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ABSTRACT

This paper investigates the existence and stability of solutions to
a multiobjective optimal control problem with perturbed
nonlinear state equations. By using suitable tools and
techniques, sufficient conditions for the existence and continuity
of solutions to this problem are established.

TOM TAT

Bai bao nghién cuu sy ton tai va on dinh nghiém cua bai toan
dzéu khién toi wu da muc tiéu véi phuwong trinh trang thdi phi
tuyén bi nhiéu. Bang cdch sir dung cdc cong cu va ky thudt thich
hop, cac diéu kién di cho su ton tai nghiém va tinh lién tuc
nghiém ciia bai todn dang xét duwoc thiét ldp.
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1. GIOI THIEU

Trong thuc té, hiém c6 truong hop nio ma chi
mot muc tiéu dugc quan tim tai cing mot thoi diém.
Vi dy, khi mua hang ta luén mudn tra gia thip trong
khi lai mong mudn nhan duoc san pham chat lugng
cao, hogc trong san xuét ta luén c6 mong mudn toi
da hoa chat lugng va giam thiéu chi phi. Tir d6 dan
dén viéc t6i wu da muc tiéu, tirc 1a tdi wu hoa tat ca
cac muc tiéu co lién quan ddng thoi. Viéc nghién
ctru bai toan t6i vu da muc tiéu bit dau tir thé ky
XIX va phat trién manh mé sau khi cong trinh cua
Pareto dugc dich sang tiéng Anh vao nam 1971 bai
Schwier (Gambier & Badreddin, 2007). Tt ndm
1987 dén 1992, cac nha toan hoc d3 dua ra nhidu két
qua nghién ctru lién quan dén van dé nay, két qua cé
1216 bai bao, 208 quyén sach, 31 tap chi dac biét
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lién quan dén bai toan nay duoc xuat ban (Steuer et
al., 1996).

Bai toan diéu khién téi uvu da muc tiéu dong vai
trd quan trong trong k¥ thuat va kinh té (Ramos et
al., 2002; Kaya & Maurer, 2014; Zhou & Qiao,
2019). Do d6, bai toan nay dugc nhiéu tac gia quan
tam nghién ctu trong thoi gian gan day
(Gramatovici, 2005; Kien et al.,, 2008; Ngo &
Hayek, 2016; Oliveira & Silva, 2016; Kien et al.,
2018 Yang et al., 2020; Toan & Thuy, 2021). Gidng
nhu céc 16p bai toan khac, sy 6n dinh nghiém luén
la mdt trong nhirng chu dé quan trong va nhan dugc
nhiéu sy quan tdm nghién ciru cua bai toan diéu
khién t6i vu da myc tiéu (Yang et al., 2020; Toan &
Thuy, 2021).
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Nghién ctru sy 6n dinh nghiém nghia 14 khao sat
su chiu tac dong ctia nghiém cac bai toan khi dir liéu
dau vao cuia chung bi nhidu. Trong cac bai toan thuc
té thi hau hét cac dir liéu phu thudc vao nhidu yéu to
khac nhau, chang han nhu yéu t6 thoi gian, hay cac
sai sb trong viéc thu thap dir liéu tir cac thong ké, do
dac, ... Khi kiém soat duoc sy 6n dinh nghiém,
chung ta s€ danh gia dugc do 1éch nghiém cua bai
toan nhidu so véi bai toan gbc. Pidu nay giup ching
ta dua ra cac du bao can thiét cho viéc cap nhat lai
cac dir liéu c6 lién quan. Thong thuong, cé hai
hudéng tiép can khi nghién ctru tinh 6n dinh cua bai
toan t6i wu: huong thir nhit 13 nghién ciru tinh nira
lién tuc, lién tyc ciia 4nh xa nghiém bai toan bi nhiéu
boi tham s6 véi tham s nhidu thugc mot khong gian
tham s6 (Han & Huang, 2017; Anh et al., 2021);
huéng thtr hai 14 nghién cttu sy hdi tu cta day
nghiém cua bai toan nhidu dén nghiém cua bai toan
gbc. Huéng thi hai nay rat quan trong va dang dugc
nhiéu nha toan hoc quan tdm nghién ciru trong thoi
gian gan day (Yu et al., 2014; Gutiérrez et al., 2016;
Karuna & Lalitha, 2019; Anh et al., 2020).

