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ABSTRACT

In this paper, the combinatorial optimization problem with the objective
function being a multiplication of several classical functions is concerned.
Firstly, an equivalent master problem is constructed and then the
corresponding multicriteria optimization version which plays an
important role in finding an optimal solution to the original problem is
shown. Based on the solution existence property to the original problem
which is also an extremely supporting and efficient solution of the
multicriteria optimization problem, a generic algorithm for the problem
is given. The case with the multiplication of exactly two functions is also
discussed. Finally, a linear time algorithm for solving the multiplicative
1-median location problem on a tree is proposed.

TOM TAT

Trong bdi bdo ndy, bai todn t6i wu té hop trong dé ham muc tiéu la tich
ctia mét s6 ham 6 dién duoc quan tam. Truoc tién, mot bai toan tuong
dong dwoc xdy dung va sau dé chi ra rang bai todn t6i wu da muc tiéu
twong ung dong mot vai tro quan trong trong viéc tim ra lm gidi 16i U
cho bai todn ban dau. Dua trén tinh chat ton tai nghiém toi wu cua bai
todn ban ddu ciing la mot nghiém b6 tro hitu hiéu cua bai todn téi wu da
muc tiéu, mot thudt todn tong qudt cho bai todn duwoc dwa ra. Truong hop
ham nhan tinh véi chinh xdc hai ham sé ciing dwoc dé cdp. Cudi bai bdo
nay, mot thudt todn chay trong thoi gian tuyén tinh dé giai bai todn I-
median trén cdy voi ham nhan tinh dwoc dé xudt.

1. MO DAU

Ly thuyét vi tri 1a mdt huéng nghién ciru quan

mot cach twong dbi day du. Hoi nghi thuong nién vé
ly thuyet vi tri v6i cac chu d€ nghién ctru da dang
duogc to chirc tai cac nudc nhu Anh, Puc, Phap, Tay

trong cua van tri hoc va ti wu to hop V01 nhiéu tng
dung thyc tién. Bai toan vi tri duoc dé xuit, mot cach
khong chinh thirc, boi Fermat vao khoang thé ky
XVII. Trong bai toan vi tri, muc dich 1a tim kiém céc
vi tri ti wu cho cac co sé méi v6i hai ham muc tidu
phé bién la ham median va ham center Céc mo hmh

.....

cling dugc Drezner and Hamacher (2002) trinh bay
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Ban Nha dé thao luan cac van dé nhu: cac hudng
phat trién 1y thuyét ciia bai toan vi tri, img dung ly
thuyét vi tri vao giao thong vén tai, ciu hd, du doan
trong cong nghiép va thuong mai,... Hién nay, mot
s6 hudng chu dé nghién ciru lién quan dén bai toan
vi tri dugce nghién ctru bai Nickel and Puerto (2005)
véi cac bai toan vi tri ham trung vi c6 thir tur; Puerto
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et al. (2018) véi mo6 hinh vi tri mo rdng; Averbakh
and Berman (2000) véi tinh viing cta 1y thuyét vi
tri; Nguyen and Hung (2020) véi céc bai toan vi tri
nguoc... va nhitng tham khao da duoc céc bai bao
trén d& cap.

Ham nhan tinh néi chung 1a ham khéng 16i. Do
d6, bai toan t6i wu véi ham nhan tinh 1a bai toan tbi
uru toan cuyc va rat kho giai quyét, chang han nghién
ctru cua Konno and Kuno (1990) va Thoai (1991).
Mac du gap nhiéu kho khin trong viée giai quyet bai
toan t6i wu vi ham khong 16i, nhung mot s6 phuong
phap giai hiéu qua da duoc dé xuat. Pdi véi bai toan
nhan tinh bao gdm hai ham s6, Konno et al. (1991,
1995) da nghién ctru 1ap trinh tuyén tinh nhan tinh,
trong d6 ham muc ti€u 1a phép nhan cua hai ham
tuyén tinh affine va cac rang budc tao nén khéi da
dién. Céc tac gia da phat trién phuong phép tiép can
tham sé dwa trén phuong phap don hinh cho bai
toan. Hon nira, Aneja et al. (1984), Kuno (1996),
Tuy and Tam (1992) da 4p dung nhiéu phwong phép
khac nhau nhu xAp xi ngoai bién, thudt toan phan
nhanh va cat, thuét toan phan nhanh va chan, phan
tich da dién,.. . dé giai quyet bai toan. Lép trinh
tuyén tinh nhan tinh ¢ thé duoc giai quyét bang
phuong phép xap xi ngoai bién va thuat toan phan
nhéanh va chan véi hudng gidm pham vi (Tuy, 1991;
Konno & Kuno, 1992).

