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ABSTRACT

The article obtains some new results in the research direction of
differential stability for the parametric optimal control problem governed
by semilinear elliptic partial differential equations with smooth boundary
constraints. The new results of the article consist of exact formulas for
computing the Fréchet coderivative and the Mordukhovich coderivative
of the constraint operator with perturbed smooth boundary constraint set,
and a formula for computing/estimating the Fréchet subdifferential (the
regular subdifferential) of the marginal function of the parametric optimal
control problem with a smooth boundary constraint set.

TOM TAT

Hudng nghién ciru mdi cua bai viét la sw on dinh vi phdn ciia bai todn
diéu khién toi uu o tham s6 cho phirong trinh vi phan dao ham riéng
elliptic nira tuyén tinh véi rang bugc bién tron. Cdc két qua mdi cia bai
bdo bao gom cdc cong thire tinh todn chinh xdc doi dao ham Fréchet va
déi dao ham Mordukhovich cua toan tir rang budc véi tap rang bugc bién
tron cé nhiéu, va cong thirc tinh todn/ danh gid dwdi vi phan Fréchet (dudi
vi phdn chinh quy) cia ham gid tri t0i wu ciia bai todn diéu khién t6i wu
6 tham s6 véi rang bugc bién tron.

1. GIOI THIEU

thuong la dnh xa da tri, vi vy cac khai niém vi phan
cb dién khong thé ap dung cho cac dbi tuong nay dé

Ham gia tri tdi wu va 4nh xa nghiém cua cac bai
toan t6i wu phu thudc tham sb dong vai tro quan
trong trong giai tich bién phan, 1y thuyét t6i wu, diéu
khién t6i wu nén da thu hut dugc nhiéu chuyén gia
quan tdm nghién ctru nhu: Mordukhovich (2006a,
2006b), Mordukhovich et al. (2009), Mordukhovich
(2018), Qui (2020), Qui and Wachsmuth (2020),
Qui va Phiic (2022). Trong trudng hop tong quat,
ham gié trj t6i wu khong kha vi va 4nh xa nghiém
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khao sat cac bai toan t6i uu co tham sb. Didu nay
dan dén viéc st dung cac khai niém vi phan theo
nghia suy rong cho ham gi4 tri tdi wu va anh xa
nghiém cua cac bai toan téi wu co tham s 1a mot
yéu cau tat yéu.

Trong bai bao nay, cac tinh chit vi phan suy rong
cho ham gia tri t6i wu cua bai toan P(e) duoc khao
sat trong diéu khién t6i wu c6 tham sé cho phuong
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trinh dao ham riéng elliptic nira tuyén tinh véi tap
rang budc bién tron. Mot 6 mé hinh bai toan diéu
khién téi wu cho phuong trinh dao ham riéng elliptic
¢6 lién quan dén bai toan P(e) nhung c6 rang budc
diém duoc khao sat trong Casas et al. (2002), Casas
et al. (2008), Casas (2012), Qui and Wachsmuth
(2018, 2019, 2020), Qui (2020), Qui va Phuc
(2022), va trong sach chuyén khao Troltzsch (2010).
Hién nay, chua c6 bai bao nao khao sat cac tinh chat
vi phéan suy rong ctua ham gia tri toi vu cia cac bai
toan diéu khién t6i wu c6 tham sé cho phuong trinh
dao ham riéng véi rang bude bién tron. Pay 1a bai
bao dau tién nghién ciru vé cac tinh chat vi phan suy
rong cia ham gia tri tdi wu cua bai toan P(e) Vi
rang budc bién tron. Bai todn diéu khién t6i wu P(e)
yéu cau tim min cta ham muc tiéu J: L2(Q) X E -
R x4c dinh boi

J(u,e) = j L (x' yu+ey(x)) dx

Q

+5 [ dow+eeoax
Q

+ [ e @ire dx
Q
thoa diéu kién rang budc bién tron sau:
ue€ LZ(Q)‘ lzb(ul eP) S OI (11)
trong d6 Yyie, 12 nghiém yéu cia bai toan
Dirichlet (phuong trinh trang thai) dudi day
{Ay +f(x,y)=u+tey
y=0
& day, A 1a toan tir vi phan elliptic bac hai co

dang
N N 3 3
Ay == Z%@ (x)a—%y(x)),
vé6i cac ham hé sé a; ; € L”(Q) théa man

i=1j=1
Aallyll? < ZZ a;;j(xX)v:vj,

i=1j=1

v6i moi y = (¥4, ...,yn) € RY, véi hh. x € Q,
v6i hang s6 A, > 0, va : L2(Q) X LP(Q) » R 1a
ham thudc 16p €2 véi p € (1, +) va {() 1a mot
ham cho trude. Ky hi¢u

E =12(Q) x L2(Q) x LP(Q)

trong )
trén T,

(1.2)
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la khong gian tham sdvae = (ey, e, ep) eEla
tham sb cua bai toan P(e), trong d6 chuan ciia tham
S0 e € E dugc dinh nghia boi

llelle = llellzqy + llellzqqy + llellr ).