Tu nhitng quan sat trén, trong nghién ciru nay,
tinh 6n dinh ciia bai toan diéu khién tdi vu da muc
tiéu duoc tiép can theo hudng thi hai, trong d6 bai
toan bi nhiéu trén tip rang budc voéi phuong trinh
trang thai phi tuyén.

2. KIEN THUC CHUAN BI

Trong bai bao nay, ky hieu R" 1a khong gian
Euclide n chiéu duoc trang bi chuan |&| = max|¢;|
L
Vél f = (fl! EZ' ""fn) € Rn: C([tO' tl]' ]Rn) la
khong gian Banach cac ham s6 lién tuc x: [to, t;] -
R™ véi chuan ||x|| = terBa)t(]lx(t)l va Bgn 12 qua
0,t1

cau dong don vi véi tam tai goc cua khong gian R™.

Goi U 1a mot tap con déng, khic rdng cua
C([to, t1], R™) sao cho:

(i) U bi chin déu bai hang sé dwong M, nghia la
lull <M véimoiu € U.

(i) U lién tyc dong déu trén [t,, t,], nghia 12 voi
moi £ > 0, ton tai § > 0, sao cho véi bat ky ¢,t’ €
[to, t;] thoamian |t — t'| < § vabatkyu € U ta déu
co |lu(t) —u(t)| < e.

Pinh 1y Ascoli-Arzela néi rang néu uk €
C([to, t,], R) Véi k = 1,2,3, ... va néu diy {u*} 1a
bi chan diém va lién tuc dong déu trén [0,1] thi day
{u*} c6 mot day con hoi tu déu. Két hop didu nay
v6i cac didu kién (i) va (ii), ta suy ra U 1a tap con
compact cua C([to, t1], R™).
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Cho cachamsé g;: C([to, t;], R™) X U > R Vi
j=1,2,..,mlacac ham s lién tyc va f: [t, ;] X
R™ x R" - R™. Khi do, bai toan dieu khién téi uu
da muc ti€u dugc phat biéu nhu sau: Tim mot diéu
khien u € U va ham so x € C([tq, t;], R™) sao cho
cuc ti€éu ham muc tiéu

gx,u) = (g1 (0w, ..., gm(x, W), (2.1)
trong do

x(t) =x"+ fti)f(s,x(s),u(s))ds. (2.2)

bit Q={u()eR"|lueU}. Do U la tap
compact nén () la tap con dong, bi chan cua R".
Chung ta gia thiét rang:

Véi moi a > 0,

(Al) f lién tuc trén [ty, t;] X aBgn X Q.

(A2) Ton tai £ > 0 sao cho

If (& y1,v) = f(&,y2,v)| < £ly1 =y,
V(t,y1,v), (t,y;,v) € [to, t1] X aBgn X Q.
(A3) Ton tai #; > 0 sao cho
lf &y, vl <1+ yD
V(t,y,v) € [ty t1] X R™ X Q.

X =C([te, 4], R"), Z =X x U,
D = [to, t1] X R" X Q

vaF = {f:D > R" | (Al), (A2) va (A3) duoc
théa mén}.

V6i méi z=(xu)€Z, thi z(t)=
(x(t),u(t)) € R* x R". Khi d6, chuan cta z va
z(t) dugc xac dinh nhu sau

llzIl = llxll + llull,

trong do

x|| = max |x(®)], ||ull = max |u(t)|,
Ixll = max x(Ol, full = max [u(®)

va|z(®)| = [x(®)] + lu(@)l.

Véimbi f,, f, € F, khoang cach gitra f;, f, dugc
xac dinh bai

dr(f1, 12) =(

sup |fi(t,y,v) = fo(t, ¥, V)]
t,y,v)ED

Xét K: F 3 Z 1a anh xa da tri dugc xac dinh boi

K(f)={z=(x,u) X xU]|(2.2) dugc thoa
man}.
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Khi do, voi mdi f € F, bai toan diéu khién toi
uu dugc phat biéu lai nhu sau:

(MCP): mingm g(2),

Z€K(f)

trong d6 g 1a lién tuc trén Z va RT 1a ndn orthant
duong trong khong gian R™.

