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ABSTRACT

This paper is intended to investigate Lagrange duality and saddle point
optimality conditions for semi-infinite programming problems with
vanishing constraints. Although Mond-Weir and Wolfe duality were
considered for this problem, there is no paper dealing with Lagrange
duality. Lagrange duality may be easier to deal from algorithmic point of
view rather than other dualities. In the first part of this paper, Lagrange
dual problems are formulated and duality relations are explored under
convexity assumptions. Then, the saddle point optimality conditions for
semi-infinite programming problems with vanishing constraints are
discussed. Some examples are also provided to illlustrate the results of
the paper.

TOM TAT

Bai bdo nay nghién ciru vé doi ngau Lagrange va tiéu chudn toi wu dang
diém yén cho bai toan 16 wru nira v han véi rang bugc bién mat. Mdac du,
cdc mé hinh doi ngau dang Mond-Weir va dang Wolfe da dwoc khdo sdt
cho bai todn ndy, nhung chua c6 bai bdo ndao dé cdp dén dang doi ngdu
Lagrange. Mé hinh doi ngdu dang Lagrange cé thé dé xir Iy tir quan diém
thudt todn hon la cae mé hinh doi ngau da biét khdc. Trong phan dau bai
bdo, bai todn doi ngau dang Lagrange dwoc thiét lqp va cac quan hé doi
ngau duwoc khao sdt theo cdc gia thiét 16i. Sau do, cac diéu kién t6i wu
dang diém yén cho bai toan wu mita vé han voi rang budc bién mat duoc
thao lugn. Mot s6 vi du ciing dwgc cung cdp dé minh hoa cac két qud cua
bai bao.

1. MO PAU

theo hudng nay, cu thé 1a két qua trong bai bao cua

Téi wu hoa cau triic va té pd 1a mot 16p dac biét
céc bai toan tdi wu héa. Bai toan nay co thé dugc
thiét 14p lai nhu bai toan quy hoach toan hoc véi cac
rang budc bién mit, dwoc Achtziger and Kanzow
(2008) dé xuat. Mot s6 bai toan tdi uu hoa trong thuc
té giai quyét s6 luong vo han cac rang budc. Cac bai
toan nay dugc goi la bai toan t8i wu nia vo han.
Nhimg nghién ctru tiéu biéu gan day déu trién khai
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Vaz et al. (2004), Kanzi (2015), Pandey and Mishra
(2016), Caristi and Ferrara (2017), Chuong and
Jeyakumar (2017), Kabgani and Soleimani-
damaneh (2018), Tung (2018), Ghate (2020), Tung
(2020a) va cac tai liéu tham khao trong do.

Trong bai bao Guu et al. (2017), diéu kién t6i wu
du dang Karush-Kuhn-Tucker (KKT) cho bai toan
toi wu nira vo han véi rang budc bien mat (viét tat 1a
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SIPVC) duoc thiét 1ap. Cac bai bao Tung (2020b,
2020c) da thiét lap diéu kién can téi wu dang KKT
va khao sat cac bai toan ddi ngdu dang Mond-Weir
va dang Wolfe cho bai toan SIPVC. Tuy nhién, chua
¢6 bai bao nao dé cap dén dang d6i ngau Lagrange
va tiéu chuan téi wu dang diém yén cho bai toan
SIPVC. Luu ¥y rang mo hinh ddi ngiu dang
Lagrange c6 thé d& xir Iy tir quan diém thuat toan
hon 1a cac md hinh ddi ngiu da biét khac, xem
Mishra et al. (2016), Singh et al. (2017), Singh et al.
(2019) va céc tai liéu tham khao trong do.

Tir cic quan sat trén, d6i ngiu Lagrange duoc
xem xét va tiéu chuan t6i uu dang diém yén cho bai
toan SIPVC trong bai bao nay.

2. KIEN THUC CHUAN BI

Trong bai bao nay, <', > duoc st dung dé ky hiéu
tich trong trong khong gian Euclide R" . Vi X cho
trude, U(X) 12 mot hé cac 1an cén cia X . V6i tap

AcR", ky hiéu int A .cl Aspan A va co A 1an luot
1a phén trong, bao dong, bao tuyép tinh va bao 16i
cua tdp A.Non va non 10i (chira goc) duge sinh boi
A dugc ky hiéu lan lugt boi cone A va pos A . Non
cuc am va phé“m bu tryc giao cua tdp A duoc xac
dinh tuong rng boi:

A~ ::{x* eR"| <x*,x> <0,Vxe A} ;

At :={x* eR"| <x*,x>:O,VXeA}.

