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ABSTRACT

In this paper, a new cone is introduced and the convexity of strongly
efficient solution sets to vector optimization problems via this cone is also
discussed. Firstly, a mixed-ordered cone based on the positive Orthant
cone, the Lorentz cone, and the Lexicographic cone is proposed. Then, the
properties of the above cone and the relationships between it and others
cones are observed. Finally, existence conditions and the convexity of the
solution set to the vector optimization problem are formulated.

TOM TAT

Trong bdi bdo nay, mét nén méi dwoc giGi thiéu va tinh 16i ciia tdp nghiém
hitu hiéu manh ciia mot bai todn téi wu vector thong qua nén méi nay ciing
dwoc thao ludn. Pau tién, mot non thir tw két hop dwa trén non Orthant
dwong, non Lorentz va non tir dién dwoc gioi thiéu. Sau do, cac tinh chat
clia nén nay va méi quan hé giira né voi cac nén khac dwoc khdo sat. Cudi
cung, diéu kién tén tai va tinh 16i cia tdp nghiém cua bai todan t6i 1eu vector
dua trén nén méi dwoc thiét lap.

1. GIOI THIEU

Hirschberger, 2005; Peng et al., 2019; Anh et al.,

Ly thuyét tdi wu héa 1a mot trong nhitng céng cu
quan trong dé nghién ctu Kinh té, k§ thuat va cac
linh vuc khac. No6i chung, cac bai toan t61 wu hoa
dugc xac dinh boi r;lel)r(l f(x) hoac r)r(lgg{f(x), trong

d6 f 1a mot ham co6 gia tri thyc trén mot tap khac
rdng X. Néu f 1a mot ham cé gia tri vector thi nd
duoc goi 1a "tdi wu héa da myc tiéu" hodc "tbi uu
hoa vector" (Luc, 1989; Ehrgott, 2005). Cac chu dé
chinh nghién ciru vé bai toan téi uu vector bao gdbm
su ton tai nghiém (Sawaragi et al., 1985; Sergienko
et al., 2000; Kim et al., 2019), tinh 6n dinh nghiém
(Tanino, 1988; Lucchetti & Miglierina, 2004; Peng
et al., 2018), tinh chit nghiém (Helbig, 1990;
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2022), su dat chinh (Bednarczuk, 1987; Huang et
al., 2006; Lalitha, 2014), diéu kién téi wu va thuat
toan (Bazaraa et al., 1993; Ehrgott, 2005; Ustun et
al., 2021).

CAu triic modt nén thir tu dong vai trd quan trong
trong nghién ctru bai toan t&i wu da muyc tiéu. Trong
khong gian R™, mot nén dugc sir dung nhidu nhit 1a
R%, non nay dua ra cc tiéu chi rat chat va khong dé
dé cac van dé thyc té trong cudc sdng dat dugc. Mot
trong nhitng non ma c¢é nhiéu tng dung trong cac
truong hop thyc té va danh dwoc nhidu sy quan tam
ctia cac nha toan hoc trong thoi gian gan day I non
Lorentz trong khong gian R™. Cac bai toan co lién



Tap chi Khoa hoc Trirong Pai hoc Can Tho

quan dén tdi wu theo non Lorentz da duoc tap trung
nghién cau (Fang et al., 2009; Dong et al., 2012;
Pedro & Alberto, 2012; Wu & Chen, 2012; Anh &
Danh, 2016; Chang et al., 2018; Bueno et al., 2021).
Doi voi muc dich tmg dung, mot nén khac ciing
dugc xem xét, 1a nén tir dién (Anh et al., 2014, 2016;
Anh & Duy, 2018; Bianchi et al., 2010; Konnov,
2003). That khong may, hau hét cac két qua hién c6
cho céc loai bai toan vector tong quat lién quan dén
t6i wu hoa khong thé ap dung cho cac bai toan lién
quan dén nén tir dién vi nén nay khong dong ciing
khong mé.

Tu nhitng quan sat trén, bai bao nay trinh bay
mot nén mai, nén nay ¢b lién quan mat thiét vai ba
n6n vira duoc dé cap & phan trén. Hon nita, cac tinh
chat dep cua nén nay ciing duoc nghién ctu. Cudi
cung, ap dung cac két qua dat dwoc vao bai toan toi
wu vector tng Vi nén vira d& xuat nhu 1a mot ang
dung minh hoa.

