Tap chi Khoa hoc Trirong Pai hoc Can Tho

Tap 59, S6 chuyén dé: Gido duc Pong bang séng Cizu Long (2023): 8-15

Tap chi Khoa hoc Trudng Pai hoc Can Tho

Sé chuyén dé: Gido duc Péng bing séng Ct'u Long

website: ctujsvn.ctu.edu.vn

DOI:10.22144/ctu.jvn.2023.088

TINH LIEN THONG CUA TAP NGHIEM HUU HIEU YEU
CHO BAI TOAN TOI UU TAP KHONG LOI

Nguyén Thai Anh'", Pham Thanh Duoc? va Nguyén Thi Ngoc Tuyét!
1BG mén Todn, Khoa Sw pham, Trieong Pai hoc Can Tho

2Khoa Cong nghé théng tin, Trieong Pai hoc Ky thugt - Cong nghé Can Tho
*Ngwoi chiu trach nhiém vé bai viét: Nguyén Thdi Anh (email: anhm0721005@gsudent.ctu.edu.vn)

Théng tin chung:

Ngay nhdn bai: 14/01/2023
Ngay nhdn bai swa: 12/03/2023
Ngay duyét dang: 27/03/2023

Title:

Connectedness of weakly
efficient solution set of a non-
convex set optimization
problem

T khoa:

Bai todn t6i uu tdp, ham
khoang cach dinh hwong
Hiriart-Urruty, phwong phdp
vo huong hoa, tinh lién thong

Keywords:

Connectedness, Hiriart-Urruty
oriented distance function,
scalar method, set optimization
problem

ABSTRACT

This paper considers a nonconvex set optimization problem and discusses
connectedness conditions for its weakly efficient solution set. Firstly,
various concepts of connectedness for a set-valued map are proposed.
Secondly, sufficient conditions for the connectedness of an extension of the
oriented distance of Hiriart-Urruty are formulated. Finally, the
connectedness properties of a weakly efficient solution set to such
problem are investigated via the extension of the oriented distance of
Hiriart-Urruty.

TOM TAT

Bai bdo nay xem xét mot bai todn toi wu tdp khong 16i va thao ludn cdc
diéu kién lién thong cho tdp nghiém hitu hiéu yeu cua no. Pau tién, cdc
khdi niém khdc nhau vé tinh lién thong cho anh xa co gia tri tdp dwroc dé
xuédt. Thir hai, cac diéu kién @i cho tinh lién thong cho mot dang mo rong
ctia ham khodang cach dinh hwong ciia Hiriart-Urruty dwoc trinh bay. Cuoi
ciing, tinh lién thong cia tdp nghiém hitu hiéu yéu cho bdi todn trén dwoc
nghién citu thong qua dang mo rong cua ham khodng cach dinh huong
cua Hiriart-Urruty.

1. GIOI THIEU

Ly thuyét t6i wu 1a mot trong nhimng linh vuc

2012; Kuroiwa, 2003; Karuna & Lalitha, 2019;
Khoshkhabar-amiranloo, 2019; Xu & Li, 2014) boi
tinh wng dung cao ctia né trong ly thuyét va thuc tién

phat trién manh cua toan wng dung. Trong
nhitng nam qua, 1y thuyét nay da cho thiy dwoc tam
anh huong cia n6 dén nhiéu linh virc khac nhau nhu
kinh té, y hoc, ki thuat,... théng qua nhiéu loai mé
hinh khac nhau nhu mé hinh bai toan can bang, bai
toan t6i wu vector, bai toan bat ding thic bién
phéan,... (Kassay & Radulescu, 2018). Trong
nhiing thap nién gan dy, mé hinh bai toan t5i wu tap
dang duoc rat nhiéu nha nghién ctu quan tim
(Alonso & Rodriguez-Marin, 2005; Gutiérrez et al.,

(Khan et al., 2016).

