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ABSTRACT

This work belongs to the research direction of differential stability
for parametric optimal control problems governed by semilinear
elliptic partial differential equations. The article obtains new results
in this research direction consisting of differentiability formulas of
the solution map of semilinear elliptic partial differential equations
and the objective function of parametric optimal control problems,
then a formula for computing the regular subdifferential (the Fréchet
subdifferential) of parametric optimal control problems is
established.

TOM TAT

Céng trinh ndy thudc huwéng nghién civu sw 6n dinh vi phdn ciia cdc
bai todn diéu khién t6i wu c6 tham sé cho phwong trinh vi phén dao
ham riéng elliptic nira tuyén tinh. Bai bdo thu dwoc cdc két qua méi
theo hwéng nghién ciru ndy bao gom viéc thiét lap cdc cong thire vi
phadn cua anh xa nghiém cua phwong trinh vi phdn dao ham riéng
elliptic nira tuyén tinh va ham muc tiéu ciia bai todn diéu khién toi
wu c6 tham s6. Qua do, cong thire tinh todn dwdi vi phdn chinh quy
(duwi vi phdn Fréchet) dwoc xdy dung cho ham gid tri toi wu ciia bai
todn diéu khién t6i wu c6 tham sé dang xét.

1. GIOI THIEU

Trong bai bao nay, su 6n dinh vi phan cua bai

toan diéu khién t6i wu c6 tham sd cho phuong trinh

vi phan dao ham riéng elliptic ntira tuyén tinh P(e)

sau day dugc nghién cuu:

minJ(w,€) = [, L (%, Yurey (), (u +

er)(0)) dx + [, € () Ve, ()dlx

thoa diéu kign Yu+ey 12 nghiem yéu cta phuong

trinh

{Ay+f(x,y)=u+ey trong Q (1.2)
y=0 trén I’ '

va rang budc diéu khién

(a+e)x) <ulx) < ([)’ + e,;)(x) 13)

voih.h. x € Q.
1.2)
Trong bai toan P(e) néu trén, Q < RV, T 1a bién
cua Q, va A(+) latoan ttr vi phan elliptic bac hai dugc
dinh nghia bai
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Ay() = iiai,

i=1j=1

(al, (05— y(x)) (L4)

V6i cac ham hé sb a;; € L”(Q) théa man

N N
Aallyll? < ZZ a;j(xX)yyj, Yy

i=1 j=1
= (Y1s - YN)
€ RVvsihh. x € Q,

(1.5)

A4 > 0,vacachama, B € L*(Q) véia < S h.h.
trén Q va a # f h.h. trén Q. Ky hiéu

Ugale) = {u € L°°(Q)|(oc +eq)(x) S u(x) < (B +eg)(x) véihh. x € Q}

T (1.9), ta c6 4nh xa da tri Ugy: E — 28°@),
V6i Uyg(e) 1a tap didu khién kha thi tuong g Véi
e € E. Ung véi bai toan diéu khién t6i uu c6 tham
s6 P(e) dugc phat biéu trong (1.1)—(1.3), ham gid
tri toi wu (ham marginal) cia bai toan P(e) 1a ham
u: E - R duoc xac dinh boi

ue) = vt o/ (u,e), (1.10)

va anh xa nghiém cua bai toan P(e) la ham
S:E - 2°® xc dinh boi

S(e) = {u € Uga(e)lu(e) =J(w,e)}.  (1.11)

Bai bao dat dugc cac két qua méi bao gom vigc
thiét 1ap cac cong thirc vi phan ctia anh xa nghiém
yeu, ky hiéu bei G(+), ciia phuong trinh vi phan dao
ham riéng elliptic ntra tuyén tinh (1.2) va ham muc
tiéu J(+,7) cua bai toan diéu khién toi wu c6 tham so
P(e), qua d6 xay dung cong thirc tinh toan dudi vi
phan chinh quy (du6i vi phén Fréchet) cho ham gia
tri t6i wu u(+) cta bai toan P(e).