Mot véc to z € K(f) duoc goi la mdt nghiém
yéu cua (MCP) néu

(9(2) —intRT) n g(K(f)) = 0.
Véi mdi f € F, ky hieu SW(f) 1a tap nghiém
yéu cia (MCP), tirc 1a
SY(f) ={z € K(f)l
(9(2) —intRT) n g(K(f)) = 0}.
Sau day 1a mot s6 khai niém can thiét duoc sir
dung trong nghién ctru nay.

Cho X, Y 1a cac khong gian dinh chuan.

Pinh nghia 1.1 Tu Dinh nghia 1, Dinh nghia 2
trong nghién ctu ctia Aubin and Ekeland (1984), ta
co:

Cho G: X 3 Y la mot anh xa da tri. Khi do,

(@) G dugc goi 1a nira lién tuc trén (viét tat la
usc) tai x° € X néu vai bat ky 1an can mo V coa
G (x°) trong Y, thi ton tai mot 1an can U caa x° sao
cho G(x) € V véimoix € U.

(b) G duoc goi 1a nira lién tuc dudi (viét tit 1a
Isc) tai x° € X néu véi bit ky tap md V trong Y voi
G(x®) NV # @, thi ton tai mot 1an can U cua x° sao
cho G(x) NV # @ véi moi x € U.

Bo d¢ 1.1 Dya vao Dinh nghia 1.4.2 trong
nghién cuu cta Aubin and Frankowska (2009), ta
co:

Cho G:X 3 Y 1a mot anh xa da tri. Khi do,

(i) G 1a Isc tai x° € X néu va chi néu voi moi day
{x*} v6i xk - x° va y° € G(x°), ton tai y* €
G(x*) sao cho y* — y°.

(ii) Gia sir rang G (x°) 1a tap compact. Khi d6, G
1a usc tai x° néu va chi néu voi moi diy {x*} véi
x* = x° va y* € G(x%), ton tai mot diy con {y*i}
cua {y*} sao cho y*i - y° € G(x?).

Pinh nghia 1.2 Dya vao nghién ctru cuia Lalitha
and Chatterjee (2012), ta c6:
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Ham gi4 tri vector g: X - RY* duoc goi 1a RY'-
tua 16i chat chinh thuong trén tap 16i S © X néu véi
moi x,y € S,x # y va voi moi 1 € (0,1), ta co:

hoic g(Ax + (1 — D)y) € g(x) — int R
hoic g(Ax + (1 — D)y) € g(y) — int R,

Bb dé 1.2 Dya vao Bét dang thirc Gronwall

(Chicone, 2006), ta co:

Néu x, y la cac ham ) khong am, lién tuc trén
doan [a, b] vavéihang s6 C > 0 ta co

x(t)<C+ fat x(s)y(s)ds, a <t < b,
t - -
thi ta ciing c6 x(t) < C.eJa¥®4 vgi moi ¢ €
[a, b].

2. SU'TON TAI NGHIEM VA TIiNH LIEN
TUC CUA ANH XA NGHIEM

~ Céc diéu kién du cho sy ton tai nghiém va tinh
on dinh cita anh xa nghiém tai diém f € F duogc
thiét 1ap. Mot so tinh chat quan trong cia rang budc
nhu sau:

Bo dé 3.1

Vi moi f € F, tap nghiém cua hé phuong trinh

vi phan (2.2) 1a bi chan va lién tuc déng déu trén
[to,t1] V&I moiu € U.

Chitng minh
Lay f € F tily v, ta co:
X1 = |f(t, x(®), u(®)| < £:A + |x(@©OD.

Tich phén 2 vé ta dugc:
t t
fl)'c(s)lds < f#l(l + |x(s)|)ds
to to

< £t — to) + J Lalx(s)lds.
Mat khac, ta co:
lx ()| = [x(to)| < [x(t) — x(to)l
<|f x(s)ds| < [ |x(s)lds.

Suy ra
t
(O] < [x ()] + €1t — ) + j £11x(s)lds.
to

Ap dung bét ding thire Gronwall, ta duoc:

Ix()] < (Ix(t)| + £1(t; — to))effoelds
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< a=(|x°] + £1(t; — ty))efrtr=to)
Vt € [to, t1]-

Do do, tap nghiém cua hé phuong trinh (2.2) bi
chan déu trén doan [t,, t;] boi hang s6 a véi moi
ue UvafeF.