Bai toan tdi wu t& hop v6i ham nhén tinh 1an dau
tién dugc nghién ctru bdi Punnen (2001), 6ng da
ching minh ring bai toan 13 NP — khé véi cac bai
toan duong di ngin nhit, 14t cit cuc tiéu, cdy bao
triam nho nhat. Tac gia ciing da phat trién cac thuat
toan voi thoi gian da thirc cho mét s6 bai toan dic
biét. Viéc nghién ciru cac bai toan tdi wu td hop nhéan
tinh mang lai nhiéu tmg dung quan trong trong lap
ké hoach tai chinh (Maranas et al., 1997), t6i wu vn
dau tu (Watanabe, 1996), thiét ké chip dién tur
(Dorneich & Sahinidis, 1996),... Bai toan nay c6 thé
dugc ap dung trong’ thiét ké ‘mang xa hoi, vi dy, trinh
bay hai loai trong s trén moi dinh cua cdy. Loai dau
tién lién quan dén dan sb tai co s va loai thtr hai
lién quan dén tin s khach hang c6 nhu clu dich vu.
Khi d6 hai ham trung vi lién quan dén viéc van
chuyén mot s lugng dan s6 dén co s& méi va tan sd
st dung dich vu cua khach hang, viéc nhén hai ham
s6 lién quan dén dan s6 va tan s6 thé hién hanh vi xa
héi cua khéach hang. Chinh vi vay, ham nhan tinh
dong vai tro quan trong trong viée nghién ctru cac
bai toan vi tri.

Trong bai bao nay, cac van d& lién quan dén
“Ung dung t&i wu da muc tiéu cho bai toan ti wu t6
hop v6i ham muc tiéu nhan tinh” dugc trinh bay theo
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c4u trac nhu sau. O phan déu, cac thong tin so lugc
vé van d¢ duoc nghién ctru di duoc gidi thidu. Phan
2 néu lai mot sé khai ni€m, tinh chét lién quan dén
bai toan t6i ru to hop nhén tinh téng quat. Hon nira,
mdi lién hé giita t6i uru da muyc tiéu va tdi uru véi ham
nhan tinh ciing dwoc dugc dé cap ¢ phan nay. Trong
Phan 3, mot s tinh chét cua bai toan trung vi trén
cay duoc trinh bay, sau d6 sé dé xuét thuét toan dé
giai quyét bai toan trung vi trén cdy voi ham nhan
tinh ciing v6i cac vi du minh hoa. Cudi ciing 1a phan
két luan van dé va tai liéu tham khao.

2. BAI TOAN TOI UU TO HQP NHAN
TINH

Trong phan ndy céc tinh chat dic biét cua bai
toan tdi uu t6 hop nhan tinh va tinh chat nghiém cua
bai toan t6i uvu da muc tiéu dugce nghién ctru. Sau do,
mdi lién hé gitra bai toan tdi uvu da muc tiéu va bai
toan t6i wu voi ham nhén tinh duoc dua ra.

en} >

F 1aho cac tap con trong E . Goi JF tap hop tat

Cho tap hop nén hitu han E = {el,ez,...,

ca cac tap con hitu higu. Ham ¢, : £ —> R bién mdi

phin tr e € E thanh mot sé duong ¢, (e) véi

i =1,q. Ki hiéu cot vector C; trong R" tuong tmg
v6i tat ca cac gid tri ciia cac phan tir trong £ voi
i =1,q . Hon nita, mdi tap con hitu hiéu F € F

X,)

=1, con

tuong ung vdi mot vector x:(xl,x2,...

trong IR" . That vay, néu e € F thi X;

lai X, =0véi j=1,n Nghialavéimdi x € F
thi x 1a vector twong tng véi mot nghi¢m hiru hiéu.
Bai toan toi vu t6 hgp nhén tinh véi ¢ ham duoc
trinh bay nhu sau:

q
Jnip M ()= g

(c/xva) ()

trong do, «; 1a s6 thuc khong am véi i =1,4.

Véi ¢ =1, ta co bai toan tdi wu td hop v6i ham
muc tiéu M(x) = ClTx-I-al.