Trong md hinh bai toan diéu khién tdi wu c6
tham s6 P(e), ham L(-,-,) duéi d4u tich phan trong
ham muc tiéu J (-,7) 1a tong quat hon so véi ham duéi
d4u tich phan trong ham muc tiéu twong tng duoc
khao sat trong cac bai bdao Qui and Wachsmuth
(2020) va Qui (2020). Vi vay, m6 hinh bai toan diédu
khién t01 wu ¢6 tham sé duoc khao sat trong bai béo
ndy la téng quat hon cac mo hinh bai toan diéu khién
t6i wu co6 tham sé dugc khao sat trong Qui and
Wachsmuth (2020) va Qui (2020). G mét khia canh
khéc, trong qua trinh nghién ctu sy 6n dinh nghiém
cua bai toan diéu khién ti wu c6 tham s, Qui and
Wachsmuth (2018) va Qui and Wachsmuth (2019)
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e= (ey, e, ea,eﬁ) €EE (1.6)

la tham s’(‘) cua bai toan P (e), trong d6 E 1a khong
gian tham s6 dugc dinh nghia bai

E=L"(Q) x L®(Q) x L®(Q) x L°(Q) .7
v&i chuan
llell = lleyll o) + IIeJIILoo(m
+ llegllze ) (1.8)
+ ”eB”LOO(Q)'
Ky hiéu tap diéu khién kha thi
(1.9)

cling khao sat cac mo hinh bai toan diéu khién tbi uu
ma & d6 ham dudi dau tich phan trong ham muc tiéu
1a cac truong hop riéng cua L(:,,). Khi bién diéu
khién u khong xuét hién trong ham L(-,-,-) thi bai
toan P(e) duoc goi la bai toan diéu khién tbi uu
bang-bang; xem Casas (2012), Qui and Wachsmuth
(2018), Qui (2020) va Qui and Wachsmuth (2020)
dé c6 nhiéu thong tin hon vé bai toan diéu khién tdi
uu bang-bang.

Can nhan manh rang viéc xét mé hinh bai toan
trong bai bao nay (tong quat hon cac mé hinh da xét
trude day) 1a c6 y nghia khoa hoc. Ching han nhu,
trong moé hinh cua Casas (2012), Qui and
Wachsmuth (2018) va Qui (2020)..., bién diéu khién
u khong xuat hién trong ham muc tiéu cta bai toan.
Nhimg mé hinh nhu thé rat dic thu, ching chi ding
dé khao sat cac bai toan diéu khién tbi uu bang-bang.
Chu y rang tinh chat Legendre cua mot dang toan
phuong 1a rat quan trong, né c6 thé dam bao cho mot
day hoi tu yéu tro thanh mot day hoi tyu manh. Tuy
nhién, viéc ching minh dao ham cap hai cia ham
muc tiéu cta bai toan diéu khién ti vu theo bién
diéu khién 1a mot dang Legendre lai can sy xuét hién
& dang toan phuong cua bién diéu khién trong ham
muc ti€u ma mo hinh bai todn bang-bang khong dap
tmg duoc didu nay (Lemma 4.6 trong Qui and
Wachsmuth, 2019). Can ban luan thém ring trong
cac mo hinh bai toan dugc xét trong Qui and
Wachsmuth (2019) va Qui and Wachsmuth (2020),
tuy bién diéu khién c6 xuat hién trong ham myc tiéu
nhung chi xuat hién ¢ dang toan phuong (kha han
ché). Piéu nay dam bao cho cac tinh chat dac biét
(nhu tinh Legendre) cta bai toan dugc théa man.
Nhu vay, cac md hinh bai toan vira néu rat dac tho,
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trong khi d6 diéu khién ti uu cho phwong trinh dao
ham riéng 1a mot linh vyc rat phong phi va da dang
vé ing dung. Do d6, viéc mé rong mo hinh bai toan
nhu trong bai bao nay 1a mot xu thé tat yéu va co y
nghia khoa hoc dé khao sat nhiéu mé hinh ting dung
hon.