Trong téi wu, mot trong nhitng van dé quan trong
trong nghién ciru 1a khao sat cac tinh chat topo cua
tap nghiém. Tinh lién théng cua tap nghiém duoc
nhiéu nha toan hoc quan tdm, vi n6 bao dam cho viéc
di chuyén tr mot nghiém hiru hiéu nay sang mot
nghiém hiru hiéu khac. Nhiéu nha nghién ctru da sir
dung k¥ thuat vo hudng hoa dé khao sat tinh lién
thong cuia tap nghiém bai toan t6i uru vector (Anh et
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al., 2022b; Anh et al., 2022; Gong 1994; Qiu &
Yang, 2012) va bai toan can bang vector (xem Anh
et al., 2022a; Gong, 2007; Han & Huang, 2016,).
Doi vai bai toan t6i uu tap, mot cong trinh tidu biéu
nghién ctru vé diéu Kién lién thong cho tap nghiém
1a Han & Huang (2020), trong d6 cac diéu kién lién
quan dén tinh 16i cua tap rang budc va ham muc tiéu
1a gia thiét cét yéu.

Tir quan st trén, diéu kién du cho tinh lién thong
cua tap nghiém hiru hiéu yéu ddi véi bai toan toi uu
tap duoc nghién ctiru ma khong st dung bét ky diéu
kién nao lién quan tinh 15i cua tap rang budc va ham
muc tidu. Cu thé, cdc khdi niém Vé tinh tua 16i tu
nhién téng quat cho anh Xa da tri dugc gidi thiéu.
Sau d6, tinh twa 10i ty nhién tong quat cho dang mé
rong cia ham khoang cach dinh hudng Hiriart-
Urruty dugc nghién ctru. Cudi cling, tinh lién thong
cuia tap nghiém hiru hiéu yéu ddi voi bai toan t6i uu
tap khong 16i duoc thiét 1ap bang phuong phéap vo
hudng hoa.

2. KIEN THUC CHUAN BI

Mot sb truong hop dac biét duoc ngoai trir trong
bai viét nay. Cho X, Y 1a cac khong gian dinh chuan,
C 1a mot nén trong Y. P (Y) 1a tap hop tit ca cac tap
con khac rdng cua Y va R, 1a tap hop tit ca cac sd
thyc khong am.

Dinh nghia 2.1. (Araya, 2012; Kuroiwa, 1998)
Cho M,V € P(Y). Céc quan hé thu ty tdp <, va

. 1an luot duge dinh nghia nhu sau

N, MeNcM-_C,
va néu intC # @ thi
N, Mo NcM-—intC.

Pinh nghia 2.2. (Luc, 1989) Mot phan tir M cua
P(Y) duogc goi 1a

(@) C-chinh thuong néu M +C # Y;
(b) €¢-compact néu moi phu ciia M c6 dang

v, +C:a €7,V,1amo}
déu trich dugc mot phi con hiru han;
(c) c-léinéuM + C laloi.
Nhén xét 2.1.
(i) Néu € = {0} thi cac khai niém trong Dinh nghia
2.2 tré thanh cac khéi‘niém co dién.
(if) Moi tap C-compact déu la C-chinh thuong.
Pinh nghia 2.3. (Gopfert et al., 2003) M6t anh
xa datri G: X 3 Y dugc goi la
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(@) C-nira lién tuc trén (C-UsC) tai x, € X néu Vi
moi lan can V cua G (x,), ton tai 1an can U cua
X, Sao cho
G cV+C;
(b) C-nita lién tuc dudi (C-Isc) tai x, € X néu véi
moitdpconméV cua Y Vv6i V N G(x,y) # @ thi
ton tai mot lan can U cua x, sao cho G(x) N
(VY —-0C) # o vdimoix € U.
(c) C-lién tuc tai x, € X néu nd vira 1a C-usc vira 1a
C-lsc tai x,.
Pinh nghia 2.4. Cho X 1a mot tip con khac rdng
cua X
(@ Véi mdi cép diém  x;,x, €X, tap
7}1 x; =Vtefo] X1 x,(£) dugc goi 1a doan
thang ndi hai diém x; va x,, trong 4o
Ly, 2, (&) = (1 = t)x; + tx,. Khi do, X duoc
goi 1a loi néu T, ©X V6 Moi xq,x; €
X (Rockafellar, 1970).
(b) Véi mdi cap diém x,x, €X, cho
Ay, x,: [0,1] = X 1a mot anh xa lién tuc co6 gia
tri vector sao cho

Cﬂxl,xz (0) = x; va C’qxl,xz(l) = X3-
Khi do, Ay, », dugc goi 1a mot cung trong X
v6i diém dau va diém cudi 1a x; va x,. Tap X
duoc goi 1a lién théng cung néu véi mdi cap
diém xy, x, trong X, tn tai mot cung A, ., <
X (Avriel and Zang, 1980).