Véi g =2, bai toan (1) 1a nhén tinh v6i dung hai

ham, da thu hat dugce sy quan tdm nghién ctru do
nhiing tinh chat cua no.
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Cho mot vector o = (al,az,...,aq), trong d6

a >0 khi va chi khi ; >0 véimoi i=1,q. Dat

I= {a >0: Hl-qzl a; = 1}, ta c6 bai toan sau:

(el eva)

MJdi lién hé giita bai toan ti ru myc tiéu ban dau
(1) v6i bai toan (2) duge néu dudi day:

min Z a;

2
ael’, xeF =1 )

Ménh dé 2.1 Véi A va B lan luot 1a cac gi tri

q
. B
t6i wu cta (1) va (2). Khi d6, 4 = (J .
q

Chirng minh.

Goi X €F 1a nghiém t5i wu cta (1), khi d6
A= H;;(cirx* + Cl,-). Ap dung bat ding thirc
AM - GM, ta duoc:

q 1
T %
2 a; (Ci b +al-) > qu, 3)

i=1

Hon nita, bt dang thire (3) 1a khong nghiém
ngat. Dau béng dat tai vector

* * * *
a :(al ,az,...,aq)

()

vo1

(c x +aj), trong do i+ j

va i, j e{l } Béng céac phép bién doi so cip, ta
1
coxat G
0 a; == vol  i=1, Suy ra
Cl- X +a

1 q
q g *(T* B
gd” =X a; (Ci x +al~)thay Az| —
q

sksk sk 7
Matkhac,ddt x e F va a eT langhiém toi vu
q % (T ok
B:lelal (Cl X +al)2
cua (2), ta duogc 1 1

Wk (T kx > »
q(Hl-qzl a; (Ci x +al-))q > qu
ks

le ]_[?:10{ =1.
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q
B \
Do do, ta c6 duoc 4 < (j .Vay ménh d¢ da
q

q
B
duoc chung minh 4 = (] .
q

Véi trudng hop ¢ = 2, ta c6 két qua sau.
H¢ qua 2.1 Cho K va L lan luot 1a gia tri toi uu
2
L
cua (1) va (2) voi truong hop ¢ =2,tacd K = —.
4

Tir Ménh dé 2.1, ta giai bai toan t0i uu t0 hop
dang tong (2) voi tham sO « e T thay vi bai toan toi
uvu dang nhan (1). Néu chon «a voi

. 1
aj =&, G{l,..,q}\{l} va a; :gqj
1a s6 duong du nho, khi 6 a e va (2) twong
duong bai toan toi wu t0 hop don muc tiéu

. T
min, ¢ x+a;

Tiép theo, mbi lién hé giira bai toan ti uu td hop
nhan tinh (1) va bai toan toi wu da tidu chi dugc dua
ra. Trudce tién, xem xét lai cac khai niém co ban lién
quan dén bai toan t6i wu da muc tiéu. Cho hai vector

x:(xl,xz,...,xq) va y:(yl,yz,...,yq) thudc

R? Khi d6 x<y khi va chi khi x <y, véi

trong d6 &

voii=1,q.

i= G va trong do c6 it nhit mot bat dang thuc
nghiém ngat. Hon nita, x < y khi va chi khi x <y
hodc x = y. Hai vector x va y khong so sanh dugc
néu va chi néu ton tai hai chi s i va j sao cho

x;p<y; va yj<xj. bat f( ) X — Y trong d6

(+)
(+)
q (x)
do6, co thé gia st Y 1a tap gid tri cia f ( ) Véi

> =

q
Y <R duge xac dinh boi £ (x) = . Tir

xe X, néutdn tai x' € X sao cho f(x)sf(x),
thi ta néi f(x') trdi hon f(x)
f (x) khong bi troi boi bat ki diém nao trong YV,

. Tom lai, néu

thi tandi f (x) 1a diém khong bi trdi trong V.
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Ky hiéu Yy = U‘(x) ely: f(x) la diém khong
bi trgi trong Y} va Xp = {x € X:f(x) € yN} la

tdp cac nghiém hiru hiéu (hay nghiém Pareto) trong
X. Luu y, gia tri muc tiéu twong ng voi nghlem
hitu hiéu la mét diém khong bi tréi. Bai todn toi wu

da muc tiéu min _y f( ) di tim tdp tat ca cac
nghiém hitu hiéu ciia f (x), tirc la tim Xp.

Tiép theo mét phwong phdp vé hwéng hoa dé tim
nghiém hitu hiéu cho bai toan toi wu da muc tiéu

duogc thao ludn, cu thé trong bdi bdo nay phwong
phap tong trong so dwoc sw dung. Xét vector

A= (41”12""”1d) trong Ri, nghia la A >0 Voi

= I.d. Ham v6 huong ddi véi f (x) duoc viét la
Fy(x) =%, 44 (x). Ta c6 mdi lién hé giita
nghiém tdi wu cia F (x) va nghiém hiru hi¢u cua
f(x) nhu sau.