2. HE THONG GIA
TOAN P(e)

THIET CHO BAI

Muc nay trinh bay hé thong cac gia thiét can thiét
cho bai toan diéu khién ti wu P(e). Day 1a cac gia
thiét can ban thuong dugc sir dung trong 1y thuyét
diéu khién téi wu. Hé thong cac gia thiét nay bao
gom:

(A1) Tap Q c R 1a mot mién mé va bi chin
trong RY véi bién Lipschitz T.

(A2) Ham f:QXR->R [a mft ham
Carathéodory (tuc 1a, f (-, y) do dugcvéimoiy € R
va f(x,) lién tyc vé6i h.h. x € Q) thudc 16p ham C?
dbi véi bién thir hai va thoa man

f(,0) € L2(Q), %(x,y) > 0véihh x

2.1)
€q,

va véi moi M > 0 ton tai Cf 5, > 0 sao cho

L o+

62(xy)

< Cpy v6ihh. x
EQvaly| <M,

2.2)

2f

it 9T )

3y 2( X,¥2) —

S Cf,MlyZ (23)

— .| véihh. x
€ Qvaly,l |yl =M.

(A3) Ham L:OXRXR->R la mdt ham
Carathéodory thugc 16p €% @i voi bién tha hai va
thir ba. Hon nita, L(-,0,0) € L*(Q) va véi moi M >
0 ton tai C, » > 0 va 1y, € L2(Q) sao cho

|6 (x, y,u)| + | a—(x y,u)| <Yy x), (2.4)
1D L Ce. v, 0| < Com, (2.5)

||D(2y_u)L(x,y2,u2) - D(Zy,u)L(x, yl,ul)”
< Com(y2 — (2.6)

+ lu; —w),
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Vi h.h. x €Q va moi
yL 111 1y21 Tl [ual, luz] < M, trong d6 DG, L
ky hiéu dao ham riéng cap hai cua L twong ung véi
bien (y, w).

Dua trén hé thong cac gia thiét da néu, su ton tai
nghiém yéu ciia phuong trinh trang thai (1.2) va sy
ton tai nghiém cua bai toan diéu khién ti uu P(e)
duoc thiét lap. Hon nira, hé thong cac gia thiét nay
cling dam bao cho sy kha vi ciia anh xa nghiém yéu
G(+) cua phuong trinh trang thai (1.2) va ham muc
tiéu J(+,) cua bai toan P(e).

3. SUKHA VI CUA HAM MUC TIEU

Muc nay trinh bay cac két qua vé su ton tai
nghiém yéu cta phuong trinh trang thai (1.2) va su
ton tai nghiém cua bai toan diéu khién t6i wu P(e)
cung céc két qua vé sy kha vi ciia anh xa nghiém yéu
G(-) cta (1.2) va ham muc tiéu J(-,-) cua bai toan

P(e).

Mot diéu khien @ € Uqq(€) dugc goi la diéu
khién toi wu (hay nghiém) cia bai toan P (&) tng véi
trang thai téi vu ¥y = G (@) € H'(Q) n €(Q) néu

J@W,e) <J(u,e), Yu € Uy (e). (3.1)

Pinh Iy 3.1. Gia su cac gia thiét (A1)—(A3) dugc
thoa mén. Khi do, phuong trinh trang thai (1.2) luén
c6 nghiém yéu duy nhat. Néu ham L(+) 16i theo bién
thir ba thi bai toan P (e) ludn c6 nghiém véi moi e €
E sao cho tap U,y (e) khéc rong.

Ching minh. Sy tdn tai duy nhat nghiém yéu
cua phuong trinh trang thai (1.2) duoc ching minh
twong ty nhu chang minh Tréltzsch (2010)
(Theorem 4.4). V6i mdi e € E, bai todn P(e) dugc
quy Vvé bai toan (P) duoc khao sat trong Casas et al.
(2008). Theo Casas et al. (2008) (Theorem 2.2), bai
toan (P) ludn c6 nghiém. Suy ra bai toan P(e) ludn
¢6 nghiém dudi cac gia thiét da cho. O