(c) Tap X duoc goi la tach diroc néu c6 hai tap con
moé U,V cia X sa0o cho X NU=0Q,
XNV£EQUNV=0vaX cUUV.TapX
duoc goi 1a lién thong néu nd khong tach dugc
(Warburton, 1983).

Nhan xét 2.2. Cac ménh dé dudi day dwoc suy
ra tu Binh nghia 2.4.
(i) Moi tap 16i déu 1a lién théng cung.
(i) Moi tap lién théng cung déu 1a lién thong.

Lay cam htng tir Anh et al. (2022a), cac khai

niém 16i téng quat cho anh xa da tri dugc trinh bay
nhu sau:

Pinh nghia 2.5. Mot anh xa da tri G: X 3Y
duoc goi la

(@) C-twa 16i tw nhién theo doan trong tap con 16i
X cta X néu véi moi x;,x, € X va A € [0,1],
ton tai u € [0,1] sao cho

G (Lapr, () =u (1 = WG (xy) + UG (x,);
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(b) C-twa I6i tw nhién theo cung trong tap con lién
théng cung X cua X néu véi mdi xy,x, € X,
tdn tai mot cung Ay, x, trong X sao cho véi
mdi A € [0,1], ta ¢ thé tim dugc mot u € [0,1],
G (A, D) <0 (1= WG(xy) + UG (x,);

(c) C-twa 10i tw nhién theo nghia lién théng
trong tap con lién théng X cua X néu voi bat
ki x;,x, €EX, ton tai mot tap con lién
thong Sy, », © X chira hai diém x;, x, sao cho
Vi Mi x € S, ,, ta c6 thé tim duoc mot 1 €
[0,1],

G(x) <y (1 — WG (xy) + pG(xp).
Tt Pinh nghia 2.5, ta thu dugc so do sau.

C-twra 16i tw nhién theo doan

l

C-tira 16i tu nhién theo cung

I

C-twa 161 tw nhien theo nghia lién thong

Hinh 2.1. Lién hé giira cac dang twa 16
tw nhién
Cac qhiéu nguoc lai cua so dd trén 1a khong
dang. Diéu nay dugc minh hoa qua hai vi du sau.
Vidy 21. Cho X=X =R%Y=R,C=R,.
Tap V c R? duoc dinh nghia béi V = V; U V,, V6i
Vi={a=(xx?)eER*-1<x<0}
va

1
V, = {a = (x,y) ER%:x > 0,y = sin (;)}

Hinh 2.2. Biéu dién ¥ trong R?
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Khi do, V la tép lién thong, nhung khong lién
thong cung. Ticp theo, ta xét ham G: R? =3 R duoc
cho boi

0,néua €V,
60 ={{0 1) méua ¢ .

Khi d6, G 12 R, -tya I5i tw nhién theo nghia lién
thong trong R?, nhung né khong 1a R, -tua loi tu
nhién theo cung trong R?. That vay
e G la Ry-twa |6i tw nhién theo nghia lién théng
trong R?: Vi mdi cap a,, a, € R?, ta xét hai truong
hop sau:

Truong hop 1. Néu ay,a; €V, thi Sy, 4, = V.
Khi do, voi mdi a € S, 4,, ta dugc

G(a) <y (1= G (ay) + pG(ay),
véi moi u € [0,1].