Ky hiéu G,4(e) 1 tap cac didu khién chip nhan
duoc cta bai toan P(e). Nhu vay, toan tir raing budc
cua bai toan P(e) 1a toén tir da tri Goq: E — 2L°@
duoc xac dinh boi

Gaa(e) = {u € I2(Q)| Y(u,ep) <0} (1.3)

Ham gia tri toi vu (ham marginal) cua bai toan

P(e) laham u: E - R duoc xac dinh bai

u(e) = uegg o) (w,e), (1.4)

va 4nh xa nghiém S:E — 2L°@ cua bai toan
P(e) duoc xac dinh boi

S(e) = {u € Ugq(e)ule) =J(u,e)}
2. TON TAI NGHIEM, TINH KHA VI

(1.5)

O Muc 2, két qua nghién ctru chinh 1a sy ton tai
nghiém yéu cta phuong trinh trang thai (1.2) va su
ton tai nghiém cua bai toan diéu khién ti uu P(e).
Nghiém yéu ciia phuong trinh trang thai (1.2) duoc
dinh nghia trong Troltzsch (2010).

Cho tham sb & € E, mot diéu khién chdp nhan
dugc T € G,4(8) dugc goi 1a diéu khién ti vu (hay
nghiém) ciia bai toan P (&) tng véi trang thai tdi wu
y = G(@) € H'(Q) n C(Q) néu

](ﬁ, é) < ](u, é)! Yu € gad(é)'
Dé khao sat su ton tai nghiém cua bai toan diéu
khlen t6i wu P(e) cung c4c van dé co lién quan ta
can dén céc gia thiét sau day:

(A1) Tap Q c RN (v6i N = 1,2,3) 1a mot mién
m& va bi chin trong RY véi bién Lipschitz T'. Tap
Gaa(€) 16i va bi chan véi moi e € E.

(A2) Ham f:Q X R = R 1a ham Carathéodory
(tic la, £ (-, ) do dugc véimoi y € Rva f(x,) lién
tuc vé6i h.h. x € Q) thugc 16p ham C? dbi véi bién
thtr hai va théa man

af

f(,0) € L2(), @(x,y) >0véihh x€Q,

va véi moi M > 0 ton tai Cf,y > 0 sao cho

2

|+ |35

véihh.x € Qvaly| <M,

< Crm
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azf azf
(x Y2) — 6y2 (6, y1)| < Crylyz — 1l

véihh. x € Qvaly,l, ly,| <M.

(A3) Ham L: Q X R — R 1a ham Carathéodory
thuoc 16p €% di véi bién thi hai. Hon nita, ta ciing
¢6 L(-,0) € L1 () va véi moi M > 0 ton tai hing s6
Com > 0 vayy € L*(Q) sao cho

92L
| S| < v, | 57| <
voihh.x € Qvaly| <M, va
) 92L
a_yz(x' Y1) — ay2 (6, y2)| < Comlyz — il

vaih.h. x € Qvaly,|, |y, <M.

Céc gia thiét néu trén 1a cac gia thiét cin ban va
thuong duoc st dung trong 1y thuyét diéu khién tdi
ru. Dya trén hé théng cac gia thiét nay, su ton tai
nghiém yéu ciia phuong trinh trang thai (1.2) va su
ton tai nghiém cua bai toan diéu khién t6i uu P(e)
dugc thiét lap.

Pinh Iy 2.1. Gia sir cac gia thiét (A1)—(A3) duoc
thoa man. Khi d6, phuong trinh trang théi (1.2) luén
¢6 nghiém yéu duy nhat.

Chirng minh. Viéc ching minh su ton tai duy
nhét nghiém yéu ciia phuong trinh trang thai (1.2)
duoc 1ap luan twong tu nhu ching minh Troltzsch
(2010) (Theorem 4.4). O

Pinh Iy 2.2. Gia sir cac gia thiét (A1)—(A3) duoc
théa mén. Khi do, véi moi e € E sao cho tap G,,(e)
khac rong, bai toan P(e) ludn c6 nghiém.