B6 dé 2.1 Theo Ehrgott (2005, Ménh d& 3.9, tr.
71) Néu x la mét nghiém téi wu cia Fy (x) Vol
AeR?

wu da tiéu chi twong ung.

, thi x la nghiém hitu hiéu cua bai todn 16i

Goi diém x 1a nghiém ti wu cua F; (x) voi

le ]R+ (trong d6 R
chiéu co cac thanh phan dwong) va la nghiém bo trg
hitu hi¢u. Do 6, f (x) la diém b trg khong bj troi

la tép cac vector thuc d

trong ) néu X 1a nghiém b tro hitu hiéu. Hon nita,
tap Xgp ={xeX:x la nghiém tdi wu cua Fy (x)
voi A e Rf{} 1 tap tat ca cac nghiém b trg hiru higu
trong X. Tuong tu, ta ky hiéu ), 1a tap hop cac
diém bo trg khong bi troi.

Theo B d€ 2.1, ta c6 Yy = Wy, Xgp < Xp va
quan hé con nay la nghiém nggt. That vay, voi Y
khong 164, t(‘?)n taiq mot s6 diém khong bi tr(f)i‘ nhung
khong 1a diém bo trg khong bi trdi. Mot dicu kién
du dé Yy,
tri V' 1a mot mién da dién (Ehrgott, 2005), Pinh Ly
7.28, tr. 192).

=Yy (vadodo Xgp = Xp) 1a mién gid

Tiép theo, mot giai phap manh hon cho bai toan
toi vu da ti€u chi dugc gidi thi€u. Vi mot diém
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7 (x) trong Y. khido £ (x) 1amot diém t6i han
bd tro khong bi trdi néu khong ton tai hai diém
f(x’) va f(x") trong Yoy \{f(x)} sao cho
f(x) = Tf(x’)+(l —r)f(x”) voi te (0,1). bat
VExSN dai dién cho tap hop tat ca cac diém t6i han
bd tro khong bi trdi va Xp, op dai dién cho céac
nghiém hiru hiéu trong ing, nghia la x € Xp, op thi
f(x) € Vgysy - Trong Hinh 1, ¢6 thé thay rang

Vexsy S Ygy ©Y va quan h¢ con nay la nghiém
ngat. Tap hop )V bao gom tat ca cac diém trén hinh
4(29).8(9:2),c(6:5).D(5:8).E(8:7),

d6 Vgy bao gom céc diém 4,B,C. Dic biét, hai

trong

diém 4, B thudc tap Ve oy -

)

A
Ip---9
8F---- : —————— ’D

! I
’('————JI —————— Fm————— QE

! I
| I
; . & |
|

SL---q------i-9”

I Pl |

I o |

I o |

I ool |

I Pl | B
2F---- e e - Aoy

. BEEEEEEEE

I | I : !

I | I | I

f o L
0 2 5 6 g 9 °

Hinh 1. Cac diém trong )
Ham muc tiéu ciia bai toan t&i uu t6 hop da tiéu
chi f:F — )Y dugc dinh nghia nhu sau:
T
C’l X+ al

Ty
f(x): ChX+ay

Tes
CqX aq

Goi F la tap hiru hiéu ciia ham da tiéu chi
f (x) Theo (2), ta thu dugc két qua quan trong sau
day.
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M¢énh dé 2.2 Ton tai mot diém x € Fg sao cho
n6 la diém t6i uu cia (2).
Chung minh.

Theo cac phan tich trén thi cac diém t6i wu cua
(2) 1a nghiém hiru hiu bo trg nén ta duogc két qua.

Theo Ménh dé 2.1 va Ménh dé 2.2, phat trién
mot thudt toan don gian dé giai quyét bai toan (1).
Trudc tién, tim tat ca cac diém téi han khong bi troi
b tro, 1a nghiém tmg cr t6i wu cua (1). VSi mdi

* .
f(x ) € Vg sy - 14y tuong mg nghiém X trong

Y * r
FExSE - Sau d6, kiém tra xem x co6 la nghiém toi

. q T
min e 7 o1 % (Ci X ai)

uu cua voi
1
44 .
a; = bang cach gii bai toan t6i uu t6 hgp
Ci X+ al-

¢b dién. Néu khong, dat Val (x*) = +oo . Nguoc lai,
néu n6 1a mot nghiém t6i wu, luu gia tri
val(x") ==Ly (¢ " +a; ) ddivoi . K biée
Val(x*) vOl moi f(x) e yExSN ,gia tri nho nhét
trong s6 chung 14 nghiém t&i wu cua (1).