Bai bao c6 cau tric nhu sau: Muc 2 trinh bay cac
khai niém va tinh chat caa nén Lorentz, nén tir dién,
ddng thoi ciing d& cap dén cac khai niém va tinh chat
ctia anh xa lién tuc va anh xa 15i. Trong Muc 3, mot
n6n thir ty két hop dugc dé xuét va cac tinh chat cua
n6 duoc thiét 1ap. Hon nita, méi quan hé ciia nén nay
va cdc non Lorentz, non tir dién ciing duoc xdy
dung. Muc 4 xét bai toan tdi wu vector theo non
méi, thiét 1ap diéu kién du cho su ton tai nghiém va
tinh 16i cua tap nghiém ddi voi bai toan dang nay.
Muc 5 dua ra cac nhan xét vé két qua dat dwoc va
mot sé dinh huéng nghién ctu phat trién tir cac két
qua chinh cua bai bao.

2. KIEN THUC CHUAN BI

Muc nay nhic lai cdc khai niém va tinh cht
duoc st dung trong cac phan tiép theo. Cho C la tap
con khac rong cua R™.

Pinh nghiavz.l. Cho v = (vq,vy,...,v,) €
R™, khi @6 chudn Euclide cta v dugc dinh nghia
nhu sau:

vl = \/vlz +vi+o+vZ.

Dinh nghia 2.2. Cho v,u € R", khoang cdch
Euclide giira v va u chinh 1a chuan ||lv — u]|.

Pinh nghia 2.3. V6i xo € R" var > 0, tap hop
B(xg, 1) = {x € R™: ||x — xp|| <7} duoc goi la
qud cau mo tam xq, ban kinh r.
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DPinh nghia 2.4. Tap hop U c R™ dugc goi 1a
ldn cdn cia xy € R™ néu
Ir > 0,B(xy, 1) C U.

Dinh nghia 2.5. Tap hop G c R™ duoc goi la
tdp mo néu no 1a lan can cua moi diém thude no, tirc
1a véi moi xg € G, ton tai r > 0sao cho B(xy,7) C
G.

Dinh nghia 2.6. Tap hop G < R™ dugc goi la
tdp dong neu R™\G la tap mo.

Dinh nghia 2.7. Phdn trong cua tap hop A c
R™, ky hiéu 12 int(A) 12 tap m& 16n nhit (theo nghia
tap hop) chaa trong A.

Pinh nghia 2.8. Bao dong cia tap hop A € R™,
ky hiéu 1a cl(A) 1a tdp dong nho nhat (theo nghia tap
hop) chua A.

Pinh nghia 2.9. Tap A ¢ R™ duoc goi 1a tp 16i
néu vai moi x4,x, € Avat € [0,1], taco:

txq + (1 - t)xZ € A.

Pinh nghia 2.10. (Jahn, 2009) Téap C duoc goi
lanonnéuvéimoix € Cvald € R, A = 0 thitaludn
codx eC.

Dinh nghia 2.11.

(a) Non € duoc goi 14 ran néu no co phan trong
khac rong, tirc 1a intC # .

(b) Non € duoc goi 1a 16i néu no 1a tap 15i.

(c) Nén € duoc goi 1a déng néu né 1a tap dong.

Pinh nghia 2.12. Non Orthant khong dm trong
khong gian R™, ky hiéu 1a R} dugc dinh nghia la:
R} = {x = (X1, %3, .., Xp) ER™Mx; = 0,i = L_n}

Pinh nghia 2.13. Nén nr dién (Lexicographic

Cones) trong khong gian R™, ky hiéu la C., dugc
dinh nghia nhu sau:

L, ={0}u{x = (x4, %5, ..,x,) ER™
3i=Tnx>0x=0j=i+1n}
Vi du 2.1. Trong khong gian R3, ta xac dinh
duoc non tu dién:

Citx = {00,000} U {(x,y,2): z > 0} U
{(x,y,0):y > 0} U {(x,0,0): x > 0}.
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Hinh 1. Nén tir dién trong khong gian R3

DPinh nghia 2.14. Non Lorentz trong khong gian
R™ dugc xac dinh nhu sau:

Cl‘%r = {(Xl, X3, ...,xn) (S Rn: Xn

> Jxlz + x5+ xE, }

Vi du 2.2. Trong khong gian R3, tap

6130r = {(x;y,Z) eER3:z> \/m}

la n6n Lorentz.

Hinh 2. Nén Lorentz trong khong gian R3

Pinh nghia 2.15. (Luc, 1989) Cho ham thuc mé
rong ¢: R™ — R U {+o00}.

(@) ¢ duoc goi 1a nira lién tuc trén (usc) tai xy €
R™ néu véi moi {x,} € R™, x,, - x, thi

@ (xg) = limsupgp(x,).