Miat khac, do f lién tuc trén tdp compact
[to, t;] X a@Bgn X Q nén ton tai can trén dung y. Tur
phuong trinh (2.2), suy ra |x(t)| < y. Nhu vay, tap
nghiém cua phuong trinh (2.2) 1a lién tyc Lipschitz
véi hang s6 y, hay chung lién tuc dong déu trén
[to,t1] V&imoiu € U.

Ménh dé 3.1

Vi mdi f € F, tap K(f) 1a khic rong va cé gia
tri compact.

Chitng minh

V6i mdi f € F, theo dinh Iy tdn tai nghiém cua
phuong trinh vi phén thi phuong trinh (2.2) luén c6
nghiém vai moi u € U. Do d0, tap K(f) 1a khac
rong.

Ta chang minh K(f) la tdp compact vai moi
f € F. Thatvay, theo B dé 2.1 va diéu kién (ii) thi
tap nghiém phuong trinh (2.2) va tap U la lién tuc
ddng déu trén doan [t, t;]. Khi d6, véi moi & > 0
va voi moi z = (x,u) € K(f), ton tai § > 0, sao
chovoibatky t,t” €[ty t;]théaman |t —t” | <
8, tadéu co
|z(6) — z(¢")] = |x () —x(€)] + [u(®) —u(t)]

<&

Vay K (f) lién tuc dong déu trén doan [t,, t,].

Mt khac, do tinh bi chin déu cua tap nghiém
phuong trinh (2.2) va tinh bi chan déu cua U nén
tap K (f) bi chan déu. Theo dinh ly Ascoli-Arzela,
K(f) 1a tap tién compact. Bay gio, lay tuy y z* =
(x*,u*) € K(f) sao cho {z¥} hoi tu dén z =
(x,u) € X X U, ta co:

xk(t) = x% + fttof(s,xk(s),uk(s))ds.
Cho k — 4o, ta dugc:
x(t) =x° + ftif(s,x(s),u(s))ds.

Suy ra z = (x,u) € K(f), hay K(f) la tap
doéng. Vay K(f) 1a tap compact.
Ménh dé 3.2
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Giasurang {f¥} c F va (x*, u*) € K(f¥) tuy
y. Néu {£*} hoi tu d&én f € F va {u*} hoi tu dén
u € U thi {x*} hoi tu &n x sao cho (x,u) € K(f).

Chitng minh

V6i mdi u € U, phuong trinh (2.2) ¢6 duy nhat
nghiém x théa man

t
x(t) =x°+ ff(s,x(s),u(s))ds.

Do dé, (x,u) € K(f). Ta chitng minh {x*} hoi
tu dén x. That vay, do f¥ — f nén véi moi & > 0,
ton tai k; > 0, sao cho dx(f¥, ) < %véi moi k >
k,. Mit khac, do u* -» u va f lién tuc trén tap
compact [to,t;] X aBgn X Q, nén ton tai n, >0
sao cho v6i moi t € [ty, t,] vak = k,, ta co:
|f (&, x(8), uk(£)) = £ (&, x(®), u(®)| <.
bit ky = max{k,, k,}. Khi d6, v6i moi k > n,
ta co:

|x¥(8) —x(6)] <
t

< [ 175 #5050, 0550) = £ (5, ¥, us)) s

to
t

< f|f"(s,xk(s),uk(s)) — f(s,x*(s), uk(s))|ds

to

+ f|f(s,xk(s), uk(s)) — f(s,x(s), uk(s))|ds
to

+ f|f(s,x(s), uk(s)) = f(s,x(s), u(s))|ds

t t t
< f%ds+ fflxk(s)—x(s)lds+ f%ds
to to

to
<e(t; —ty) + fti){’lxk(s) —x(s)|ds.
Ap dung bit ding thirc Gronwall, ta dugc:
t
K (1) = x(B)] < ety — to)elio

< e(t; — to)et@1=t) vgimoi t € [to,t,].

Suy ra
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kepy — < — 2(t1—to)
trgloa>1<]lx @) —x(@®)| < e(ty —toe

hay
llxk — x|| < e(ty — ty)etta=to),

Vay x* - x.

Ménh dé 3.3 Anh xa K lién tyc trén F.

Chitng minh

* Anh xa K 13 usc trén F.