Véi tap con khac rong A ctia R" cho trudc, non
contingent clia tip A tai X eCl A la:

T(AX)={xeR" 37, 4 0,3x, - X,
vk e N, X + 7, X € A}

Il <{l,...,n},

X =0(x =0) viét tit cua % =0(¥% =0, tuong

Véi mot tdp con cd chi so

ung) véi moi i e 1. Ham khd vi ¢ duoc xac dinh
trén tap 10i khac rong X < R" 1a ham 16i tai X néu
va chi néu (Vo(X), x=X) < p(X) - (X), VX € X .
Theo quan diém cia Guu et al. (2017), xét bai
toan t&i uu nira vo han voi rang budc bién mét (P)
nhu sau:
min f (x)
g;(x)<0,teT,
h(x)=0,iel,={...,9},

sao cho
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H;(x)>0,G;(x)H;(x)<0,iel, ={1...,1},

trongd6 f,g,(teT),h(iel,) va G, H;(iel)

1 cac ham khd vi lién tuc tir R" vao R . Tp chi sb
T latap khac rong bat ky, khong can thiet hitu han.
Tap nghiém kha thi cta bai toan (P) c6 dang:

Q::{x eR" g(x)<0(teT),h(x)=0(iely),
Hi(X) 2 0,G;()H; (x) <0(i e 1;)}.

Diém X e goi la nghiém dia phuong cua bai
toan (P) néu ton tai U eU(X) sao cho f(X)<
f(x),vxeQnU. Néu U=R", "dia
phuong" dugc bo di. Ky hiéu Rly 1a tap hop tit ca
cac hAm A:T — R chi nhén gia tri 4 duong tai

mot s6 diém hiru han cia T va bang 0 tai cac diém
con lai. Véi moi X € Q, dinh nghia:

I, (X)={teTl g;(X)=0},
A(X) ::{/1eR'I'| ﬂtgt(i):O,VteT},

cum tir

L (%):={iel,| H,(%)>0},

lo(X) :{ elyl Hi(Y)ZO},

I,o(X):={i e ||l H;(X)>0,G;(X) =0},
I,_(X)={iell H;(X)>0,G;(X) <0},
lo, (X):={ie ;] H;(X)=0,G;(X) >0},
loo(X):={i € ;1 H;(X) =0,G;(X) =0},

lo_(X):={ie I} H;(X)=0,G;(X) <0}.

Pinh nghia 2.1. Piém % e Q dugc goi 1a diém
VC-ding cua bai toan (P) néu va chi néu ton tai

A:z(ﬂg,/lh,ﬂH,ﬂG)eA(i)quxR' xR

vo1

H H G
A% =0 Ao, 200 A ®ot, 0o, x) =0

5~ 176G
va ﬂ“'m(i)uloo(i) >0 sao cho

VE(X)+ Y A8V, (R)+ YAV (X)

teT iely,

-211 VH. (x)+Z/i, VG, (X) = o( Y

iel| iel,
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Vi ke vi AeRTxRIXR'xR' dinh l.\/lénh’ de 2.1. (Tung, 2020b) Cho x € la mf?)'f
nghiém toi wu dia phuong cta bai toan (P). Néu

nghia e X
dieu kién (VC-ACQ) thoéa tai x vatap

15 (%)= {te 1, (01 28 >0},

Iy (X):= {l el () A" > 0}, A = pos[tEHX)Vg[ (Y)Uie|m(xL)J.o,(y)(_VHim)

1 (%) ={i e 1,01 4 <0}, ) 7 7
I (x)={ieL.()1 4" >0}, UiEw(X)UU,OO(X)VGi(X)]+Span[thi(X)UieleJ(X)VHi(X)
I5 (%) ={i e 1o 4 >0