(b) ¢ duoc goi 1a nua lién wc dudi (Isc) tai x, €
R™ néu véi moi {x,} € R™, x,, > x, thi
@(x) < lim infe(x,).

(c) @ dugc goi 1a lién tuc tai xy € R™ néu ¢ vira
la usc va Isc tai xg.
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Nhén xét 2.1. Ham ¢ dugc goi 1a ntra lién tuc
dudi tai xg € R™ khi véi moi s6 thuc v < ¢(xg),
ton tai 1an can U cua x, sao cho y < ¢(x) voi moi
x € U, hay v6i moi € > 0 thi ta lubén tim dugc Mot
lan cdn U cta x5 sao cho @(xy) —e <
@(x) v6imoi x € U (Bourbaki 1987; Anh et al.,
2019).

Trong phan con lai ciia myc nay, chung ta gia sir
rang C 1a nén trong R™. Cac khai niém nira lién tuc
cua ham v6 hudng dugc mo rong cho ham vector
trong khong gian R™ nhu sau.

Pinh nghia 2.16. (Luc, 1989) Ham g: R™ — R"
duoc goi la

(a) C-nira lién tuc dudi (C-Isc) tai xo € R™ néu
vGi moi 1an can V cua g(x,), ton tai mot 1an can U
cua xg sao cho g(x) € V + C, véimoi x € U,

(b) C-nita lién tuc trén (C-usc) tai x, € R™ néu
—g la C-lsc tai xo;

(c) C-lién tuc tai xy € R™ néu nd vira C-usc va
C-lsc tai xy.

Cho g: R™ — R™ va a € R™. Chling ta xem x¢ét
tap a-muc dudi cia ham g nhu sau:

leveg ={x e R™: g(x) ea—C}.

Pinh nghia 2.17. (Anh et al., 2022) Cho X la
mot tap con khac rdng caa R™. Anh xa g duoc goi
la

() C-nura gid lién tuc dudi (C-plsc) trén X néu
lev,g 1a dong véi moi a € g(X);

(b) C-nura gid lién tuc trén (C-pusc) trén X néu
—g la C-plsc trén X;

(c) C-gid lién tuc trén X néu nd la C-pusc va C-
plsc trén X.

Nhan xét 2.2. Tir Dinh nghia 2.15 suy rarang g
1 C-Isc tai xo € R™ néu va chi Néu tap levy(y,)g 1
dong. Vi vay, néu g 1a C-lIsc tai xy € R™ thi né ciing
la C-plsc trén {x}.

Twong ty khai niém lién tyc, cac khai niém 15i
cua ham v6 hudng cling dugc m& rong cho ham
vector trong khong gian sap thi ty theo non nhu sau.

Pinh nghia 2.18. Cho X 1a mét tip con khac
réng va 16i trong R™. Ham g: R™ —» R" dugc goi
la

(@) C-loi trén X néu véi moi xq,X, EX, t €
[0,1],
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g((1—Ox; +txy) € (1 —t)g(xy) +
tg(xy) — C,

(b) C-twa 16i tr nhién trén X néu véi x4, x, € X
va voi moi t € [0,1] thi ton tai s € [0,1] sao cho

g((1 = Ox; +tx;) € (1 — 5)g(xy) +59(x;) — C;

(c) C-twa loi trén X néu véi tat ca xq, x, € X,
a € Rt €[0,1],

[x1, x5 € lev,g]l = [(1 — t)xq + tx, € lev,g].
Nhan xét 2.3. Moi ham C-16i 1a C-tva 16i ty
nhién.
Nhan xét 2.4. Néu C 1 non 16i thi moi ham C-
tua 16i tu nhién la C-tya 16i. That vay, gia sir g la

ham C-15i trén X va a € R™. V&i moi xq,x, €
lev,g, nghia la

{g(xﬂ eEa—C,
gx) eEa—C.

Khi do, tdn tai ¢4, ¢, € € sao cho

g(x2) =a—c,.

Suy ra, véi moi t € [0,1] thi biéu thic sau dang:
1 -1)g(xy) +tg(xz)
=(1-t)la—cy) +tla—cy)
=a—((1-0t)cq +tcy).
Vi C 12 16i nén
(1-t)glxy) +tglxy) Ea—C,
v6i moi t € [0,1]. Diéu nay din dén
(1-8)gx) +tglxy) —CEa—C,
vai moi t € [0,1].