Pinh Iy 3.2. Gia s cac gia thiét (A1)—(A3) dugc
théa man. Khi d6, anh xa nghiém cua (1.2), ky hiéu
boi G:L2(Q) » HE(Q) NC@) Vi Gw) = y,,
thudc 16p C2. Hon nita, véi moi u, v, ey € L2(Q),
Zytreyn = G'(U + ey)v la nghiém cua
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0
AZu+ey,v + @ (X, yu+ey)zu+9y,1i =v trong Q

3.2)
Zyyepw = 0 trénT.
Vé&i moi u, vy, v,, ey € L*(Q), Zyteyvyv, = G (U + ey)v;v, 1a nghi¢m cua
f 0Xf
AZu+ey,v1v2 + @ (X, yu+ey)zu+ey,v1v2 + a—yz (X, yu+9y)Zu+ey,v1Zu+9y,v2 =0 trong Q (33)

Zyteywiv, = 0 trénT,

I6p C2. Hon nita, v&i moi u, v, vy, v, € L*(Q), dao

trong d6 z =G (u+e)v, vaz = NI L
€00 Zutey ( v)v1 uteyvz ham riéng J;, (u, €) xéc dinh béi

G'(u+ey)v,.

Chiaing minh. Cac két qua duoc phat biéu trong I (u,e)v = f (G_L (%, sy, u + €y)
dinh 1y duoc suy ra tir Casas et al. (2008) (Theorem o \0u Y (3.4)
2.4). Mot so ket qua co lién quan dén dinh 1y nay + ‘Pue) vdx
duogc trinh bay trong Casas and Mateos (2002). ’
Pinh Iy 3.3. Gia s cac gia thiét (A1)—(A3) dugc trong d6 Yy4e, = G(u + ey) va @, . 12 nghiém
thoa man. Khi d6, anh xa J (-, €): L () — R thudc yéu duy nhit cia phuong trinh
i of aL
Ao + @(x, Vurey)P = % (%, Yusey u +ey) + trongQ (35)
=0 trén I’
voi A* 1a toan tir lién hop cua A xac dinh boi khi @6
NS P Jw,e) = Ji(we) + Jr(ue). (3.9)
o ==) ) 5o ey go0w ). @0
i=1 j=1

Tur cong thac (2.4) trong Casas et al. (2008)

. Theorem 2.6) suy ra
Chirng minh. Bang cach dit ( ) suy

aL

1 (u, e) = fﬂ L (x’ Vutey (x), (u + Ul)u(u: e)v = Jﬂ <ﬁ (x: Vutey U + eY)

(3.7) (3.10)
ey)(x)) dx, + <pu+eY) vdx
]Z(U, e) = fﬂ e](X)}’u+ey(X)dx, (38) trong ’do yu+e’y — G(u + 6'y) va Putey a
nghiém yéu duy nhat ctiia phuong trinh
. af oL
A + @(x, yu+ey)<p = @ (x, Yutep U + ey) trong Q (3.11)
=0 trén .
Tuong tu nhu vay, N af
Ao + a—(x, yu+ey)(p =g trong Q
UDuw,e)v=| @, vdx Y (3.13)
2)ul, Per (3.12) =0 trénT.
trong d6 @, 1a nghi¢m yéu duy nhit cia phuong Chu § 13Ng @y 1, + @, 1 nghiém yéu duy nhat
trinh cua phuong trinh (3.5) va
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T, e)v = ()L, e)v 4. DUOI VI PHAN CUA HAM GIA TRI
, TOIUU
+ U2)u(w, e)v

Ham gia tri toi uu clia cac bai toan tdi wu c6 tham

oL 2 N f o AbA et
= J- (_ (x, Vurey U + ey) 50 thuong khong kha vi, tham chi 16p ham nay cling
du thudng khong kha vi trong truong hop dit liéu cua
3.14 bai toan dang xét la kha vi. Vi vay, viéc khao sat cac
T Purey T (pel) vdx (3.14) tinh chat vi phan cua 16p ham gia tri t0i uu theo
nghia suy rong la diéu tat yéu. Muc nay thiét 1ap cac

= f (Z_L (x, v rop U+ ey) cér}g thl'rl’C tinh toén‘ duc’r.i’ Vi.plfln chinh q}1y/d‘1.r('ri yi
phan Fréchet cho ham gia tri toi wu p(+) cla bai toan
P(e).
+ wu‘e) vdx,