Pinh Iy 2.1 Di véi tap cac diém khong bi troi
Yoy da biét, bai toan t6i uu hoa t6 hop nhan tinh

c6 thé giai trong thoi gian o(c‘yExSN ), trong do

€ 1a d6 phirc tap dé giai bai toan t6i wu t6 hop co
dién tuong ng.

Xét (2) voi g=2 nhu sau:

1
,u(c1Tx+a1)+—(c§x+a2). 4
u

Theo Ménh dé 2.2, ¢ thé viét (4) tuong dwong
vOoi

min
1>0,xeF

1
min S0.xeF, ,u(clTx+a1)+—(c2Tx+a2).
HDXET ExSE u

T
_ C2 X+ a2
U= |42t
N € X+aq L. x. n PR
Hon nira, v6&i moi nghiém hitu hi¢u

2 F N
t6i han bd trg ¥ trong ~ EXSE (theo Ménh dé 2.1).
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Vi 7 1a tap hitu han nén YExSN cling la tap hiru

han. Do do, gia Str

1 2 k LA A
VExSN :{f(x )’f(x )f(x )} Sap xép tap
hop YExsN theo thda tr tr dién

1 2 k s .
f(x)glex f(x )Slex"'glex f(x ) Vi céc
phan tir trong YExsn khong so sanh dugc v6i nhau

A T 1 T 2 T k .
nen ¢ x +ay<cx +a <..<¢qx +aq Vva

T k T T 1
sz +02<C2x +a2<...<62x +az
Véi mi diém f(x’) két hop véi mot gid tri

T i
CHx +ay

1 Ji=1k. Didu nay din dén

T i
x +a

Hy >y > >y Cho duong thang

Qx+ A,y =A trong R2 v6i hai s§ duong A2,

ta dinh nghia A 1a d6 ddc ciia dudng thang do. Xét
A
2

d6 déc cia hai diém lién tidp f(xi_l) va f(x’)
trong Vg gy VOi i = 2,k. Lién két do dée p; =+
i .

min yii (ch+a )+(ch+a )
xeFp .op T\ 1 2 2

voi tri toi uu cua

tuong

. o T 1 T 1
ung vol € x +a1;czx +a2 .

Dat
T i1 T T(i-l i
ﬂ c2x +112 - sz +£12 62 X - X
i T T i-1 = P -
(Cl xl+a1)—(c1 x' +a1) clT(xl—xl 1)
voi i= 2, k.
Cubi cing, d6 doc B, =0 voi gid tri t0i wu
cla

min p (ch+a )+(ch+a )
xeFp . op TE\1 1 2 2

, o (T k T k
tuong ung vo1 |¢; x +ap;cpx +ap .
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B6 dé 2.2 Po dbc cua hai diém lién tiép

Chirng minh.
; < -2 Y+ i-1 i \
Xét 2 cap diém lién tiep f(x ),f(x ) va

f(xi),f(xiﬂ) thuge Ve op Goi

E ] T i+l
X tap,cyx +ag ).

o~ o~

Theo dinh nghia pg; = tan DBA, B;,q = tan ECB.

—_— 72-
A’B’CEyExSN’0<ECB<DBA<;

—_—

Vi nén

—_—

tan ECB < tan DBA. Vay p; >p;; Vo1 i=1k

. k R
Xét R, =U,(8.6,, ]  Ham
1 . .
g(ylayz) SHy Ty VOl (Vl’yz) € Vgxsn €0
Y7,
A £ 2 4 2 <
d doc  u . Néu u E(ﬂi+1’ﬂi:| hodc

ye(\/a,\/;i], thi g(yl,yz) dat gia tri nho

. xi) € Vpon - .

nhat tai f( , ExSN™ Chiang t6i dua ra mot
thudt toan chung dé gidi quyeét bai todn toi uwu to hop
nhén tinh v&i chinh x4ac hai ham. Vi i =1,k kiém

tra xem e(*/ﬂiﬂ"mi:l' Néu c6 luu gia tri
i T i-1 LT i
Val(x ):/”i cqx Ha)+—\cpx +ay].
7