Mit khac, do g 1a C-twa 16i ty nhién trén X nén
véi mdi t € [0,1], ludn ton tai s € [0,1] sao cho

g(A=0Ox; +tx;) € (1 —5)g(xy) +sg(xz) — C.
Khi g6,
g((1=Ox; +tx,) ea—C.
Tuong duong,
(1 —t)xq + txy € lev,g.
Vi vay, g 1a C-tua 16i trén X.
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Nhan xét 2.5. Trong truong hop € la mot nén
khong 16i thi Ménh dé 2.1 1a khong diung. Diéu nay
duoc minh hoa béi vi du sau.

Vi du 23. Cho C={(x0):x=0}u
{(0,y):y = 0}, X =R, xét ham f:R - R? duoc
xac dinh boi

f) = (x,x+1).
Véimoi xq,x, € X,t € [0,1],
f((A=0x; +txy) =
((1 - t)xl + txZ, (1 - t)xl + txz + 1)
EA—-0)f(x) +tf(x)—C
Nén f 1a ham C-16i trén X', do d6 f 1a ham C-16i
tu nhién X. Thé nhung, néu chon a = (4,3),x =
2,y=4,t= % thi ta c6 duoc x,y € lev,f nhung
(1-0x+ty = (34) € levyf nén f khong la C-
tua 161 trén X.

3. NON THU TU KET HOP

Nhu da dugc dé cap trong loi noi dau, phan tiép
theo danh dé dé xuat mét non mai.

Xéttap K™ < R™ duge xac dinh bai:

K" =REU {(xl, o Xp) € R™3i = 1,n:x; >

0, x; = ’ fc;llx,%,xkzo,kzi+1,n}.

Ménh dé 3.1. ™ 1a mot non trong khong gian
R™.

Chazng minh

Véimoix e K"vaeR,A1=>0.

Néu A = 0 thi Ax € K™

Néu A # 0 thi cac truong hop sau duoc xem xét:

Truong hop 1: Néu x c6 cac thanh phan déu
khong am, hay

x; = 0,véimoii=1,n
thi
Ax € R} c K™

Truong hop 2: Néu x c6 it nhat mot thanh phan
am, khi d6, tr su xac dinh cua K™, ton tai i €
{1, ...,n} sao cho:

x; > 0,x; > / a2 ,x=0k=i+1n
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Suy ra,

i-1

Ax; > 0,Ax; = (Ax)?%, Ax, = 0,

k=1
vGimoi k =i+ 1,n. Do do, Ax € K™
Vay K™ la mot non trong khong gian R™. =

Dinh nghia 3.1. Tap K™ dugc xdy dung nhu
trén dwoc goi 1a non thir tu két hop.

Vi du 3.1. Trong mat phiang R?, tap
K?2=R2U{(x,y):y >0,y = |x|}U{(x,0):x >0}

1a non thir ty két hop.

Hinh 3. Nén thi tw két hep trong mit phiang R?
Vi du 3.2. Trong khong gian R3, tap 3 =

RIU{(x,y,2):2>0,z> m} U
{(x,y,0):y = |x[} U{(x,0,0): x > 0} la nén thir tu
két hop.

Hinh 4. Nén thir tw két hgp trong khong gian R3

Nhan xét 3.1. (a) Bang cach kiém tra truc tiép
ta thdy K™ 1a non 16i voi n < 2 va khong 16i voi
n> 2.

(b) Trong thoi gian gan day, xuat phat tir cac tinh

hubng thuc té nén da c6 nhiéu cong trinh khao sat
cac md hinh t6i uwu vector vdi non thu ty c6 phan
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trong bang rdng, va dé xuat nhiéu khai niém lién
quan dén trgi, tinh 16i va tinh don diéu cho cdc ham
vector dugc cho trong cac khong gian nay (xem Bao
& Tammer (2019), Gutiérrez et al. (2021),
Khoshkhabar-Amiranloo & Khorram (2016), Tuyen
(2016)). Tét nhién, cdc noén c6 phan trong bang rong
hau nhu 1 khong 161, do d6 phan tiép theo trong bai
bao nay chung toi s€ nghién ctru cdc md hinh t6i uu
dugc sap thir ty boi K™ ma khong can gia thiétn <
2 hodc 1am viée trén bao 15i cia ching.

Ménh dé 3.2. K™ 1a hop ciia n + 1 nén 15i.
Chizng minh

Ta xét

B; ={0} U< (xq, e, xp)i; > 0,x; =

<
=N
3
2.
Il
=
s
O
>
—*
o
<

Véimoi i = 1,n, B; la non.

L4y mot vector bat ky x = (x4, %, ..., x,, ) € B;
vavoimoil € R,A=>0.