Chieng minh. Sy ton tai nghiém (diéu khién tdi
uwu) cua bai toan P(e) duoc lap luan tuong ty nhu
chimg minh Troéltzsch (2010) (Theorem 4.15). O

Hé thdng cac gia thiét (A1)-(A3) duoc sir dung
trong Dinh 1y 2.1 va Dinh 1y 2.2 ciing dam bao cho
tinh kha vi ctia anh xa nghiém yéu ciia phuong trinh
trang thai (1.2) va ham muc tiéu cua bai toan P(e).
Ky hiéu G(-) 1a 4nh xa nghiém yéu cia (1.2). Tinh
kha vi cua G(+) va ham muyc tiéu J(-,) cta bai toan
P(e) dugc khao sat sau day.

Pinh Iy 2.3. Gid si cdc gia thiét (A1)—(A3) duwoc
théa man. Khi do, anh xa nghiém yéu cua (1.2),
G:12(Q) » HY(Q) nC(Q) véi G(w) =, thusc
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l6p ham C?. Hon nira, V6i moi u,v,ey € L*(Q),
Zytreyw = G' (U + ey)v la nghiém yéu duy nhat cia

AZyyepv + @ (x, yu+ey)zu+eylv =v trong(l
Zyyepw =0 trénT.
V6i moi u, vy, v, ey € L2(Q), ta co
Zuteyvivy, = G"(u+ ey)vv,

1a nghiém yéu duy nhat cua

AZu+ey,v1v2

0% f
+ a_y2 (x' yu+6y)Zu+ey,vlzu+ey,v2 =0 trongQ

=0

+ @ (x, yu+ey)Zu+ey,v1vz

Zyteyvyv, trénT,

trong d6 Zy ey, = G' (U + ey)v; VoI i = 1, 2.
Chieng minh. Cac két qua phat biéu trong dinh
1y dugc suy ra tir Casas et al. (2008) (Theorem 2.4);

Qui va Phuc (2022) (Pinh 1y 3.2); Casas and Mateos
(2002). O

Pinh Iy 2.4. Gia si cac gia thiét (A1)-(A3) duoc
théa min. Khi d6, anh xa J(,e): L2(Q) - R thudc
I6p C2. Hon nita, véi moi u, v € L2(Q), dao ham
riéng J;, (u, e) xac dinh bai

Ju(u+ey,e)v = f (((u +ey) + (pu_e)vdx
Q

trong d6 @y, la nghiém yéu duy nhdt cia phwong
trinh

|(A*<p +—= (x yu+ey)<p

= @ (x, yu+ey) + e, trong(l
¢=0
trong d6 Yy 1o, = G(u + ey) va A* la toan tir lién

hop cua A xac dinh boi
(au (x) =— ox §0(x)>

- Z 3
i=1 j=
Ching minh. Bang cach thay thé u boi u + ey
trong Qui and Wachsmuth (2019) (Theorem 2.3) ta
suy ra cac két qua dugc phat biéu trong dinh ly. O

3. POI PAO HAM CUA G 4: E — 2L°@

trénT,

A p(x) =

O muc 3, muc tiéu nghién ctru chinh 1a thiét lap
cac cong thirc tinh toan d6i dao ham Fréchet va doi
dao ham Mordukhovich cua toan tir rang budc



Tap chi Khoa hoc Trirong Pai hoc Can Tho

Gaa(*). Cac cong thuc tinh toan ddi dao ham nay
déng vai trd quan trong trong viéc thiét lap cac cong
thie tinh toan dudi vi phan suy rong ciia ham gia tri
t61 wu p(+) cua bai toan P(e).

Cac khai niém vi phan suy rng trinh bay dudi
day, bao gém: ddi dao ham Fréchet va d6i dao ham
Mordukhovich (2006a, 2006b, 2018). Cho khong
gian Banach X, ham da tri F: X — 2% va ham thuc
mo rong o: X - R. Gisi han trén theo day theo
nghia Painlevé — Kuratowski caa F khi u - @ dugc
xac dinh bai

Limsup F (u)
Vi e = 0, tap cac e-dudi gradient ciia ham o tai

u->u
= {u* EX*

i € dom o := {u € X|o(u) < oo} duoc cho bai

d.0(1n)

=[u*

Dudi vi phan Fréchet (duédi vi phan chinh quy)
cua ham o tai 7 € dom ¢ dugc dinh nghia boi

do (@) = d,0(n).

ton tai u, - U va

F(u,) 3 u}, » u* theo topo w*

u* € X* théa man
o(u) —o(in) —_(u*,u — 1) > el
[lw — ull -

liminf
u-u

Duéi vi phan Fréchet trén (dudi vi phan chinh
quy trén) cia ham o tai & € dom o dugc xac dinh
boi

d*to(@t) = —0(—0)(W).