Nguoc lai, luu Val (xl) = +o0 . Muc tiéu tdi wu 1a gia
tri nho nhét trong s6 Val (xl) voi i = ﬁ va nghiém
tuong tmg 1a nghiém t0i wu. Gia sir da biét F, o

qua trinh s& dién ra trong thoi gian |‘7:Ex SE | .
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-

b,_-————’%

Hinh 2. Cac diém A, B, C, D, E di xdy dung
Dinh Iy 2.2 V6i 7 ¢ da biét, bai toan t6i wu
t6 hop nhan tinh v6i chinh x4c hai ham c6 thé giai

trong thoi gian O(‘]—'SE D

3. BAI TqAN 1- MEDIAN TREN CAY
VOI HAM NHAN TiNH

Trong phan nay, bai toan vi tri trén cdy v6i ham
muc ti€u nhan tinh hai ham trung vi dugc thao luéan.
Chométcay T = (V, E) véi tap dinh V7 va tdp canh
E . Gan hai trong sb duong w‘l, va wf 1an lugt véi
mdi dinh v € ¥, mdi canh e € E ¢6 d0 dai duong 1,
. Trong 1y thuyét vi tri, c6 thé coi mdi canh ciia ciy
la mdt khoang lién tuc ma cac di€ém nam trén do. Noi
ngin gon, mot diém x nam trén trén canh e = (u v)
duoc xac dinh béi mot tham sb ¢ e [0, 1] va nd chia
canh € thanh hai canh con. Canh con tht nhét
(x,u) c6 do dai #, va canh con thir hai (xu) co
do dai 1a (1-1)1,. Diém ¥ tring véi dinh ¥ néu
t=0 va tring v6i dinh ¥ néu 7 =1. Khoang cich
gitta hai diém trén cdy 7 1a d¢ dai duong di duy
nhat noi chung. T d6, co thé viét x e T dé biéu dien
diém X trén cdy T . V6i a va a, 1a hai s6 duong,
bai toan trung vi trén cay voi ham nhan tinh dugc
dinh nghia nhu sau:

minM(x) =[ 5 wid(x,v)Jralj( 5 wfd(x, v)+a2j. (5)
vel’ vel’

xeT
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Ham muc tiéu M (x ) 13 ham nhan tinh cta hai

ham 1-median. Ta dugc bai toan véi hai muc tiéu
nhu sau:

o _ A (x)j _ 2veV w‘l}d (x, v) +a
)rcneh;’f(x) (fZ (x) (ZVEV Wfd (x, v)+a2 . (6)
Véi ham trung vi f; (x) =2yel wf,d (x, v) +a;
v6i i=1,2. Xét tap dinh dé tim diém 1 — median

trén cdy v6i nhitng tinh chit nbi bat dugc dua ra boi
Kariv and Hakimi (1979). Véi dinh x" cho trudc,

3
c6 cac ciy con T(x )z ., T,,...,T R
172 deg{v*)

* *
trong do deg(x ) la bac cua X . Theo quy udc,
mdi diém nam & phﬁn trong cua canh co6 bac 1a 2 va

bac cua dinh 1a sb dinh lién ké cua nd. Cho

w' (*) = zve*wf, v6i i=12 va

voi * la mot tdp con cia V.

Néu « =¥ thi  =w (). Xem xét lai diéu kién dé
mot dinh 1a nghiém hiru hiéu cta (6).
Dinh 1y 3.1 Theo Hamacher et al. (1999), Diém

*
X 1a diém 1 — median hai myc tiéu ctia 7 khi va

1 .
—W  vol

chi khi w'(7;) khong trdi hon
2

%k
i:l,...,deg(x )

Nhé lai Xz 1a tap tat ca cdc nghiém hitu hiéu.
Theo Hamacher et al. (1999), X}, 1a cdy con cua T.
Hon nita, ta nghién ctru sdu hon vé cdu trac cia tap
nghiém hitu hi¢u nhu sau.

B0 dé 3.1 Tap Xy la mét dinh hodc mot duong
ditrong T.