Néu A = 0 thi Ax € B;.
Néu A # 0 thi

X, =0,x,>0k=i+1,n,

Suy ra,

Ax =0,Ax; >0,k=i+1,n,

Do do, Ax € B;.
Vay B; 1a noén véi moi i = 1,n.

Vé6i moi i = 1,n, B; 1a tap 19i.
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V6i moi x,y € B; va t € [0,1], gia st
X = (Xl, X3y wen Xét
diém

,Xn), y= (3’1'}’2'---'3’11),

tx+ (1 -t)y=(x; + (1 -y, tx, + (1 —
)Yz, e, txy + (1 = ) y).

Néu x = 0 thi (1 — t)y € B; (Do B; 1a nén).

Néu y = 0 thi tx € B; (Do B; 1a nén).

Néu x # 0 vay # 0, khi do:

X =Yk =0,x>0y;>0k=i+1n

Xi

Suy ra,
txy, +(1—8)y,=0k=i+1,n, (3.1)
txl- + (1 - t)yl > 0.
Mat khac, ap dung bat dang thire Minkowski,

i-1

Zx,%+(1—t) Zy,%
k=1

k=1

tx; +(1—t)y; >t

= ii(txk)z + ii((l -0y’
k=1 k=1

i-1

Z(txk + (1= 0y)?.(32)
k=1

v

T (3.1) va (3.2), suy ra
tx+(1—-t)y€EB,

Vay, B; latap i véii = 1,n. m

Ménh dé 3.3. ™ 1a mot nén dong.

Chizng minh

Ap dung Ménh dé 3.2, ta co:

n
Kn =R U (U Bi>,

i=1

trong d6, R%} 1a nén déng va B; 1a non voi i =
1,n, nén ta chi can chang minh B; 1a tap dong véi
i=1,n.
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Véi moi diy {x*} c B, ma x¥ - x* € R", ta
chitng minh x* € B;.
Vixk > x*nénxf - x/ véij =1,n.
Maxf=0véij=i+1,n.
Suy ra,
x;=0véij=i+1n (3.3)
Ta ciing c6 x¥ > 0 véi moi k, do d6
x;i > 0. (3.4)

Mit khac,

i-1

2
IR
j=1
Lay gi6i han hai vé, ta dugc:

X = [Si2(g). (35)

Tu (3.3),(3.4) va (3.5) , ta duoc:

x* € Bi'

Kéo theo, B; 1a tap dong voi i = 1, n.
Vay K™ la mot non dong. m
Ménh dé 3.4. Trong khong gian R™,

B K" Ly
Chaing minh

Véi moi x = (x4, x5, ..., X,,) € Cf},, ta co:

xnz\/x12+x§+---+x,21_1 >0

Néu x, =0 thi ta suy ra x; =x, = =
Xp—1 = 0hay x =0.Suyra, x € X"

Néu x,, > 0 thi cing véi bat dang thuc

Xp = Jx? +x%+ -+ x2_ tasuyra
X € B, c K™

Vay, €. c K™

Véi moi x = (xq,x3, ..., X)) € K™
*Néu x € R7 thi suy ra dugc x € CJL,.

*Néu x ¢ R” thi theo dinh nghia ctia non, ton tai
i =1,n sao cho:
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Do d6, x € CJ.,.

Tir ca hai truong hop, ta két luan duoc x € %,
voi moi x € K™

Viay, K" c Cl,. m

Dé két thiic muc nay chung ta xét cac diém téi
uu cua mot tap con khong rong cia R™ thong qua
nén K7, cac két qua nay 1a nén tang dé xem xét cac
dang nghlem hiru hiéu dugc xem xét & muc t1ep
theo.

Cho A c R™ la mdt tip con khac réng va a € A.

Khi d6, a duoc goi 1a diém cyc tiéu (cuc tiéu manh)
cua A néu va chi néu

(a—K"HYNA={a}
((a+X™ N A = A, twong tmg).

Dlem a dugc goi la diém cyc dai (cuc dai manh)
cia A néu vé chi néu

(a+K"HNA={a}
((a=X™ N A = A, twong tmg).

Vi du 3.3. Trong R?, cho A ={(1,3),(4, D,
2, 2)} Khi do (101 v6i non thir tu K2, tap cac diém
cuc tiéu va cyc tiéu manh cua A 1a tap rong, vi d6
léch ciia gia tri thir hai chua dii mirc ¥ nghia dé danh
gia 1a 16n hon (hoac nhé hon) gia tri dang dugc so
sanh.