Duéi vi phan Mordukhovich (dudi vi phan qua
gidi han) cia ham o tai 7 € dom o dugc dinh nghia
bai

9o (@) = Limsup d.0(u)
ugﬁ,elo

va dudi vi phan qua giéi han suy bién ciia ham o
tai & € dom o dugc cho bai

0°c (@) == Limsup Ad.0(u),

a
u-u,el0,A10

trong do ky hiéu u Sa co nghia la u > u va
o(u) = a(w).

Cho cac khong gian Banach X va W, d(f)i dao
ham Fréchet (d6i dao ham chinh quy) va doi dao
hépq Mordukhovich cﬁa‘énh xadatri F: X — 2" tai
diém (u,7) € gphF lan luot 1a anh xa da tri
D*F(@,9):W* - 2X" x4c dinh bai

D*F(u,v)(v*)

= {u" € X*|(w*,—v*) € N((@ ¥); gphF)},
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va anh xa da trj D*F (&, ): W* - 2% x4c dinh boi
D*F(u,7)(v*)
= {u* € X*|(u*,—v*) € N((ﬁ, ﬁ);gphF)},
trong d6 gphF 1a dé thi cia F, N((u, ¥); gphF )
1a non phap tuyén Fréchet (nén phap tuyén chinh
quy) cua gphF tai diém (4, ¥) dinh nghia boi
N((@ v); gphF) = 96((a, 9); gphF),
va N((@ ¥);gphF) la ‘nén  phap tuyén
Mordukhovich ctia gphF tai diém (i, #) dinh nghia
boi

N((@ v); gphF) = 95((4, ©); gphF).
Trong truong hgp tong quat, ta co
D*F(@,»)() # D*F(@ v)(),

~ trong mot s6 truong hop dic biét (phéng han nhu
doi v6i 16p ham chinh quy phép tuyén) hai doi dao
ham nay bang nhau. Anh xa da trj F:X - 2" dugc
goi 1a chinh quy phdp tuyén tai diem (u, v) € gphF
néu

D*F(u,7)(v*) = D*F(u, v)(v*),Vv* € W*.

Dinh 1y du6i ddy thiét lap cong thic tinh toan
cac doi dao ham Fréchet va Mo;dukhovich cua toép
tir rang budc G,4 (). Pay la két qua mai va la ket
qua chinh cua muc nay.

Pinh 1y 3.1. Gid sir cdc gia thiét (A1)—(A3)
duoc théa man. Cho (&,ug) € gph Gaq. Khi dd, ta
¢6 dang thuc

D*Gaq(e,ug)(w") = D*Guq(e, ug) (u")
={(00,17%,¥(@ &)}

néu u" = -nWhp(is ep) van € Ry, néu ngugc
lai ta c6 dang thac sau

D*Gaa(8,g) (") = D*Gaq(8, ) () = 9.

Chitng minh. Diat @ = (—,0] va xét ham
g(el u) = g(eYP e]; ePl u) = lp(u: eP)' Khl déa d(‘s
thi cua G,4 duoc biéu dién nhu sau

gph Gaa = {(e, WP (u, ep) < 0},

Tuc 13,

gph Gaa = 97 (0).

Theo Mordukhovich (2006a) (Corollary 1.15), ta
thu dugc cong thirc biéu dicn cua non phap tuyen
Fréchet ctia gph G, tai diém (e, i) nhu sau

N((&,7); gph Gaa) = N((2,2e); 97(0))
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Ap dung theo Mordukhovich (2006a) (Theorem
1.17) ta c6 cong thirc biéu dién ctua non phap tuyén
qua gidi han cua gph G, tai diém (&, i5) sau day

N((é,1e); gph Gaa) = N((&,7); g7(0))
=Vg(e,uiz)"N(g (&, ts); 0).
Tu day va do
N(g(e,1,); ) = N(g(€,e); ©)
R,, néug(e ;) =0,
{0}, néug(e i) <0,
nén ta co
N((e,¢); gph Gaa) = N((&, 1) g7*(6))
_ {ng(é, %), neug(e,ue) =0,
{0}, néu g(e,u;) < 0.
T day suy ra
D*Gaa(8, ) (W) = D*Gaa(8, 1) (W)
va dugc biéu dién bang
{e” € E*|(e",—u") € N((&,%z); gph Gaq)}-
Tap nay co gia tri bang
{(00,97, 9@ )}

khiu* = —nV, (i ep) van € Ry, vacogidtri
bang @ néu nguoc lai. Chua y rang

V9(&,75) = (Vep¥(iiz, ), Vuth (1, &) )

do cach dinh nghiaham g. O

4. DUOI VI PHAN SUY RONG CUA u(")

Dua vao cdc cong thire tinh d6i dao ham Fréchet
va doi dao ham Mordukhovich cua toan tir rang bu(f),c
Gaa () duoc thiét 1ap trong muc truge, muc nay thiét
lap cac cong thirc tinh/danh gia dudi vi phan Fréchet
ctia ham gia trj toi vu u(-) cta bai toan P(e).