_Truong hop 2. Néu a, & V hoic a, & V, khong
mat tinh tong quat, giasarang a, € V. Dat S, o, =
R?, tacod

G(a) <y [0,1] = G(ay)

=(1-0)G(a;) +0G(ay),
véimoia € S, q,-
e G khong la R,-twa loi tw nhién theo cung trong
R%:Véia, = (-1,1) €V, via, = (%1) €V,. Vi
V khong la tép lién thong cung, nén vi mdi cung
Ag,q,trong R?, ton tai 1€[0,1] sao cho
Ag,a,(1) & V hay tuong duong

G (Aayay (1)) = [0,1] %, 0

= (1~ WG (ay) + G (ay).
Vay G khéng la R, -tya 10i ty nhién theo cung trong
R?.

Vidu2.2.ChoX=X=R%Y=R,C =R, va
G:R? 3 R duge dinh nghia boi G(a) = [0, (xy)z]
véi moia = (x,y) € R? Khido, G 1a R,-tya loi tw
nhién theo cung nhung n6 khong R -tua 16i ty nhién
theo doan. That vay,

o G laR,-tyaloi tw nhién theo cung trong R?. Vi
m6| a, = (xl,yl) Vé a, = (xz,yz) trOﬂg Rz, Xét
cung Ag, q,:[0,1] = R? duoc dinh nghia nhu sau
(1-2M)a;,néuld <21<0.5,
(22— 1a,,néu05<1<1.

_ Tiép theo, véi mdi A € [0,1], ta s& ching minh
rang ludn tim dugc u € [0,1] sao cho

G (Aaya, M) < (1= 1)6(ay) + 16 (az). (21)

Xét hai truong hop sau:

Ay, @ = |
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Truong hop 1. Néu A € [0,0.5], thi
G (Aaya, D) = (1 = 2D*[0, (x131)?]
<u [0, (x1¥1)%] = G(ay).
Do do, vai u = 0 thi (2.1) dang.
Truong hop 2. Néu A € [0.5,1], thi
G (Aaya, (D) = 22 = D*[0, (,2)*]
<u [0, (x2¥2)?] = G(ay).
Do dé, véi p = 1 thi (2.1) dung.
e G khong la R twa 16i ti nhién theo doan trong
R?: Chona; = (1,3)vaa, = (3,1) va1 = 0.5,

G(0.5a, + 0.5a,) = G(2,2) = [0,16]
¢ [0,9] - R
= (1 -w6(ay) + p6(az)
—R,,Vu € [0,1].
Vay G khong 1a R, -tya I5i ty nhién theo doan
trong R2.

3. HAM VO HUONG HOA PHI TUYEN

Pinh nghia 3.1. (Hiriart-Urruty, 1979) Ham
khodng cdach dinh hwéng Hiriart-Urruty ¢_0:Y -
R dugc dinh nghia nhu sau

p_c() =dly,—C) —d(y, Y\ (=€),
véimoi y €Y.

Vi du 3.1. Cho Y = R?,€ = R% va cac diém
v1 = (3;4),y, = (—2;-3) va y; = (—3;2). Khi
d6, @_gz (1) = 5,¢_pz (v2) = —2vag_gz(y3) =
2.

s

Hinh 3.1. Cach xac dinh gia tri Ham khoang
cach dinh hwéng Hiriart-Urruty
B dé 3.1. (Jiménez et al., 2020) Cho y, y,, y, 1a
cac diém thuoc Y. Khi do,

@ P-c la liép tuc trong Y;
(b) néu € 1a16i thi ¢_¢ 1a 16i trong Y;
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(c) néu C 1a dic thi
p_c(y) <0< y€int(-C);
(d) @_e(y) = 0khi va chi khi y € bd(—C);
©) 91 +y2) <p_cO) +@_c(v2);
(f) € 1al1dithi
sy =001 < o_c(2);
(g) néu C laloi va dac thi
Y1 <uY2 = @) <@_c(2).

Pinh nghia 3.2. (Jiménez et al., 2018) Ham s6
D:P(Y) X P(Y) > RU{xo} dugc dinh nghia
nhu sau

DM, N) = sup inf ¢p_o(m —n).
mem NEN

Vi du 3.2. Cho Y=R,C = —R,, M = {3;5}
va N = {—1;2}. Khi 46, D(M, N') = —5.
B6 dé 3.2. (Jiménez et al, 2020) Cho

My, M, N € P(Y). Khi do,

@) M, <y, M, suyra DM, N) < DM, N);
(b) néu C 1a 16i, ddc va My, N 1a cac tap (—C)-
compact thi
M, <y My = DMy, N) < DM, N);
(¢) néu NV 1a (—C)-chinh thuong thi D(V, V) =
0.