Vi du 3.4. Trong R3, cho tap A = {(7,8,7),
(7,9,5), (6,7,9) }. Khi d6, d6i véi nén thir tyr %3,
diém (6,7,9) 1a diém cuc dai (va ciing 1a diém cuc
dai manh) cua tap A.

4. BAI TOAN TOI UU VECTOR
Xét bai toan tdi wu vector nhu sau:
(VOP)  min f(x)
trong d6 f: R™ — R™ la mot ham vector va X 1a
mot tap con khong rong cua R™.

Pinh nghia 4.1. Mot phan tir xo € X duoc goi
la

() nghiém hizu hiéu cua bai toan (VOP), ky hiéu
la xg € Eff (X, f) néu f(x,) 1a diém cyc tiéu cua
£Q0);
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(b) nghi¢m hitu hiéu manh cua bai toan (VOP),
ky hiéu la xo € SEff (X, f) néu f(x,) 1a diém cuc
tiéu manh cua £ (X).

Pinh nghia 4.2. (Binh nghia 2.19, Ansari et al.,
2018) Mot ham vector f : R™ - R™ dugc goi la K jl-
hwong xuong trén X néu voi bat ky x4, x5 € X, ton
tai x, € X sao cho

f(x0) € f(x1) — K™ vaf(xo) € f(xz) — K™

Bay gio, chung ta xem xét diéu kién ton tai
nghiém cho bai toan (VOP).

Dinh ly 4.1. Cho X 1a mét tap con khong rong,
compact trong R™. Gia sir rang f la K™-hudng
xuong dong thoi la K™-nua gia lién tuc dudi
trén X. Khi 6, tap SEff (X, f) khac rong.

Chizng minh

Véi mdi € X, ta xem xét tap sau:

L(z)={zeX:f(z) € f(z) — K"}.

Khi d6, z € L(z), va do d6 L(z) khac rdng. Vi
X la déng va f la X™-nua gia lién tuc dudi trén X
nén tap L(z) = levy,f N X la dong. Ta s& chi ra

rang
ﬂ L(z) # 0. 4.1)
zeX
Lay {2y, 2,, ..., z,} 1a mot tap con hitu han cua

X. Vi f 1a X™huéng xudng nén ton tai z, € X
sao cho

f(zo) € f(z)) —X™ i =1k

Hé qua 1a, zo € L(z;) véimoii = 1,k, va

ﬁ L(z;) # Q.

Vi k 1a bat ky, X 1 tdp compact, va véi mdi
vector x € X, L(x) 1a tap con dong ctia X nén (4.1)
duoc suy ra tir Dinh 1y 4.2.2 trong Pervin (2014).
Ly tiy y mot vector xo € N,ex £(2), ta dugc

f(xo) € f(z2) —K",Vz € X.

Vi vy, x, 1a mot phan tir caa SEff (X, f). Hay
tap SEff (X, ) khac rong. m

Nhén xét 4.1. Trong Ansari et al., 2018, dya vao
diéu kién nira lién tuc cua ham muyc tiéu, tic gia da
thiét 1ap duoc su ton tai caa nghiém hiru hiéu cho
bai toan tdi wu vector dwoc cho trong khong gian
duoc sép thir tw boi nén 16i dong co dinh (xem Dinh
ly 3.12). Nhu di d& cap & muc trude, non K™ néi
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chung khong 16i, va hon nita trong dinh 1y trén, diéu
kién ntra lién tuc di duoc giam nhe bang diéu kién
gia nira lién tuc, nén cach tiép can va két qua dat
dugc trong Pinh 1y 4.1 1a khac so véi cac két qua
trong cong trinh vira duoc dé cap & trén.

Ching ta thiét lap cac diéu kién 16i cho tap
nghiém htru hiéu manh cua bai toan to6i uu vector
bang cach tiép can tryuc tiep.

Dinh Iy 4.2. Cho X 1a mot tap con 16i khong
rong va compact ciia R™. Gia sir rang

(i) f 1a K™-ntra gia lién tuc dudi trén X;

(i) f 1a K™-huéng xubng trén X;

(i) voi mdi z € X, tap {x € X: f(2) — f(x) €
K" a 1bi.

Khi d6, SEff (X, ) 1a 15i.

Chizng minh

Ap dung Pinh 1y 4.1, tap SEff (X, f) khong
rong. Lay zy,z, € SEfFf(X, )ty §y. Vi
SEff(X, f) = Ngex £L(2) nén véi moi z € X,

f(z1) € f(2) —K"vaf(zy) € f(z) — K™

Mat khac, vi (iii) nén véi moi t € [0,1], ta dugc

f((1 -0z +tz,) € f(2) — K™

Tuong duong,

(1—-t)zy +tz, € SEff(X, ).