Pinh Iy 4.1. Gia sir cac gia thiét (A1)—(A3) duoc
thoéa man va xét € € dom S va u; € S(é). Khi do,
ta cod

0u(8)  J (U, @) + D*Gaa (8, ) (Ju (e, ©))

trong d6 Ggq: E — 2’“2,(9) la toan tir rang bugc
Cua bai toan P(e). Hon thé nira, néu anh xa nghiém
S:dom G, — 214 ¢ mot 1at cit Lipschitz trén
dia phuong tai (€, ti;) thi

0u(@) = J(Ue, &) + D*Gaa (€, ) (Ju (e, ©)).

Cha#ng minh. Phuong phap ching minh dinh 1y
nay tuong ty nhu phuong phap ching minh Qui et
al. (2022) (Pinh 1y 4.1), tuy nhién toan tir rang budc

Uggi E = 21°@
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va anh xa nghiém
S:dom U,y — 2°@
trong Qui va Phic (2022) (Pinh 1y 4.1) dugc
thay thé bai toan tir rang budc
Gaa: B > 21
va anh xa nghiém
S:dom Goy — 2@

cta bai toan P(e). Theo Mordukhovich et al.
(2009) (Theorem 1) ta co

ou@ c (e” + D"Gaa (8, i) (u")).
(u*,e*)edt J(uz,e)

Céc gia thiét (A1)—(A3) dam bao cho ham muc
tieu J(;,): L2(Q) X E — R kha vi Fréchet tai (i, ).
Do d6, ta co

0% (s €) = {J' (s )}
Suy ra
0u(®) < Jo(U, €) + D"Gaa(, Uie) (i (e, ©))-

Néu S:domGgy — 28°@ ¢6 mot lat cét
Lipschitz trén dia phuong tai (€,us) thi theo
Mordukhovich et al. (2009) (Theorem 2) ta cé

0u(@) = J (U, &) + D"Gaa (€, ) (Ju (te, ©))-

Dinh 1y da dugc chiang minh. O

. Trong phat bjéu va chirng minh Pinh 1y 4.1 cé
de cép den lat cat Lipschitz trén dia phuong. Khai
niém 1at cat Lipschitz trén dia phuong duoc trinh
bay trong nghién ctu cua Mordukhovich et al.
(2009).

Pinh 1y 4.2. Gid sir cdc gia thiét (A1)—(A3)
duoc thoa man va xéf e= (éy, e, ép) € dom S va
iz € S(e). Khi do, néu

Ju(te &) = =V, P(ug, ep) véi n =0,
thi ta co
du(e) c
{(‘pﬁg,é + {(Ue + &), Vagrey NVep ¥ (Ue, ép))},
néu nguoc lai ta ¢6
ou@ =0
Hon nita, néu anh xa nghiém S:dom G4 —

2L ¢6 mot 14t cht Lipschitz trén dia phuong tai
diém (2, ) thi
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ou(e) =
{((pﬁg,e_ + {(Ug + &y), Vagrey NVep ¥ (Ue, 513))}-
Chirng minh. Dua vao cu trac va cac tinh chat
vi phan ctia ham muc tiéu J(-,-) néu trong Muc 2 ta
thay rang véi moi & = (éy,6,,6,) €EE taco
.]é (ﬂe_l e_)é

= (Quye + (s + &), éy)LZ(n) + (Vigrey éj)Lz(m

= ((@uye + (U + &), Yuz4e,,0), (éy, 61, 6p)).
Suy ra
Je (e, @) = (@uye + (s + &), Va1, 0)-
Theo Pinh 1y 4.1 ta cé
0u(®) < Jo(U, €) + D"Gaa (@, Ue) (Ju (e, €)),
trong d6 theo Pinh 1y 3.1 thi
D*Gaa(@ 1) /4 (e, ) = {0,017, (Be, 25) )}
Nhu vay, ta thu dugc
du(e) c
{((pﬁg,é + {(tUs + &y), Vagrey NVep 0 (e, ép))}-
Néu diéu sau day khong théa man
Ju(Ue &) = —nVy,P(ug, ep) véi n =0,
thi theo Pinh Iy 3.1 ta suy ra du(e) = @.
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