Iy (%) ={i e o)1 4" <0

} déng, thi x 1a mot didm VC-dimg ciia bai toan
} (P).
0
0

3. POI NGAU DANG LAGRANGE CUA

I5. (%) ={i e 1, )1 A" >0}, BAI TOAN SIPVC

lo, (%)= {lelm(X)M < } Véi xeQ va /1=(,19,/1“,/1”,1G)6R'1'XR‘4
I3 (%) = {leloo(X)I/i1 >0} R' xR', dinh nghia

I () ={i € log ()1 A" <0}, L(x,2)= f(x)+;ﬂ§gt(x>+§4“hi(x)

l§ (X)= {Ie (1 A" >0} —Z%HHi(X)ﬁLZh:ﬂiGGi(X),
115(X) = {Ielw(x)lﬂ, >0} ie; ieh

1o (X) = {Ielw(x)lﬁ.i <O}, va o(A) =min_, L(x, 1) . Khi do,

I (x)={iel,_ ()1 4° >0}, V,L(x,2) = VE () + Y 28Vg,(x)+ > A'Vh (x)
lo, (%)= {' € lo. (1 4° >0}’ —§4HVHi(x) fiﬂfvei (x).
I, (%) =i € 1. (R)1 4° <0}, ih ieh

16 (%) =i € 15 ()1 &-G >0l Mo hinh d9| ngau dang Lagre‘mge,phu thudc vao
x e Q cua bai toan (P) dwoc dé xuit nhu sau:

t }
loo (X) = { € loo (X! AiG <0}! D (X): maxe(A)
15 (%) :={| ely_ (X1 A8 >0}.

Dinh nghia 2.2. (Tung, 2020b) iéu kién (VC-

H
sao cho /lrg\,g(x) >0,4" (g 20,

G G
ACQ) théa tai X © néu A7t 00 2041 9 <0
- Ky hi¢u Qp () 1a mién kha thi cua bai toan
\% Vh (X L. ~
teILJ %) [,E.Jh I(X)] D_(X). Bay gio, d6i ngau dang Lagrange khong

- phu thudc vao diém kha thi caa bai toan (P) duoc

1
m{ U )VHi(x)} m[_l (U —VHi(x)] xét nhu sau:

iclo, (X %)0lo_ (%) (DL ) ; maxe(A)

ﬁ[ U ve (x)] cT@X). sao cho 4 € Qp, = MyeaQp, ()
iel o (X)Ulgy(X)
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trong do QDL = ﬁXEQQDL (x) #0 la tﬁp kha thi cua
bai toan (D).

“Mgnh dé 3.1. (Pbi ngdu yéu) Néu x l1a mot
diém kha thi cua bai toan (P) va 4 la mot diém
kha thi cua bai toan Dy (X), thi ¢(4) < f(X) .

Ching minh. Tir @(2)=min,_,, L(X, 1), Véi
moi x e, ta co:

P(A) < FO)+ D A0, () + D Ay (x)

teT

=3 ATH 0+ 286G (%)

iel, iel,

iel,

(3.1)

T xeQ tasuy ra g, (x)<0(teT),h(x)=0
(iely),—H(x)<0(iel)), G;(x)H;(x) <0
(iel)). Do do,

D 2800 =0 va
telgy(x)
6:(0)<0,47 >20,VteT\14(x),
D AMH()=0 va
iely(x)
~H,(x)<0,4" 20,Viel, (x),
> ABG()=0va

il (X)Ulgo(X)

G, (x)>0,4° <0,Vie l,, (x),

G (x)<0,4° 20,Viel, (x)Uly (x).

Tir cac bat ding thic trén, suy ra

D 289,09+ DA (x)

teT iely

=D ATHI()+ DA (0 <0.

iel,

(3.2)
il
Diéu nay cung véi (3.1), din dén o(2) < f(x). I

Hé qua 3.1. Néu x va 2 lan luot 1a cac diém
kha thi D (X) va
f(X)=@(4), thi X va 1 lin lugt 1 cac nghiém

cua bai toan (P) va

t6i uu ciia cac bai toan (P) va Dy (X).
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Ménh dé 3.2. P6i ngdu manh) Cho x 1a
nghiém tdi uu dia phuong ciia bai toan (P) sao cho

didu kién (VC-ACQ) thoa tai x va A; dong. Néu
f,gt(te |g(i)),hi(i elg(i)),—hi (i elg(z)),
Hy (i € i, (%)), ~H; (i e Tg. () LT (R L TG (3)),
G (i € 155(R) W 1gp(X)) 1a céic ham 13 tai x , thi t6n
tai 4 sao cho A la nghiém cua D (X) va
f(X)=L(X,1).