Cac khai niém vi phan suy rong trinh bay dudi
, . g day duoc tham khao trong bd sach chuyén khao
trong d6 @ye: = Pusey + P, langhiémyeuduy  nordukhovich (2006) (Vol. I and 1) (xem thém

nhat cua phuong trinh (3.5). Nhiéu mo hinh Mordukhovich, 2018). Cho khong gian Banach X,
bai toan dicu khien toi uu cho phuong trinh dao ham ham da tri F: X — 2% va ham thuc mé rong o: X —
riéng elliptic ¢6 thé dugc tim thay trong Troltzsch R. Gii han trén theo day theo nghia Painlevé —

(2010) (Chapter 4). Trong do, tac gla trinh bay cac Kuratowski caa F khi u — & dugc xac dinh boi
kién thirc co ban va nén tang vé diéu khién t6i uu

cho phuong trinh dao ham riéng elliptic.

Limsup F(u) = {u* € X*|ton tai u, - % va F(u,) 3 ul, = u* theo topd W*}. (4.1)

u->u

Véi € = 0, tap cac e-dudi gradient cua o tai & € dom o = {u € X|o(u) < o} dugc cho bai

d.0() = {u eEX* hmlnfa(u) —o(@ — (whu— u) —e} (4.2)
u-u llu — ull
, Dt‘réri vi ph_ﬁ.n chinh quy (duc’y.i vi ph?in Ff_échet) trong do ky hiéu u 53 b nghta 1 u - @ va
cua ham o tai 4 € dom o dugc dinh nghia bai o(u) - o).
do (1) = dy0 (D). (4.3) Cho cac khong gian Banach X va W, d6i dao

ham chinh quy (d6i dao ham Fréchet) va ddi dao
s . , s, W 4.
Du¢i vi phan chinh quy trén (dwdéi vi phan h??l MOEdlikhOVlCh cuakanh Xa da‘m’F X > 2 ta!
Fréchet trén) ctia ham o tai 4 € dom ¢ dugc xéac (zlem (@ v) € gphIi lan l‘uqt 12_1 anh xa da trj
dinh bai D*F(u,v): W* — 2% xac dinh boi
D*F(u,7)(v")

d*a(@) = —0(—0)(@). (4.4) w',—v*) € N((@, 9); gphF)}

4.7

Duéi vi phdn Mordukhovich cia ham o tai u €

dom ¢ dugc dinh nghia boi va anh xa da tri D*F (@, ): W* - 2% xac dinh

R boi
do(u) = Lignsup d.o(u) (4.5) (;*F(ﬁ )

u-u,el0

* —v*) € N((@ 9); gohF)}, 48

va dudi vi phdan qua gidi han suy bién cua

ham o tai # € dom ¢ dugc cho boi trong d6 gphF 1a a6 thi cua F, N((@, 9); gphF)
1a nén phap tuyén chinh quy (noén phéap tuyén
Fréchet) ciia gphF tai diém (1, 7) dinh nghia boi

N((@ 9); gphF) = 06((@, 9); gphF),  (4.9)

0°0(%) == Limsup Ad.0(w), (4.6)

u-1u,el0,A10
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va N((@ ¥);gphF) la nén phép tuyén
Mordukhovich ctia gphF tai diém (%, 7) dinh nghia
boi

N((, 7); gphF) = 35((%, 7); gphF).  (4.10)

Vi khong gian tham sb E dugc xét dudi dang

E =L"(Q) x L”(Q) x L”(Q) x L*(Q) (4.11)
nén khong gian lién hop E* cta E la
E* = L®(Q)" x L®(Q)* x L®(Q)* x
(4.12)

L= (Q)".