B6 dé 3.3. (Jiménez et al., 2020) Cho € 1a nén
16i, dac va M,V € P(Y).Néu D(M, ") < 0 thi
M <, N.Chiéu nguoc lai ciing dung néu M 1a
(—C)-compact.

Bo deé 3.4. (Huerga et al., 2021) Cho C 1a mjt
non 16i. Khi d6, neu V' € P(Y) la (—=C)-loi thi
D(:, V) 1a 16i trong P(Y).

Cho anh xa da tri G:X =3 Y. Pugc thuc day boi
Huerga et al., (2021), song ham &: XXX - RU
{t oo} duge dinh nghia boi

§(x,y) =D(G(x),G()),¥x,y € X,

Tiép theo, cac tinh chat quan trong cua ham &

duoc nghién cuu.

Bo dé 3.5. (Huerga et al., 2021) Cho G:X 3 Y
1a mot 4nh xa da tri va X 1a mot tap con khac rong
cua X. Khi d6, & 1a lién tuc trong X x X, néu G 1a
(—C)-lién tyuc va c6 gia tri (—C)-compact trong X .

B dé 3.6. Cho C 1a mot non 16i, X 1a mot tap
con khéc rong cia X va anh xa da tri G: X 3 Y c6
gi tri (—C)-16i trong X. Khi d6, v6i mdi x € X, cac
khang dinh sau 1a ding.

(a) $ (,x)1a R,-tua 15i tu nhién theo doan trong X

néu X 1a tap 161 va G 1a C-twa Idi tu nhién theo
doan trong X.
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(b) £(;,x) 1a R,-tya 10i ty nhién theo cung trong
X néu X 1a tap lién thong cung va G 1a C-tya I)i
tu nhién theo cung trong X.

(€) &(-,x) 1a R -tya 16i ty nhién theo nghia lién
thong trong X néu X 1a tap lién thong va G 1a C-
twa 10i tw nhién theo nghia lién thong trong X.

Chitng minh. (a) Vi G 1a C-tya 16i tu nhién theo
doan trong X' nén voi moi x,x, € X va véi mdi
A €[0,1], ton tai u € [0,1] sao cho

G (Layr () u (1 = G (xy) + UG ().

Ap dung Bb @& 3.2 (b) va B6 dé 3.4, ta co

D (6 (Ley, @), 6(0)
< (1= wWD(G(x,), 6G(x)) + uD(G (x1), G(x)),
Nghia la
E(Lyy e, (D), x) < (1 — (g, ) + p& (21, %).

Vay &(-,x) 1a R,-twa 16i tw nhién theo doan
trong X. St dung k§ thuat chirng minh twong ty nhu
trén, khang dinh (b) va (c) cling dugc chieng minh. m

4. TINH LIEN THONG CUA TAP

NGHIEM BAI TOAN TOI UU TAP

Cho X, Y nhu muc 2 va C la mét non dac trong
Y. Khi d96, bai toan toi wu tdp dugc quan tam nhu
sau:

(SOP) min G (x) véix € X,
Vvéi G: X 3 Y la mot anh xa da tri va X 1a mot tap
con khac rong cia X.

Dinh nghia 4.1. Mot diém x, € X duoc goi 1a
nghiém hzzu hiéu yéu cia bai toan (SOP) néu véi moi
z€X,

G(2) +y G(xo).

Tap nghiém hitu hiéu yéu cua bai toan (SOP)
duoc ky hiéu bai WESFE(F, X0).

B d& sau ddy dong vai trd quan trong trong qué
trinh khéo sat tinh lién thong cho tap nghiém cta bai
toan dang xét.

Bo dé 4.1. (Khan et al., 2016) Gia sir rang X 1a
tap con lién thong cia X va danh xadatri W: X 3 Y
la nira lién tuc trén c6 gia tri lién théng trong X. Khi
do, W(X) 1a lién thong.