Chirng minh. Tir cac gia thiét va Ménh dé 2.1,
ching ta suy ra x la diém VC-ding cua bai toan

(P). Do vy, ton tai 4 e A(X)xRIxR'xR' sao
cho

V,L(X,2) =0, (3.3)
Zl‘j(i) =0, /Tlg(x)ulo,(y) 20, (3.4)

7G 7G
A, o, @t ®) = O Ao 20- (3:5)

Do 1% eA(X), ta cb Zggt(i)zo v6i moi
teT. va do vdy, » A%G(X)=0. Boi vi
teT
9. () <0 (teT\I4(®)), ta c6 Af () =0, din
dén 2 eQp (). Ditukién x e khang dinh rang
> 7" (x)=0. Hon nia, tr 475 =0 va

iely,
Hi(X)=0 vsi moi i€ly(X), ta suy ra duoc

> APH(x)=0.

iel,
Tu‘O’ng tu’, do 2_1?— (X)Ulm (X)uly_(X) =0 va
> %8G (X)=0. Do ds,

iel,

D G () + D A (X)
teT iely
S AR+ Y 266,00

iel, iel,

kéo theo f(X)=L(X,1). (3.6)
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Hon nita, tr tinh 1di cia céc ham
(telg(i)),hi (iel,:(i)),—hi (iel,;(X))
Hi(i e I, (X)), H; (i e g, (%) U g (R) L 5 (X)),
G, (i € IIO(X)UIJO(Y)) tai X vacac dinh nghia cua

cac tap chi s ching ta suy ra rang véi mdi
xeQ, F ()= (%) > (VF (%), x—X) va

9: (X) — ¢ (X) 2<Vgt(i),x—>'<>,ﬂ_19 >0,Vtelg(X),

h (%) =y (%) = (VI (%), x = X), 4" > 0, Vi e I (X),

figt'

—hy () = (=N, (X)) 2 (~Vh, (%), x=X), 4" <0, Vi e I} (%),
H; () = H; (%) 2 (VH; (%), x - X), 47 <0, Vi e g, (%),
—H; (X) = (—H; (%)) = (-VH; (X),x-X),
A >0,vie g, (M) UihpE Ui (x),
G (X)-G;(X) = (VG;(X), x—X),
A8 >0,Vieli(X)Ulgh(X).

_ Céc bét dang thie trén cing véi (3.4) va (3.5)
dan dén

FOO+ D A0 00+ D A (0= D A Hi (%)

teT

+> %G <x>—(

iel|

iel, iel,

F)+ DA (R + Y A" (%)

teT iely,

= ATH )+ A5G (%)J

iel, iel,

> <Vf (0+ Y 20V () + Y. A"V (%)

teT iely,

=D ATVH (R)+ D ACVG(x), x—¥>.

i€l i€l

Tir két qua nay, cing vdi (3.3), ta dugc:
L(x,2)>L(X,2),VxeQ. (3.7)

Két hop vai (3.6), cho thay

f(X) = L(X,2) =min,_, L(x,2) = p(4). (3.8)

Hon nira, tr Ménh d& 3.1, ta ¢o
p(2) < F(X),V2eQp 5. Két hop diéu nay voi
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(3.8), ta suy ra dugc (1) <@(1),VAe Qp (xy- Vi
du 3.1. Xét bai toan (P) nhu sau:

min f(x) = X2 + X% + %,
sao cho 9,(X)=—x +t-1<0,VteT =[0,1]
H(X) = X, — X, > 0,Gy (X)Hy (X) = X, (¥, — X, ) < 0.
Khi d6, Q=U2, Q' trong dé
Ql={Xe]R2| x1>0,xl—x2=0},
QZZ{XERZIXlzo,XZZO}
va Q3:{XER2| x1:0,x2<0}.