Vay, SEff(X,f) 1a16i. m

Vidu4.1.ChoX = [-1,1], va f: R - R? duoc
dinh nghia nhu sau:

(x,x),néux >0,

f&) = {(0,0), néux < 0.

RO rang, f lién tuc trén R. Mat khac, v4i moi
X1,%X, € X, thi ta duoc (0,0) € f(x;) —K? va
(0,0) € f(x,) — K2 Khi @6, dit x, = 0, ta duoc
FGx) € FOx) — K vi f(x) € f) K2 Vi
vy, ta suy ra dugc f 1a F2-huéng xuong trén X.
Hon nita, V&i moi x;,x, € X, a € R2, t € [0,1], gia
sir rang

f(2) = f(x)) € K?va f(z) — f(x,) € K2

Néu x; < 0 vax, < 0 thi ta dugc:

{f(x1) =(0,0) € a — K?,
f(xy) =(0,0) € a—XK?2.

Suyra, f((1—t)x; +tx,) = (0,0) € @ — K2
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Néu x; > 0 vax, > 0, thi ta dugc:
{f(x1) = (x1,%1) € a — K7,
flxz) = (x2, %) €@ — K2

Do do, f((1-tx;+tx,)= (A-0Ox+
tx,, (1 —t)x, + txz) =1 -0)f(x) +tf(xy) Ea—
%2 (Do K2 1a ndn 16i).

Néu x;, x, c6 mot s6 16n hon 0, mot s6 nhé hon
hodc bang 0, khong mat tinh tong quat, ta gia su
x; > 0 vax, <0, thi ta dugc:

{f(x1) = (x1,%1) € a — X2,
f(xy) =(0,0) € a—XK?2.

Ta xét hai trudng hop sau:
Truong hop 1. (1 — t)x; + tx, > 0. Ta duoc:
f((l —t)x, + txz) = ((1 —t)x; +tx,, (1 —
t)x; + txz) =(1 —‘t)f(xl) +t(x,,x,) Ea@ —
F? vi K? 1anon 16i.
Truong hop 2: (1 —t)x; + tx, < 0. Suy ra,
f((1—0Ox; +tx;) = (0,0) € @ — K2
Do 4o,
(1 —t)x, +tx, € lev,f .
Vi thé, tap {x € X: f(2) — f(x) € K?}1aloi.
Ap dung Dinh 1y 4.2, ta duoc SEff (X, f) 1a 16i.
Mat khac, béng cach str dung Pinh nghia 4.1, ta
co thé chirarang SEff (X, f) = [—1,0] la tap 16i.
Vi du 4.2. Trong khong gian R3, ta xét
B; = {(x,0,0):x > 0},
B, ={(x,,0):y > 0,y = |x]},

B; ={(x,y,2):z> 0,z > /x% + y2}.

Khi d6, X3 = R3 UB, UB, UB; la mot nén
thir ty két hop trong R3. Cho X = —é,ﬂ va
f:R > R3 dugc dinh nghia nhu sau:

1
(0,0,0) néu x € [_5' 0],
fG) = )
(x%,x,0) néux € (O, E] )

RO rang, f lién tuc trén X. Mait khac, voi
X1, X, € X thi ta dugc

{(0'010) € f(xl) - K3:
(0,0,0) € f(x,) — K>,
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Do d6, f 1a K 3-huéng xubng trén X

Tiép theo ta s& chimg minh rang: Voi moi
X1,%2,2 € X, neu f(2) — f(xy) € X3 va f(2) —
f(x,) € K3 thi:

f(2) = f((1—t)x, + tx,) € X3, vt € [0,1].
Ta xét hai truong hop sau:

Truong hop 1: z € [—%,O], ta dugc f(z) =
(0,0,0).

Khi d6, néu xy,x, cing thuoc doan [—§ 0] thi
(1 — t)x; + tx, cling thudc doan [— %, 0].

Vioovay, f@)-f(A-0x +tx,) =

(0,0,0) € K3.
Néu X1, X, cung thudc doan (O, ﬂ thi

{f (2) = f(x1) = (=2, —x,,0) € K?,
f(@) = f(x2) = (=x3,—x,,0) € K>,

Hé qué la x; = x, = 0. Do do,
(@ — (A —t)x, +tx;) = (0,0,0) € K3,
Néu x;, x, thoa man mét sé thudc doan [— i, 0]
va s6 con lai thudc (0, %] thi khong mét tinh téng
quat, ta gid st x; € [—g,o] X, € (o, %] Khi do,
{ f(@) = f(xy) = (0,0,0) € X7,
f(@ = f(x2) = (=x3,—x3,0) € K>

Diéu nay dan dén x, = 0. Do do,
f@ = f((1 = )xy + txy)

=f(2) - f((1-6)x,) = (0,0,0) € K3.

