =0} U
{(x,y):x =0,y = 0},
va WBEF(X, f)p = [-1,1].
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Pinh Iy 4.1. Gia stt

(i) X 1a tap compact;

(ii) f ntra lién tuc dudi theo non K trén X.

Khi d6, tap nghiém WBEFf(X, f)p khéc rong.

Ching minh.

V6i £ € K*\{0y-}, xét

S={xeX:t(f(2)+d) =

#(f(x)) véimoi (z,d) € X x ‘D}. 4.1)

Ap dung B6 dé 2.2 (a) va tinh nira lién tuc dudi

cua ham f, ham so € o f la ntra li€n tuc dudi trén tap

compact X. Vi vay, ham € o f dat gia tri nho nhat
trén X. Hay, tap hop

E:= {x € X:f(f(z)) > f(f(x)) ,VzZE X}
khac rong.

Vi D c K nén £(d) > 0 véi moi d € D. Pidu
nay két hop véi su khac rdng cua E dan dén ton tai
x € X sao cho

2(f(2) +¢(d) = ¢(f(x)),V (z,d) € X xD.
Suy ra S, khac rdng véi moi £ € K *\{0y-}.

V6i mdi £, € K*\{0y-}, lay x € S, ta c6
Lo(f (X)) + £o(d) = 4, (f (%)), V(x,d) € X xD. (4.2)

Gia sir ¥ € WBEFf(X, f)p, tirc la:

cl(cone(f(X) — f(x) + D)) N (—intX) * 0,

Ap dung Bb dé 2.3, ta dugc:

cone(f(X) — f(x¥) + D) N (—intXK) * .
Ta ly:
y € cone(f(X) — f(X) + D) N (—intX).

Tir d6 suy ray € (—intX), két hop diéu nay véi
(2.1), ta dugc:

() <0, (4.3)

Mt khac, y € cone(f(X) — f(%) + D) nén ton
tai £ > 0 va (2,d) € X x D sao cho:
y=tf @) - f® +d).
Két hop két qua nay véi (4.3) va tinh chit tuyén
tinh cua 4, suy ra:
£0(f(2)) = Lo(f (X)) + £o(d) <0,
hay £,(f(2)) + ¢o(d) < £o(f(X)), didu nay

mau thuan véi (4.2). Vi vay, ¥ € WBEFF(X, f)p nén
WBEff(X, f)p khéc rdng. ]



Tap chi Khoa hoc Trirong Pai hoc Can Tho

Nhan xét 4.2. Theo sy hiéu biét ciia ching t0i,
chua c6 bat ky mot cong bo nao cung cap dieu kién
du cho tap nghiém hiru hiéu yéu Benson ctia bai toan
(VOP)q tng v6i D ngay ca truong hop dic biét D =
C. Do d6, Pinh Iy 4.1 1a moi.

Vi du sau day minh hoa cho Dinh 1y 4.1.

Vidu4.2. ChoX=Y=R%X = {(x,x,) €
R2:x? +x} <11,D = (,5) + RZ, va
f:R? > R? duoc x4c dinh nhu sau:

f(x) = (xF +x3,x{ +x3), Vx = (x,x;) € R%
Ta cé K = cone(D) = R2.

D& thay cac diéu kién (i), (ii) cua Pinh 1y 4.1 déu
thoa man nén tap WBEFf(X, f) khac rong.

Hon nira, ta co:

FO0) = {(x2 + x2,x? + x2) € R%:x? + x% < 1},
va véi méi X = (¥,,%,) € X,

fO)-f@®+D

1
(G- G 4G D -

= 1 2 2 2
+X2)+E L Xq +x2 Sl +R+

Néux € WBEFF(X, f)p thi véi moi t > 0 va véi
moi x € X, ta dugc:

1
t((xlz +x3) — (X2 + %2) +E> >0,
va vi thé ¥ + %3 < -
Nguoc lai, v6i X = (%,, %) ma 2 + %2 < % ta
co:
7.2 1L 5.2 1 2 2
X"+ X, S§+(x1 + x3),

<1

V(x, %) € R%: x2 + x2
Do d6, V(xq,x,) € R%:x? + x5 < 1, kéo theo
({(t -G+ +5.08 +2D) - &
+ x2) +%>:x12 +x7 < 1}
+ Ri) N (—intR%) = @.

Vi vay, ¥ € WBEFFCX, f)p.
Két qua 1a
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WBEFF(X, f)p = {(3?1,3?2) ER%:X2+ 72 < %}

Phan con lai cia muc nay trinh bay cac diéu kién
du cho sy ton tai nghiém hitu hiéu yéu Benson cua
(VOP)q tng v6i D ma khong sir dung tinh compact
cua tép rang budc va tinh ntra lién tuc theo nén cta
ham muc tiéu.

Pinh Iy 4.2. Giasttontai € KX*va me€R
sao cho

(i) £(d) > 0,vd € D;
(i) (f(x)) =2 m,Vx € X.
Khi d6, tap nghiém WBEFf(X, f)p khéac rdng.
Chizng minh.
Vi £(d) > 0 nén tdn tai r € R sao cho:
£(d) >r>0.

Do (ii) ta tim dugc X € X sao cho:
e(f®) < inf £(F(0) + 3
< inf £(f(0)) + 3+ €(d) — 7
< inf £(f(0) + £(d) - 3.
Suy ra:
2(f(®) < (f(x)) + £(d),¥(x,d) € X X D,

hay % € S,. Bang cach 1ap luan tuong ty nhu
Pinh Iy 4.1 ta c6 X € WBESf(X,f)p nén
WBEff(X, f)p khéc rong. n

Céc vi du sau ddy cho thiy Dinh 1y 4.1 va Dinh
1y 4.2 khong so sanh dugc véi nhau.

Vi dy 43. Cho X=R, Y = R, X =] — 1,3],

D={(xy);x=211<y<x}U][240oo[ X[0,1],
C = R? va f: R - R? duoc x4c dinh nhu sau:

-1
f(x)={(x'x+1)' xi—l_
1,1 , x=-1
Ta co:
fOO)={(x,y) ER?: —1<x<3,—-0<y=
_LS _l},
x+1 4

Véi xy € X tuy v, ta xét:

_ -1 2 _ 2. _1_
FOO = (%0, p) +RE = {(ry) €R%: ~1
1
X0<XS3—XO,—00<y——x+x0+1 x0+1S
_r, 1 2
4+x0+1}+R+'
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Vi—4 < —1 — x, < 0 nén ton tai X sao cho:
—1—x0 <f<0

1 1
X+xo+1  xo+1

Khi d6: 7 = — <0.

Do do

(x,%) € cl(cone(f(X) — f(xo) + R2)) n
(—intR2).

Nghia 1a x, € WBEf(X, f)e v6i moi x, €
X, hay WBESf(X, f)e = 0.

Mt khac, véi £ = (2,—1) thi cac diéu kién cua
Dinh ly 4.2 théa man. Do do, WBESf(X, f)p khac
rong. Bang cach tinh tryuc tiép ta co

0 € WBEF(X, f)p.

Tuy nhién, vi tap X khong compact nén Dinh ly
4.1 khong thé ap dung dugc cho truong hop nay.

Vi du 4.4. Cho X=R, Y=R?X =10,1],
D={00}U{(xy)l<x<+00<y<x}
va f: R - R? duoc x4c dinh nhu sau:

f(x) = (x,x%), Vx ER.

R& rang tap X va ham f thoa man céac diéu kién
(i), (ii) cua Binh 1y 4.1 nén ta két luan tap nghiém
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