Chirng minh.
Gia st ¢6 nhiéu hon hai 13 trong ciy con X oD

chonra 3 14 vl,vz,v3 trong X . Theo thuat toan

cua Hamacher et al. (1999)
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va

1 . 1
Vv =arg min >, w,d(x,v)+a
gxeT vey iy ( ) 1

2 . 2
Vo =arg \I;nellr/l Yyey wy,d (x, v) +ay. Cho

u= P(vl,vz)mP(vl,VS)r\P(vz,VS) , do tinh 15i
ciia ham trung vi theo mdi dudng di cua cdy, ta co
A (x) va f, (x) cung tang trén duong di P(u, v3 )
Vi vay, khong c6 diém nao thudc P(u, v3 ) \ {u} la
diém khong bi troi. Didu nidy mau thuin voi
P(u,v3) € Xy . [ |

\ A A ca o3 1 .2
Tur day ve sau, gia st rang X, = P(v ,V )
Tép nghiém hiru hi€u X'y chinh xac la mét dinh néu

1 2 ~ I ;A ‘A ~ ‘A X
V' =V~ . Ta s€ xem xét cac tap nghiém hiru hi¢u bo

trg cho f (x)

Mg¢nh dé 3.1 Moi diém x e P(v',v?) déula
nghiém bo trg hitu hiéu.

Chirng minh.

Véi mot vector A = (/11,/12) S ]Ri ludn ¢6 thé
gia sir rang 24 + 2, =1.Ham don muc tiéu lién quan
dén A co thé viét duéi dang:

R () =2 (x)+ 215 (+)

=2vel w, (ﬂl)d(x,v)+/11al +(1—/11)a2 ,

trong  do, " (ﬂl) - ﬂlw‘l’ i (1 A ) W‘% voi
2 efo.1].

Véi diém X nim ¢ phan trong cua canh
e= (u, v) , ¢6 duogc hai cay con T chira v! sau khi
x6a X khoi va

cay. Do do, vzeT\T1

", (Tl) = SveT, wy (,11) = Sver; (ﬂlw‘l, +(1—/11)w3),

1 (118 = e (1) -

ZveT\Tl (ﬂ,lw}} + (1 -4 ) w‘% )
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Ta xét ham g (4 ) = A (Tl)—Wﬂl (1) vi
Wﬂ’l (Tl) va Wﬂl (T\Tl) 1a hai ham lién tuc trén /’L‘
nén g(/ll) cling lién tyc voi A € [0,1]. Do do, ta

g(O) = ZveT1 W‘% —ZveT\T1 Wg <0, g(l)

co (do

1 1
= ZveT1 w), — ZveT\Tl w, 20
, A- S R £ 01 2
tinh toi wu cua v va v~ d0i véitrongso w va w
(Goldman, 1971). Do tinh lién tuc cua g (ﬂl ) , ton

. * *
tai A4 6[0,1] sao cho g(ﬂl):o. Vi vay,

Wﬂl* (Tl):Wﬂl* (7\7) hodc x la mot diém 1 -

fi(x)= vlng whd (x0) + v/esz whd (x0) +a
-z wh (@ (u') + d (xou)) + v’esz
_ v'ng wh (d (u) +id (wv)) + v'esz
o1 () () )
VOl i=1,2.
Tuong t,

5 (0) =15 () + (=) (' (1) - (7)) (u.v)
véi 1=L2 vay f(x):lf(v)+(l_t)f(”) véi

€ (0,1) hay f(x) khong 13 nghiém b trg hiru
hiéu t&i han. H

Theo Ménh dé 3.2, ta tim kiém mot nghiém
toi wu cua (5) trong tap dinh cua duong di

P(vl,vz) DPanh s cac dinh trong P(vl,vz) sao
cho P(vl,vz) :(vl,vz,...,vm), trong d6 v = vl

va v, =v2 Vi i (x) va £ (x) tang va gidm khi
x di qua duong di P(v1 , vz) tuong tmg, biét rang

f(vl) Slex f(VZ)Slex - Sex f(vm)'Xét

dinh ké nhau VisVis v6i j=1,m-1, co hai cay

hai
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median cua 7 doi vdi trong sO w

V() vei v
thugc 7 . Hay x la nghiém bd tro hiru hicu. W

Ménh dé 3.2 Bat ky diém x nam & mién trong
ciia canh (u v) Vo (u v) € P(vl, v2) déu khong la
nghiém bé tro hitu hiéu téi han.

Chirng minh.

Véi diém X nim & mién trong cua canh
(u,v) € P(vl,vz) , xac dinh mot tham sb Le (0’1)
d (x,u) =td (u,v)

d(x,v)=(1-1)d (u,v). Sau khi x6a X tir cay T

sao cho va

c6 hai cdy con 7},7, saocho ue7j va veT,. Ta

nhan duogc:

1

con 7/ va 1/ +l sau khi x6a canh
(Vj’vj+l (Vj’ijJ
. j .
(vj’vj+l)’ trong do VjETv-v va
J g+
v er/t Néu biét f-(v-) 6 thé tinh
Jj+l ’ L\J
(4]
i) =4 (4)+
wh| 7/t -w'| T d(v-,v- 1)
) N R
JoH JJH

véi i =1,2. Hon nita, ¢6 thé tinh toan trong sb cua
tat ca cac cAy con cua T trong thoi gian tuyén tinh,
xem Puerto et al. (2018). Do do, cac gia tri
£(). 7 (v2)seeof (v,y) €6 thé tinh toan trong
thoi gian tuyén tinh.