Vi moi f € F, ta ching minh K 1a usc tai f.
Theo Ménh dé 2.1, K(f) 1a tap compact. Lay f* €

Fsao cho f* - f,voimoi z¢ = (x¥,uk) € K(fF),
ta co:

xk(t) =x"+ f;)fk(s,xk(s),uk(s))ds.

Do U la tap compact nén diy {u*} c6 diy con
{u*1} hoi tu dén u € U. Khi d6, phuong trinh (2.2)
¢6 duy nhat nghiém

x(t) = x° + ftf)f(s,x(s),u(s))ds.

Tir Ménh dé 2.2 suy ra x*i — x. Do d6, z"i =
(xki,uki) > z = (x,u) € K(f). Vay 4nh xa K 1a
usc tai f.

* Anh xa K 1a Isc trén F.

Véi moi f € F, ta chitng minh K 1a Isc tai f.
That vay, vai moi z = (x,u) € K(f), ta co:

x(t) =x"+ fttof(s,x(s),u(s))ds.

Khi do, véi méi f¥e€F sao cho f* - f,
phuong trinh (2.2) c6 duy nhat nghiém

xk() =x°+ fti)f"(s,x"(s),u(s))ds.

Theo Ménh dé 2.2, ta ¢6 x* - x. Do do, day
{z*} véi zF = (x*,u) € K(f*) hoi tu dén z =
(x,u). Vay anh xa K 1a Isc tai f.

Pinh Iy 3.1

Néu f € F thi tap nghiém S¥ (f) la khac rdng va
c6 gia tri compact.

Chieng minh

Véi f € F, do tap K(f) la tap compact nén theo
dinh 1y Weierstrass thi tdp nghiém SY(f) 1a khac
rong. Mit khéc, tir tinh compact cua tap K(f) nén
dé ching minh tap SY(f) 1a tap compact thi ta chi
can chang minh tap S¥(f) 1a tap con déng cua tap
K(f). Lay tuy y day {z*} c S¥(f) sao cho z¥ —
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2%, do tap K(f) 1a tap compact nén z° € K(f). Do
zK € SW(f) nén véi moi z € K(f), ta co

g(2) & g(z¥) — intR™”* Vk,

Mit khac, do z¥ — z° va ham g lién tuc nén ta

duoc
9(2) ¢ g(z°) -

Suy ra z° € S¥(f), hay S¥(f) la tap con dong
cua tap compact K(f). Vay tap S¥(f) la tap
compact.

Dinh 1y 3.2

Néu f € F thi anh xa nghiém S¥ 1a usc tai f.

intR™ vz € K(f).

Chitng minh

Vé6i f € F, theo Dinh 1y 3.1, t4p nghiem S* (f)
khac rdng va c6 gia tri compact Lay tuy yfkeF
sao cho f* — f va lay tuy y z¥ € ¥ (f%). Khi do,
do z¥ € SV (f*) € K(f*) va anh xa K 1a usc va c6
gia tri compact tai £ nén ton tai mot day con {z*i}
cia ddy {z*} sao cho day {z"i} hoi tu dén z° €
K(f). Ta can chiing minh z° € SW(f). That vay,
neu z° & SW(f) thi ton tai Z € K(f) sao cho

g(2) € g(z% — int R, (3.1)

Vi K 14 Isc tai f va Z € K(f) nén ton tai z¥ €
K(f*) sao cho z* — z. Do z*i € SV (fki) va z&i €
K (f*), nén

g(Z5) & g(z¥) — intR7? Vi.(3.2)

Mat khac, do g lién tuc nén tir (3.2) ta co:

g() ¢ g(z°) — int R

Didu nay mau thuin véi (3.1). Suy ra z° €
SY(f). Vay anh xa nghiém SY la usc tai f.