Khi d6, cac phan tir cua E* bao gom céc thanh
phan 14 ham hoic d6 do vi khong gian L (Q)* bao
gom cac ham va do do. Trong bai bao nay, pham vi
dugc xét d6i voi cac phan tir ciia dudi vi phan cia
ham gia tri t6i wu 4 khong gian E; (chi bao gém cac
ham) dudi day

Ef = I1(Q) x L}(Q) X [*(Q) x L'(Q)

oy (4.13)

Pinh Iy 4.1. Gia s cac gia thiét (A1)—(A3) dugc
théa man. Xét e € dom S va i, € S(€) sao cho
0*J (11 €) # 0. Khi do,

ou(e) c Jo(te, @) +
A _ Vo = 4.14
DRTMCEBI(ACHD)) (419
trong d6 Uy  E — 2’Lw(“) 1a 4nh xa da tri x4c
dinh bai (1.9). Hon thé nita, néu 4nh xa nghiém
S:dom Ugy = 2°@ ¢6 mot lat cit Lipschitz trén
dia phuong tai (e, ;) thi

ou(e)

S =, _ S 4.15

= Je(tiz, €) + D"Uqq (&, 1e) (J1, (s, €)). (4-19)

Chaéng minh. T Mordukhovich et al. (2009)
(Theorem 1) suy ra rang

u(e) c (e
(u*,e*)€d ™ (iig,é)

+ D*Ugq (e, ) (u)).

(4.16)

Chu ¥ rang dudi cac gia thiét da néu thi ham
J():L2(Q) X E - R kha vi Fréchet tai (g, €).
bicu nay suy ra rang
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é+](ﬁé, e_) = {],(ﬁé' e_)}

={(J, (e, €), ] (g, ©))}- (4.17)

Do do,
ou(e)
L= = A Nl - 4.18
C (i, &) + DUna @ 1) (i ). 1)
Néu 4nh xa nghiém S:dom U,y — 2°@ ¢o
mot lat cat Lipschitz trén dia phuong tai (€, ;)
(xem dinh nghia lat cat Lipschitz trén dia phuong
trong Mordukhovich et al. (2009)) thi theo

Mordukhovich et al. (2009) (Theorem 2), dang thirc
sau day duoc thoa man
ou(e)
= Ji(ie, &) + DUpg @ 1) (e ), )
va nhu vay dinh ly da dugc ching minh.

Chu y rang khong gian chta cac dudi vi phan (1a
cac ham) dang E; trong (4.13) ciling duoc xét trong
Qui and Wachsmuth (2020). Cuy thé hon, trong Qui
and Wachsmuth (2020), cac tac gia xét khong gian
L2(Q) X L2(Q) x L}(Q) x L*(Q), trong d6 cic tinh
chat ciia khong gian Hilbert L?(Q) trong hai khong
gian thanh phan dau tién 1a can thiét. Nhu vay,
khong gian E; trong (4.13) duogc xét trong bai bao
nay la khac so véi khong gian twong rng dugc xét
trong Qui and Wachsmuth (2020). Hon thé nira, Qui
and Wachsmuth (2020) chi xét khong gian dang E;
cho mo hinh bai toan bang-bang, trong khi d6 ¢ bai
bao nay khong gian E; trong (4.13) duogc xét cho
mo hinh bai toan tong quat hon.

Véi mbi (e,u) € E x L®(Q) Voi u € Uyy(e),
cac tap con Q, (e, u), Q,(e,u), Q5(e,u) cua tap Q
duogc dinh nghia nhu sau:

Q(eu) = {x € Qulx) = a(x) + e, (x)},

Q,(e,u) =

{x € Qla(x) + e, (x) <ulx) < f(x) + ep(x)}, (4.21)

(4.20)

Qs(e,u) = {x € Q|u(x) =pB(x)+ eﬁ(x)}. (4.22)

Dinh Iy 4.2. Gia sir cac gia thiét (A1)—(A3) dugc
thég min va Uiz € S(€). Cong thuc sau day dugc
thiét lap
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e’ = (0,0, e;,e[}),u* =e,+ e;,,

B*Uad(e_r ug)(W)NE; ={e” € E; eélﬂl(é,ﬁg) =0, e;lﬂ\ﬂl(é,ﬂg)
eslayeme) < 0 ¢glavaseme

véi moi u* € L2(Q)* N LX(Q).