Dura vao cach tiép can tong quat & phan 2 cho bai
toan t0i wu t0 hgp nhan tinh vdi chinh xac hai ham,
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chung toi phat trién thuat toan dé giai quyét bai toan
I-median trén cdy, xem Thuit toan 1.

Tinh dung dén cua thuat toan dua vao ddi sd &
Phan 2. Ti€p theo, d§ phirc tap cua thuat toan duoc
nghién ciru. C6 thé tim thiy duong di P(v',v”)
trong thoi gian tuyén tinh (Hamacher et al., 1999).
Hon nira, cac gia tri f(vl),f(vz ) b .,f(vn) duoc
tinh toan trong thoi gian tuyén tinh. Vi co ‘nhiéu
budc 13p tuyen tinh trong thuat toan va moi lan 1ap
c6 thé duogc tinh trong mot thoi gian khong doi, nén
thuat toan chay trong thoi gian tuyén tinh.

Dinh ly 3.2 Bai toan trung vi trén cdy c¢6 ham
muc tiéu la nhan tinh véi dang hai ham cé the giai
duogc trong thoi gian tuyén tinh.

Thuét toan 1: Giai bai toan trung vi trén cay voi
ham nhan tinh

Input: Mot vi du vé bai toan 1- median trén cay
v&1 ham nhan tinh.

Tim cie duong di P(v'v7) = (v, vy,
véi v =v va v? =v,, (Hamacher et al., 1999).

Tinh f(vl),f(vz),...,f(vm) va  tap
Val(vl-):+oo

Tap w; =

i=2,m,ﬂm+1 =0.

for i=Lm g

if 4 < (A1) then

(0]

1
Val(v,—) =Hih (V,-) +—10 (Vi)
Pit Hi
end if
end for

z'>x< = arg(minl-:1 m Val (Vi))'
bit e
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Output: M6t diém 1-median nhén tinh v: trén
cay.

C6 thé nhan hai ham thanh phin nhu sau
(ZveV W‘l,d (Vi , v) +a ) (ZveV Wfd (vl-, v) +ay )

trong mdi 14n 1ap va so sanh cac gia tri nay dé co gia
tri nho nhat. Tinh toan don gian nay ciing chay trong
thoi gian tuyén tinh. Tuy nhién, cin nhiéu bd nhé
hon dé luu két qua ciia phép nhan hon 1a luu timg
thanh phan. Do d6, Thuét toan 1 ciing gitp t6i uu
hoéa viéc luu trir dir liéu.

Sau day la mot vi du minh hoa cho Thuat toan 1.

Vi du 1. Cho mét vi du vé bai toan trung vi trén
cay v6i ham nhan tinh nhu Hinh 3, trong do trong so
dinh duogc ghi trén moi dinh cta cay va tat ca cac do
dai canh bang 1. Hon nita a; =ay =0.

Hinh 3. Mot vi du vé bai toan trung vi trén ciy
v6i ham nhan tinh

Ta tinh toan cac gia tri sau:

r(n)= (ig)
7(v)= @é)f(%) = ng
)-(33)

py = 256,415 = Ld,py = 072,415 = 0.39.
By =+0.By =3,y =15y ~ 033,85 =0.
Két qua tinh cac vong lap duge cho boi Bang 1.
Bing 1. Két qua tinh toin ciia méi lan Lip
I 1 2 3 4
Val(v,) +oo 2392 2392  +w
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Tl két qua Bang 1, ta ¢6 thé két luan V, va v,
1a hai diém trung vi trén cdy véi ham nhan tinh.

4. KET LUAN

Trong bai bao nay, bai toan tdi wu to hop nhan
tinh lién quan dén bai toan t6i uu da ti€u chi dugc
giai quyét. Co thé chirng minh dugc rang ton tai mot
nghiém t6i vu cda bai toan ban dau, nghiém d6
chinh 12 nghiém hiru hiéu ti han bd trg ciia bai toan
toi vu da muyc ti€u cam sinh. Dya trén tinh chat nay,
nghién ctru phat trién mot thuat toan chung cho bai
toan. Hon nira, tinh chat déac biét cua bai toan trung
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