Vi véy,
f@)—f((1—t)x; +tx,) EX3,Vz € [—%,0].

Truong hop 2: z € (O, %], ta dwoc f(2) =
(z2,2,0).

Khi d6, néu x;,x, cing thudc doan [—%, 0] thi
(1 — t)x; + tx, clng thuéc doan [— %, O].

Suy ra,

f(2) = f((1—t)x; + tx;) = (2%,2,0) € K3.
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Néu X1, X, cung thudc doan (0, %] thi ta dugc
f(@) = f(x) = (2% —x%,z—x,,0) € K3,

Diéu nay két hop voi x,,z € (O, %] suy ra

{Z—Xl

Tuc 1a,
f(z) = f(x1) € B;.

Tuong tu, ta cling c6

z—x1 20,
=|z—x1| 2 |z — x|z + x| = 2% — xf|.

{ Z—xZZO,
Z— Xy = |z — x| = |z — x|z + x| = |22 — x2].

hay
f(@) - f(xz) € B,

Viz—x;20vaz—x, =0 nén véi moi t €
[0,1], ta duoc:

z—[(1—1t)z; +tz,] = 0.
Ta co:
z—(1—-t)x; —tx, =|z— (1 —t)x; — tx,]
>|z—(1—-t)x; —tx,]|lz+ (1 — t)xy + tx,]
=1z% = [(1 — t)x; + tx,]?].
Diéu nay dan dén
f@) - f((1—0x, +tx,) € By,

vata suy ra

f(2) —f((l —t)x; + txz) € K3.

Néu X1, X, théa man mot s6 thudc doan [— %, 0]
va s6 con lai thude (o, g] thi khong mét tinh téng
quat, ta gia st x; € [—%, 0],x2 € (0, %] Khi do,

(O fe = (2%,2,0) € X,

f@) = f(xp) = (22 = x5,z — x,,0) € K>.

Tuwong duong,

(z%,2,0) € K3,
Z 2 Xy,
Z—X, = |Z2— x| = |z — x|z + x| = |22 — X2

Vix; <0<x, <zvat € [0,1] nén ta dugc
(1—-0t)x +tx, <z

Gia sir (1 — £)x; + tx, € [~ 1,0}, thi ta duge
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f(2) = fF((1 = )x; + tx,) = (22,2,0) € K3.
Nguoc lai, (1 —t)x; +tx, € (O, %] thi ta duogc

f@ = (A= t)x +txy) = (2> — [(1 -
t)x; +tx,]%,z— (1 — t)x; — tx,, 0).

Vi A—-t)x;+tx, <z va 0<(1—-1t)x; +
tx, < % nén ta két luan rang

z—[(1—-1t)z, +tz,] = 0.

Diéu nay kéo theo
z—(1—t)x; —tx, =|z— (1 —t)x; — tx,]
>z—(1—t)x; —txyl|lz+ (1 — t)x; + txy|

= |z = [(1 = )x; + tx,]?].

H¢ qua la,

f(z) - f((l —t)xg + txz) € By,
tuong duong,

f(@) = f((1—t)x; + tx,) € K3,
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Vi vay, cac gia thiét caa Pinh 1y 4.2 thoa man,
hay SEff(X,f) la 16i. Mat khac, bing cach su
dung Pinh nghia 4.1, ta c6 thé chi ra ring
SEFFQX, f) = [—%,0] 1a tap 13i.

5. KET LUAN

Bai bdo nay gidi thiéu va khao sat mot non thir
tu két hop, gdm noén Orthant dwong, noén Lorentz va
noén tir dién. Bong thoi, diéu kién ton tai va tinh 16i
cua tap nghiém ddi véi bai toan tdi wu vector dua
trén non nay ciing dugc thiét lap. Hon nira, mic du
bai bao nay chi xem xét 16p bai toan trong khong
gian hitu han chiéu, nhung cac k¥ thuat duoc sir
dung trong cac Pinh 1y 4.1 va 4.2 hoan toan c6 thé
mé rong trong trudng hop bai toan tdi uu vector
duogc cho trong khong gian v6 han chiéu ma khong
can dén diéu kién 15i va ran cua sp thi tu.
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