Dinh Iy 3.3

~ Néuf €F, K(f)latap 16 va ham g 1a R} -tya
16i chat chinh thuong trén K (f) thi anh xa nghiém
SW1alsc tai f.
Chirng minh

Gia st rang ¥ khong 1a Isc tai £. Khi do, ton tai
fke T sao cho f* - f vaz® € SW(f) sao cho véi
moi z* = (x* uk) € SY(f"*), diy {z*} khong hoi
tu dén z°. Do do, ton tai g, > 0, v6i moi i € N, ton
tai k; =i sao cho zFi = (x¥,u*) & B(z° ¢,)
(trong d6 B(z°, ;) 12 qua ciu tam z° va ban kinh
&5). Tuy nhién, do U 14 tAp compact nén ton tai mot
ddy con {1} cita ddy {ui} hoi tu dén i € U. Theo
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Ménh dé 2.2, diy con {Zkif} cua day {z*}, véi
2 = (o, W), st hoitu dén z = (%, %) € K(f).

Ta ching minh z € S¥(f). That vay, véi moi
2€K(f), do K 1a Isc tai f nén ton tai e
K(f V) sao cho 2 —> 2. Mt khic, tr 2z €
SW(FkY va 2% € K (), ta co:

g(2"i) & g(2V) — intR7 vj. (3.3)

Do ham g lién tuc nén tir (3.3) suy ra

g(@) ¢ g(2) —intRT VzZ e K(f).

Suyraz € SY(f).

Tiép theo, ta chung minh Z = z°. Gia sir nguoc
lai Z# z°, vi g 1a R7-twa 16i chat chinh thuong
trén K(f) nén voi moi 0 <A < 1,tacod

hoiac g(1z° + (1 — 2)2) € g(z°) — int R,

hoiac g(1z° + (1 — 1)z) € g(2) — int R

Diéu nay mau thuin véi z,z° € S¥(f). Do do,
ta phai ¢6 Z = z°. Nhu vay, diy [z"if} hoi tu dén
2% hay z"i € B(2,¢,) v6i j du 16n. Didu niy mau
thuan voi zki & B(z°,&y). Vay S¥ la Isc tai f.

Két hop cac Pinh 1y 3.2 va Pinh 1y 3.3, ta dugc
két qua sau day:

Pinh Iy 3.4

Néu f € F, K(f) 1a tap 16i va ham g 1a R™-tya

16i chat chinh thuong trén K (f) thi 4nh xa nghiém
SY 1a lién tyc tai f.

* Nhén xét. Yu et al. (2014) da nghién ctu sy
ton tai nghiém va tinh lién tuc cua anh xa nghiém
bai toan diéu khién téi wu vo huéng dudi gia thiét vé
phai cia phuong trinh trang thai bi chin déu toan
cuc. Trong bai bao nay, sy ton tai nghiém va tinh
lién tuc cia 4nh xa nghiém bai toan diéu khién téi
vu da muyc tiéu dudi gia thiét giam nhe cho ham s
vé phai cua phuong trinh trang thai chi can bi chan
diém. Vi du sau day s& minh hoa cho tinh 4p dung
cua két qua dat duoc trong muc nay.

Vidu3.1
Cho tap diéu khién

3 1
U= {uu(t) = at —E,t €[01],a=12,..}

U {u¢lu(t) = c,t €[0,1],c € [-1,0]}.
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Tim mot diéu khién u € U va ham trang thai x €
€([0,1], R) sao cho cuc tiéu ham muc tiéu

gGw = ((f x@ar) ([ uae)”),

trong d6, phuong trinh trang thai
x() = [, u(s)ds. (3.3)

Khi d6, ta c¢c6 Q=[-12], X=
C([0,1],R),D = [0,1] x R x Q va tap U 1la mot tap
con compact cua € ([0,1], R).

Pit

f (& x(©), u(®) = u(?),

K(f) ={z=(x,u) € X xU| (3.3) dugc thoa
man}.

R{ rang K (f) khong la tap 16i do tap U khong 1a
tap 16i.

Tinh toéan tryc tiép, ta dwoc
K(f) ={z = (x,u) € X X U}, trong d6

3t2 1t fuu=u%a=1.2
x(t)={2a " ,néuu =ua=12,..
ct, néuu = u¢ c € [—1,0].

Bai toan diéu khién ti vu duoc phat biéu lai nhu
sau:
(MCP): mingz g(2).
ZEK(f)
Khi do,

1 ,
(O,W),neu u=u%a=12,..
g9(2) = (Cz

Z,ﬁ),néuu =uc € [-1,0],

va tap nghiém yéu cia (MCP) tai f 1a
S¥(f) ={z € K(f)I
(9(z) —intR3) n g(K(f)) = 8}

3 1
={z = (xwlx() = %tz -6
3 1
u(®) =—t-—,t€[01],a=12.3U {00}

D& thay ham sb f thoa mén cac diéu kién (A1),
(A2)va (A3)nén f € F. Tuy nhién, ham s6 g khong
1a R2-tya 16i chat chinh thuong trén K (f) do K (f)
khong 14 tap 16i. Ta s& chi ra rang anh xa nghiém S%
khong 1a Isc tai f.