Ham d6i ngiu Lagrange cia bai toan (P) dugc
cho bai

L(x,A) = X8 +3¢ +% + 20 (=) = A" (% =% )+ A%
Dodé,taco 2=(40, 4, A%) va
@(4) =min,q L(x,4)
(04 al =af -1 (a1
4 4

Tir Q=020 ta c6 ba dang bai toan ddi ngau
dang Lagrange nhu sau:

Vi xe 1,00 =3, 1, (X) ={13,
LX) =1lp(X)=1_(X)=2

DL (x): max{go(/l)l A8 20,0 eR,AC so}.

moi

Vo mdi xe Q?, 14 (X) ={1},
LX) =g, () =1o_(X) =D, 100 (X) ={}
D (X): max{go(i)l 2 eR A eR A8 eR}.
Véi mdi xe 3,1, (X) =3,
L_()=1o(X) =D, 1,0 ={1},
D3 (x): max{go(l)l 28 >0,4" >0,48 eR}.

Ky hiéu Qp, 1amién kha thi cia bai toan D! (x)
véi i=12,3. Khi d6, ta c6



Tap chi Khoa hoc Trirong Pai hoc Can Tho

(D): max{p(2)l 1eQp =

N Qb

xeQ i=1,2,3
va do vay, Qp, ={/1| 29>0,4" >0,1° so}. Vi

vay, d& dang xac dinh rang, véi moi xeQ va
ﬂy S QDL(X) s

f(X) = X2+ X5 +X

g, gH G_12 H
2_(4 + 2 411 ) _(414) o

suy ra két luan caa Ménh d& 3.1 1a ding.

L4y X =(0,0), ta co thé khing dinh ring x la
nghiém téi wu dia phuong cua bai toan (P). Bang
mot s6 tinh toan tryc tiép, ta c6 T(QX)=0,
VEE) ={@ O} 1,)={8 va vg,(X)={(-10)},

U Vg, (X) ={X€R2| xlzo},

tely (%)
| (%) = 1o, (%) = 1o_(X) =@, 1o (X) ={1},
VG, (X) ={(1,0)}, VH, (x) ={(1, -1},

[ U (—VHi(i))J ={xeR’I % -x, 20},

i€lgo (X)

u

i€lg (X)

2

VGi(i)J ={xeR’ % <0}.

Do d6, diéu kién (VC-ACQ) thoa tai x . Hon
nira,

A=pos| | va®u [ (-vHi()

tely (X) il (X)
v U VGi(Y)J={XER2|X220}
i€lg (X)
dong. C6 thé kiém tra cic ham

f.o(telg(®), —H;,G, 1itai x . Do vy, tit ca
cac gia thiét trong Ménh d& 3.2 dwoc thoa mén. D&
thdy riang, YxeQ,VAie Qp, (v

(eat o) (A1)

2 2
Xr X5+ X =—
4 4
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chicothéla X =% =0 va 4% =1+ 47,4 =0.
Do do, ton tai A =(1,0,0) sao cho két luan cua
Ménh dé 3.2 xay ra.

4. TIEU CHUAN TOI UU DANG PIEM
YEN CHO BAI TOAN SIPVC

Trong phan nay, cac diéu kién t6i wu dang diém
yén cho bai toan (P) duoc d¢ xuat va khao sat cac
mdi quan hé gitra tinh dbi ngiu manh va diéu kién
toi vu dang diém yén.

Pinh nghia 4.1. Diém (X,4) Vi xeQ va
Ae QDL (x) duocgoila diém yén ctia ham Lagrange
L, néu

L(x, ) < L(x,2) <L(x, 1), "X € QYA€ Qp (5.

Ménh dé 4.1. Cho x 1a nghiém téi vu dia
phuong ciia bai toan (P) va cac gia thiét cia Ménh
@ 32 théoa man. Khi d6, ton ta
2 eAX)xRIxR'xR' | sao cho (X,4) la diém
yén cua ham L .Nguoc lai, néu (X,Z) e Qx QDL(X)
1a diém yén cua ham Lagrange L thi ¢(4) = f(X)
,trong d6 X va A lan luot 1a cac nghiém tdi uu cta
bai toan (P) va D, (X).

Charng minh. Tu (3.7), véi moi x e Q, ta co:

L(x,2) < L(x,1). (4.1)
Tur (3.8) va (3.2), véi moi AeQp (5, ta co:

L(x,2) = f(X) = L(X, ). (4.2)

Tir (4.1) va (4.2) ta suy ra dugc (X, 4) la didm
yén ctia ham L.