Chaéng minh. Ap dung Qui and Wachsmuth
(2020) (Lemma 3.1 and Proposition 3.2) suy ra cong
thirc ciia dinh 1y. O

Pinh Iy 4.3. Gia s cac gia thiét (A1)~(A3) dugc
thoa min va i, € S(e) Khi do6, diéu kién can dé
= (&7,¢;,65,8;) € ou(e) NEf 1a

daL

by = E(x' Yagrey Ue + &) + Oz
é]* = yﬁ§+éy
{ €alasemp) 2 0,€alave, eam) = 0 (4.24)
=0

éplas ) < 0,€glavas e

o, s OL L
€y + elg = E(x, yl_l.§+€_y' Ug + ey) + (p_g,e_'

Hon nita, néu anh xa nghiém S:dom U,; —
2L°@ ¢4 mot lat cét Lipschitz trén dia phuong tai
(e, ;) thi diéu kién can trén cling 1a diéu kién du dé
e* = (&7,6],65,8;) € 0u(e) N E;.

Ching minh. Dudi cac gia thiét da cho thi ham
JE):L®(Q) X E > R kha vi Fréchet tai diém
(ug, e). Do d6, dudi vi phan Fréchet trén dugc tinh
theo cong thuc
é+](ﬁe_v e_) = {]’(ﬁe—v e_)}

* Q.

Theo Dinh 1y 4.1 suy ra
ou(e)

C J1 (g, €) + D*Upa (&, 1) (J1u (i ©))- (4.26)

Lay bat ky e* = (é7,¢},65,65) € 0u(e) N E.

Khi dé, e* € E} va
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=0
=0

(4.23)

e —J4(tig, @) € D" Uqa (€, ue) (Jiu (tie, ©))-
Vi ham ] (u, e) chi phu thudc ey va e; nén /¢ (iig, &) (4.27)

c6 dang
Je(lig, @) = ( (x yue+eyrue + eY)

+ Quger Vag+éys 0,0>- (4.28)
Két hop didu nay véi két qua trong Dinh 1y 4.2 suy

ra rang
aL B B
éy — E(X' Vig+ep Ue t ey) — Pge =10

& — Va4, =0

ala,ms) 2 0,€aloa, ) =0 (4.29)
élasean < 0.8lavas@ay =0
e ae 0L o
ey +ég = 7 (xryﬁ§+éw Ug + ey) + Qe
Tuc la,
0 _
& =5 (X, Vagray e + &) + Oy
é; = yl_t§+e_y
éala ey = 0, éalava, em) =0 (4.30)
€slasems) < 0, 8slavas e =0
ae A OL _
ey tep = 7 (%, Yigroy Te + &) + Pupe

Hon nira, néu anh xa nghiém S:dom U,y —
2L°@ ¢4 mot lat cét Lipschitz trén dia phuong tai
(e, uig) thi DBinh 1y 4.1 khang dinh rang

ou(e)

A, _ S 4.31
= J4(ii6,€) + D" Voa (@, ie) (Ju (e ). D

Str dung dang thirc nay trong céac 18p luén trén ta
suy ra rang diéu kién can cua dinh 1y ciing 1a diéu

Kién du dé e* = (ey, eﬁ) € du(é) N E;.

A% A%

e] ) e(x:
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Nhan xét 4.1. Cac cbng thirc tinh toan dudi vi
phan Mordukhovich va dudi vi phan qua gigi han
suy bién cua mot ham thuc mo rong o: X — R trong
(4.5) va (4.6) s€ don gian hon khi X 1a khong gian
Asplund (Mordukhovich, 2006 (Vol. I)). Tuy nhién,
ham gié tri tbi wu u: E — R trong bai bao nay dugc
xét trén khong gian tham sd E, trong d6 E =
L®(Q) x L®(Q) X L*(Q) x L*(Q) khong 1a khong
gian Asplund. Vi vay, viéc tinh toan dudi vi phan
Mordukhovich du(+) va duéi vi phan qua gidi han
suy bién 0®u(-) ciia ham gia tri toi uvu u(-) 1a mot
bai toan kho.
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