Tap chi Khoa hoc Trirong Pai hoc Can Tho

That vay, ly £*(t,u(), x(£)) = u(t) + -, t €
[0,1],k = 1,2, ... Khi d6, f* - f va v6i mdi k =
1,2, ... thi

K(f¥) = {z = (x,u) € X x U}, trong d6
x(t)

it2 + (l - 1)t, néfuu=u%a=12,..
_J)2a k a
(c+ %)t, néuu = u¢,c € [—1,0].
Khi do,
9(2)
1 1 a
(m,4a2), cuu=u%a=1,2,
=1/ (c+ %)2 o
2 ,c% |, néuu =uc €[-1,0],

va tap nghiém
SY(f¥) ={z € K(f)|
(9(2) —intR?) n g(K(f9)) = 0}

={z = (x,w|x(t) =0,u(t) = —%,t € [0,1]}

U{z = (x,u)x(®) = %t,u(t) =0,t € [0,1]}.

Ly z = (x, %) € K(f) voi

x(t) = Stz —t, u(t) =3t —1,t € [0,1].

Khi d6, véi moi zF = (x*,u*) € SW(f¥) ,k =
1,2, ..., ta xét hai truong hop sau day:

Truong hop 1. Néu x*(£) = 0 vauk(t) = — -,
t€[0,1], k =1,2,... thi
llz¥ — zl|=|lx* — x| + [lu* — @l
_ k = k =
= tré%oa}fllx ® — x| +tg%g§]lu ® —u@l

= max |Et2 - t| + max |3t -1 +l|
tefo,1] 12 te[o,1] k

=2424252 Kkhik - +oo.
2 k 2

Truong hop 2. Néu x*(t) = <t vauk(£) = 0,
te[0,1],k=1,2,...thi
llz* — z||=[lx* — x| + [Ju* — all

— kep _ i k() _ 5
trer%oa}fllx ® x(t)|+tg%3§]lu ® —u@l
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= max

1p_3¢2 +t| + max |3t — 1| > 2.
tefo,1] 1k 2 te[0,1]

Nhu y{ly, vGi moi z¥ € Sw(fk), day {z*} khong
hoi tu dén Z € K(f). Theo B6 dé 1.1, anh xa S¥
khong 1a Isc tai f.

Vi dy tiép theo s& chi ra rang ton tai nhimg ham
S0 f va g théa man duogc cac diéu kién cua Dinh ly
3.1 va Pinh 1y 3.4.

Viduy 3.2
Cho tap diéu khién U = {uglup(t) = B¢, t €
[0,1], 8 € [1,2]}. Tim mot diéu khién u € U va ham

trang thai x € €([0,1], R) sao cho cyc tiéu ham muc
tiéu

gGew) = (J; x(®)de, 2 [} u(t)dt ),

trong d6 phuong trinh trang thai
x(t) = fot(x(s) +u(s))ds. (3.4)
Khi do, ta ¢c6 Q =[0,2], X = C([0,1],R),D =

[0,1] x R x Q va tap U 1a mot tAp con compact cta
C([0,1], R).

bat
@& x(@),u(®) = x(6) +u(t),

K(f) ={z = (x,u) € X x U] (3.4) duoc thoa
man}.

Tinh toén tryc tiép, ta dwoc
K()
={z=(x,u) eXxUlx(t) =plet —t—1),

u(t) = pt,t € [0,1], B € [1,2]}.

Bai toan diéu khién téi wu dwoc phat biéu lai nhu
sau:

(MCP): mingz g(2).

Z€K(f)

Tap nghiém yéu cia (MCP) tai f 1a

SY(f) ={ze K(f)I
(9(2) - ntR2) n g(K(f)) = 8},

Khi d6, ta c6 cac khing dinh sau déy:

(a) Tap nghiém SY (f) 1a khac rong va cé gia tri
compact.