Vi mdi a € X, ta dit

W(a) ={x e X:é(x,a) =¢&(z,a),Vz € X}.

Khi do, ta thiét Iap dugc mot bicu dién vo huong

cua tap nghiém hiru hiéu yéu doi vaéi bai toan (SOP).

12

Tap 59, S6 chuyén dé: Gido duc Pong bang séng Cizu Long (2023): 8-15

Pinh Iy 4.1. Cho € 1a mot non 16i. Gia sir rang

G co gia tri (—C)-compact. Khi do,

WESF(G, X) = Ugex W(a).
Chitng minh. (c) Lay ¥ € WEFf(G, X) bét ki.

Véi moi z € X, tacd

G(2) %y G(X),
diéu nay cung voi Bb dé 3.2 (c) va Bo dé 3.3 dan
dén
D(G(2),6(%)) =0 =D(G(%),6(%)),
véi moi x € X.Do d6, é(z,%) = &(x, %), nén X €
W (x).
(@) Lay bit ki X EUgex W (a), tON tai ay € X
sao cho x € W (a,), nghia la véi moi z € X, thi
§(z,a0) = §(%,ao). (4.1)
Gia st x ¢ WESf(G, X), ta tim duoc Z € X thoa
man
G(2) <, G(%).
T B dé 3.2 (b), tasuy ra (2, ao) < (%, ap),
diéu nay 1a mau thudn véi (4.1). "
Ngay sau ddy, két qua chinh cua bai bao nay
duogc trinh bay.
Pinh Iy 4.2. Cho € 14 n6n 15i. Gia sir rang

(1) X latép con lién thong va compact cua X.

(i) Gla(=C)-lién tuc, C-tya I0i tw nhién theo nghia
lién thong c6 gia tri (—C)-16i va (—C)-compact
trong X.

Khi do, WEFf(G, X) lién thong.

Chieng minh. Tu Dinh ly 4.1 ta co

WEFE(G, X) =U ey W(a). Khi d6, ta can kiém tra
cac budc nhu sau

Buwéc 1. W (a) khdc rong véi mei a € X.

Do G 1a (—C)-lién tuc nén ap dung B6 dé 3.5 ta
duoc £(+, a) 1a lién tuc va vi vay &(-,a) dat gia tri
nhé nhat trén tap compact X. Vay W (a) 1a tap khac
rong vai moi a € X.

Buwéc 2. W (a) 1a lién thong vai moia € X.

Véi moi x1,x, € W(a) vaz € X, ta dugc

§(z,a) 2 §(xq, @) vaé(z,a) = §(xz, ).

Diéu nay clng véi tinh C-tya 16i ty nhién theo
nghia lién thong cua G va B6 d€ 3.6 (c) suy ra ludn
c6 mot tap lién thong S, ,, chira hai diem xq, x,
théa man véi mdi £ € Sy, ,, c6 mot u € [0,1] sao
cho
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§Xa) < (1 —wWi(xy, @) + ué(xz,a)
S A =wi(z,a) +us(z,a) = (2 a),
V6i moi z € X. Do d6, X 1a mot phan tir cia W (a)
Vi moi X € Sy, »,, nén Sy, ,, € W(a) va vi vay
W (a) lién thong.

Buwoc 3. W: X 3 X la usc trong X.

Gia sir tdn tai a, € X sao cho W khong usc tai
a,. Khi d6, ton tai mot 1an can U cua W (a,), day
{a,} hoi tu vé a, va x,, € W(a,) nhung x,, & U Véi
moi n. Tur tinh compact ciia X, ta gia su rang x,, hoi
tu V& xo € X. Néu x, & W (ay,), thi ton tai zy € X
sao cho

(20, a9) < &(x0,ap)-

Vix, € W(a,),taco

5(20' an) 2 f(xn' an)-
_ Dicu nay cing véi tinh (—C)-lién tuc cia G va
Bo6 dé 3.5suyra
(20, a0) = §(x0,a9),
biéu thirc nay mau thuan véi (4.2). Vi vay, x, €
W (a,), diéu nay vo 1y vi x, € U va U 1a tap mo,
nén W 1a usc trong X.