Bay gio, cho (X,4) eQxQp (5 la diém yén
cua ham L. Khi d6, véi moi 4 € Qp 5,

F)+ D 420 () + D A () - D AT H ()

teT iely iel,

£ A6 (%)< F(R)+ Y A0 (%) + D A (%)

iel, teT

> UMH )+ 248G (%)
il

Cho 4 =0 trong (4.3), ta thu dugc

iely

(4.3)

icl;
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D 409.(X)+ DA (X)

teT iely,

_ZZiH Hi(ﬂ‘*‘zﬂ:‘GGi (x)=0.

iel;

(4.4)

iel;

Boi vi (X,2) € QxQp (5, tir (3.2) tasuy ra:
> A89.(X)+ D A" (X)

teT iely

_ZZH Hi(7)+211GGi (x)<0.

iel,

(4.5)

il
Tir (4.4) va (4.5), ta c6
> 209, (R)+ D A" (%)

teT iely

=2 AT+ 3 A5G (D) =0

iel,

(4.6)
iel,
cung véi I:(X,Z) < [(X,Z) véi moi x e 2, dan
dén
f(X) = L(X,2) = min,_o L(x, 2) = p(1).
Theo Hé qua 3.1, X va A lan lugt 1a cac nghiém
t6i uu ciia bai toan (P) va D (X).[J
Ménh dé 4.2. Cho x e © 1a diém VC-dirng cua
(P). Gia su f,gt<te |g+(7)),
h(ieti ), (i1, 00),H; (i e fo. (),
—Hi (i e I3 () Vi (R Vg (%)),

Gi(i € 1io(®) V(X)) 1a cdc ham 16i tai . Khi

bai toan

6, dntai 1 e A(X)xRIxR'xR' sao cho (X, 1)
la diém yén cta ham L.
Chang minh. Ta c6
L(x,2)-L(X, 1)
=100+ Y 4009+ Y A" (x)

teT iely

_ZZ.HHi(x)+ZZiGGi(X)—[f(¥)+zzggt(i)

iel teT

+Zz‘1“hi(i)—zz.'*Hi(X)+ZzGGi(X)J.

iely, iel iel

iel,
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Béng cach phan tich tuong ty nhu trong chung
minh cta Ménh d€ 3.2, chung ta suy ra dugc tir diéu
kién x la diém VC-dung cta bai toan (P) 1a

L(x, 1)~ L(X, 2) > <Vx|:(i,Z), x—i> =0. (4.7)
Tur (3.2) va (4.6) ta suy ra dugc:

L(x,2) = F(0)+ D 480, (X)+ D ANy (%)

teT

=D UHIX)+ Y A5G (X)

iel|

iely,

iel,

< f(X)
= F(R)+ ) 4G (F)+ Y A (%)

teT iel,

=D ATHIR)+ D286 (%)

iel| iel|
=L(X, 2).
Didu nay clng véi (4.7) dan dén (X, 1) la didm
yén ciia ham L . U]
Vidu 4.1. Xét bai toan (P)
min f(X) =X +X,
sao cho 0;(X) =X —% +1-t<0,VteT =[0,1],
H,(X) = —x7 —x5 +1>0,

G, (X)Hy (X) = X, (—xl2 - X2 +1) <0.

Mién kha thi c6 dang:

Qz{(xl,xz)e]Rzl 0<x, sl,xlz—all—xzz}.

Chon X=(-10)eQ va Zz(ﬂ_og,ﬂ]” ,If)
=(11,0), ta c6 dugc x la diém VC-dung cua bai
toan (P), trong do 14 (X)={0} 1, (X) =1, (X)

=1, (X) =9 valy(X)={1}. Hon nita, ching ta c6
thé kiém tra duoc f,g; (t € Ig(Y)),—Hl,Gl la cac

ham 15i tai X , nghia la cac diéu kién cua Ménh dé
4.2 dugc théa man tai x . Ngoai ra, do

L(x,A) = X + X, + A3 (X — %, +1)
-2 (—xl2 X3 +1)+21ze,

Tacod
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L(X,2) = L(X,2) ==L, L(x,2) = X7 + X2 +2x,.
Do do,

L(x,4) < [(X,2) < L(x, 1), VX € QYA € Qp 5
Vi thé, két luan cia Ménh dé 4.2 duoc kiém tra.
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