(b) Anh xa nghiém $" 1a lién tuc tai f.

That vay,
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(@) Voi moi a >0, ham s6 f lién tuc trén
[0,1] X aBg X Q nén gia thiét (A1) duoc thoa man.
Mit khac, v6i moi (t,yy,v), (t,y,,v) € [0,1] X
aBg X O, ta co:

|f(t,J’1:V) _f(t:YZ'VN < |J’1 - y2|1

hay gia thiét (A2) duoc thoa man. Ta kiém tra
gia thiét (A3), véi moi (t,y,v) € [0,1] X R™ x Q, ta
co:

lFE&y I <Ilyl+Ivl<2+|yl <21+ yD.

Suy ra f € F. Ap dung Pinh Iy 3.1 ta duoc tap
nghiém S¥(f) 1a khac réng va co gia tri compact.

(b) Trude tién, ta kiém tra gia thiét 15i cua tap
K(f). Véi moi z = (x,u),z = (x,u) € K(f), voi
moi A € [0,1], do w, @ € U nén ton tai B, B € [1,2]
sao cho u = St vau = Bt. Ti phuong trinh (3.4) ta
co:

Ax(t) + (1 —Dx@) =

t
=1 f(x(s) + u(s))ds
0

t
+(1-2 j(f(s) +1u(s))ds
0

t

= j(lx(s) + (1 = )x(s)
0
+Au(s) + (1 — Du(s))ds. (3.5)

Do Au(®) +(1—Du) = [+ 1A -Dp]te
U, nén tir (3.5) suy ra
A+ (1 - zZ=(x(t)+ (1 -Dx(),

Au(t) + (1 — Dut)) € K(f).

Vay K (f) 1a tap 15i.

By gio, ta ching minh ham g 1a R%-twa 16i cht
chinh thuong trén K(f). That vay, véi moi z =
(x,w,z=(x,u) €EK(f),z+Z va véi moi A €
(0,1), do z # Z nén theo dinh 1y ton tai va duy nhat

nghiém cua phuong trinh vi phén ta suy ra u # u.
Khi do, ton tai B, B € [1,2] véi B # B sao cho

z= (B’ —t—1),p0),
z=(B(e! —t—1),p¢t).
Ta xét 2 truong hop sau day:
Truong hop 1. Néu g > f thi
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gAz+(1 -1 2)=

= (f (Ax(t) + (1 — Dx())dt,
0
1
2 j (Au(s) + (1 — Du(s))dt)
0
= (f (A8 + (1 = DB)(et —t — 1)d¢,
1
2 j (AB + (1 — D)tdt)
0

(mﬁ+u—am) Aﬁ+u—aw)
2e-5

<z (B=2.8) = 9(@).
Truong hop 2. Néu 8 < S8 thi
glz+(1 -1 2)=

(mﬁ+u—am) Aﬁ+u—aw)

2e-5

<z (B=28) = 9.

Nhu vay, ta dugc

hoicg(Aiz+ (1 —21) 2) <p2 g(2)
hoacg(lz+ (1 —-A) 2) <wz 9(2).

Suy ra ham g la R2-twa 16i chat chinh thuong
trén K(f). Ap dung Pinh ly 3.4 ta duoC anh xa
nghiém SY la lién tuc tai f.

3. KET LUAN

Trong bai bao nay, sy ton tai nghiém va tinh lién
tuc cua anh xa nghiém dugc nghién ciru ¢ bai toan
diéu khién t6i wu da muc tidu véi phuong trinh trang
thai phi tuyén bi nhidu. Trudc hét, cac diéu kién du
cho bai toan c6 nghiém da dwoc thiét lap. Sau do,
bang cach sir dung cac gia thiét lién quan dén tinh bi
chan diém ciia phuong trinh trang thai va tinh lién
tuc cua ham muc tiéu, tinh lién tuc cia anh xa
nghiém yéu cta bai toan nay ciing dugc nghién ciru
thanh cong. Két qua nghién ctru 1a hoan toan mai,
6 thé dugce tiép tuc nghién ctru cho anh xa nghiém
Pareto cua bai toan dang xét hodc co thé md rong
nghién ctru cho 16p cac bai toan diéu khién ti vu da
muc tiéu bi nhiéu ca ham muc tiéu va phuong trinh
trang thai.
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