Buwoc 4. WESE(F, X) lién thong.

(4.2)

Tir Budce 1 va 2, ta thiy ring W (a) khéc rdng va
lién thong véi bat ki a € X. Tu Dinh 1y 4.1 ta duoc
WEFf(G, X) =Ugzex W(a). Theo Budc 3, ta thu
dugc W 1a usc trong X. Ap dung B6 dé 4.1 ta co
WESf(G, X) lién thong. [ ]

Nhan xét 4.1. Bing k¥ thuat twong tu va sir dung
ham khoang cach dinh hudng Hiriart-Urruty mo
rong D¢ ( xem Huerga et al., 2021), cac két qua
tuong tur cho bai t&i wu tap véi quan hé th tu [ ciing
dat dugc. Hon thé nita, Han (2020) da sir dung diéu
kién ¢-16i cia ham muc tiéu dé thiét lap diéu kién
du cho tinh lién thong cua tap nghiém yéu ddi véi
bai toan tbi uu tap. Trong khi Pinh 1y 4.2 da sir dung
diéu kién C-tya I5i tu nhién theo nghia lién thong
nén két qua nay cai tién hon Pinh 1y 4.1 trong Han,
(2020).

Vi du 41. Cho X=Y =R%X = {(x;,x,) €
R%:x? <x, <05x? +2},c=R3%, Q =
{(1y2) ER:=1<y,y, <1}va G():R*=3
R? dugc dinh nghia boi

G(a) = ((x1x2)2! ||a||) + Q! Va = (xl! x2)'
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Hinh 4.1. Tap X lién thong nhung khong 15i.

Khi @6, X 1a tdp compact va lién thong nhung
khong 16i. Hon nira, G 1a (—R%)-lién tuc c6 gia tri
(—R?)-16i va (—R%)-compact trong X. Theo Binh
1y 4.2, ta chi can kiém tra tinh RZ-tya 16i ty nhién
theo nghia lién thong cua G. Lay hai diém bat ky
a = (%X;,%;) va a = (x;,x,) trong X. Khi do, véi
a, = (0,0) ta xét tap lién thong

Sd,d = Td,ao U Tao,d'

Ké tiép, voi mdi a € Sy 4, ta s& ludn tim dugc
U € [0,1] thoa man
G(a) <y (1= wG(@) + puG(a).
That vay, xét hai truong hop:

(4.3)

Truong hop 1. Néu a € T 4, thi ton tai sé r €
[0,1] sao cho a = rd. Khi d9,
G(a) = ((r*2,2)%, r|lal|) +rQ
<u ((9?1’?2)2, ||d||) +0=6(a).

Diéu nay dan dén (4.3) dang véiu = 0.

Truong hop 2. Néu a € T, 4, thi ton tai s s €
[0,1] sao cho a = sa. Do do,

G(a) = ((s*4,5,)% slal]) + sQ
<u (®%)2]1al]) + 2 = G(@).

Tir biéu thuc trén, ta c6 (4.3) dung khi p = 1.
Vay WEFf(G, X) lién thong.

Khi do, tat ca céc gia thiét cia Pinh 1y 4.2 duoc
thoa man trong khi cac ket qua cua Han (2020)
khong thé ap dung vi X 1a khong 16i.

~ Nhan xét 4.2. Néu ham muc tiéu 1a don tri thi
ket qua cua Dinh 1y 4.2 trung v6i Dinh 1y 5.2 trong
Anh et al. (2022). Chinh vi the, ket qua cua bai bao
nay tong quat hon két qua cia Anh et al. (2022).
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5. KET LUAN

Tinh lién thong cho tap nghiém hiru hiéu yéu cua
bai toan t&i wu tap voi gia thiét khong sir dung bat ki
diéu kién nao vé tinh 16i da dugc nghién ciru thong
qua cac dic trung ciia ham v6 hudng hoa phi tuyén
dang Hiriart-Urruty va dang mé rong cta no. Cach
tiép can va cac két qua dat dugc 1a méi va khac voi
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