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ABSTRACT

The purpose of this paper is to study the existence of solutions for
stochastic equilibrium problems. A new existence result is established
based on using notion of random cyclic quasimonotonicity, without
convexity assumptions. Some examples are also provided to show the
advantages of the result.

TOM TAT

Bai bao ndy nghién ciru sy ton tai nghiém cho bai todn cdn bang ngdu
nhién. Mot két qua ton tai méi dwoc thzet lap trén co so dung khai niém
ve tinh twa don diéu vong quanh ngau nhién, khéng ding cdc gia thiét
vé tinh 16i. Vai vi du dwoc cung cap nham chi ra sw thudn loi ciia két
qua.

Keywords:

Random cyclic quasimonotonicity,
stochastic equilibrium problem,
the existence of solutions

1. GIOI THIEU

Cho tru6c mot tap khong réng X va mot song
ham @ : X X X — R, bai toan can bang, ki hiéu boi
EP(®, X), dugc hiéu la:

Tim diém x € X sao cho inf,cx @ (X, x") > 0.

Nhiéu bai toan trong 1y thuyét tdi uu va kinh té,
ching han nhu bai toan cuc tri, bai toan bat dang
thirc bién phan, bai toan can bang Nash, bai toan can
bang mang, ... déu la nhiig twong hop riéng ciia bai
toan can bang EP(®, X). Bén nay, cac nghién ciru vé
su ton tai nghiém cho EP(®, X) di thu duoc nhiéu
két qua, ban doc c6 thé xem céc cong trinh ciia Blum
and Oettli (1994), Bianchi and Pini (2005), Flores-
Bazan (2000), Bianchi and Pini (2005), lusem et al.
(2009) va Phan and Nguyen (2019).

Céc bai toan can bang phu thuoc tham s6 (voi
cac tham s6 tat dinh trong cac khong gian métric) da
dugc nghién ctru lan dau boi Le and Oettli (1992) va
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duoc tiép tuc nghién ctru trong nhiéu cong trinh vé
sau nhu: Lam and Phan (2004), Lam and Phan
(2010). Cac bai toan loai nay cung cip cac ap dung
tha vi trong mot s tinh hudng cua thé gioi thuc.
Mic du véy, da s6 cic mo hinh ung dung doi hoi
thanh phan tham s6 trong song ham phai 1a thanh
phan ngau nhién. Didu nay dan dén viéc can thiét
phai nghién ciru bai toan sau:
(SEP1(®, X, Q)) Tim diém % € X sao cho
véimoix' € X,
®(x%,x',w) = 0 haukhip noi,
tec 1a, tim diém X € X sao cho P{w €
Q| &(x,x',w) = 0 Vx' € X} = 1.0 day (O, F, P)
12 mot khong gian xac sudt va ®: X X X x Q -
R. Bai toan (SEP1(®, X, Q)) duogc goi 1a bai toan
c4n bang ngau nhién. Cong thic cua (SEPL(®, X,
Q)) duoc goi 1a cong thirc hau khip noi va nd c6
nghia thyc té. Mac di vay, viéc ton tai mot diém x €
X nhu vy 1a rat kho xay ra. Do d6, bai toan thudng
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dugc nghién ctru thong qua cong thic ky vong nhu
sau.
(SEP2(®, X, Q))
infxleXE[(D(f' x" w)] =0,
& day E 1a phiém ham ky vong, E[®(x, x', )] =
Jy, ©(x,x',w)dP(w). Bai toan nay chira mot s
bai toan quen thudc nhu nhitng truong hgp riéng,
bao gom bai toan t6i wu ngau nhién, bat dang thirc
bién phan ngdu nhién,... Bai toan (SEP2(®, X, Q))
va cac bai toan lién quan da dugc nghién ctu bai
Gwinner and Raciti (2006), Lin and Fukushima
(2010), Mansour et al. (2018) va Lam et al. (2021).
Muc dich cuia bai bao nay 1a tim kiém céc diéu
kién ton tai nghiém cho bai toan cin bing ngiu
nhién (SEP2(®, X, Q)) ma khong ding cac gia thiét
vé tinh 16i. Két qua chinh cua bai bao c6 thé xem
nhu 12 mot phién ban ngau nhién ctia Pinh 1i 1.1,
Pinh li 1.1 (Phan & Nguyen, 2019) Cho X la
mot khong gian top6 compactva f: X X X - R.
Néu lev.f(-,x") la dong cho mdi x' € X, va f 1a
anti-twa don diéu vong quanh (tirc 13, néu voi bat ky
X1y Xz, ey Xy € X VO Xppyq = X1, tON tai i€
{1,2,...,m}saocho f(x;,x;,1) = 0),thitontaix €
X 50 cho infy,ex f (%, x") = 0. Néu thém nira, voi
mdi x€X, f(x,x) =0, thi X €
argmin{f(x,x"): x' € X}.

2. CAC KET QUA CHINH

Xét bai toan can bang ngau nhién (SEP2(®, X,
Q)), dau tién ap dung Dinh li 1.1 cho song ham E :
Xx X-> R, xac dinh  boi  E(x,x) =
E[®(x, x, w)], ta thu dwoc hé qua tryc tiép sau.

B d& 2.1 Gia sir rang X la mot khong gian
métric compact, (Q, F,P) 1a mdt khong gian xac
suit,va ®: X x X x Q —» R. Néu song ham FE :
Xx X—> R, dugc xdc dinh béi E(x,x") =
E[®(x, x', w)], 14 anti-tya don diéu vong quanh va
leviE[®(,x",w)]:i={x € X: E[®(x,x",w)] =
0} la déng cho mdi x’ € X, thi ton tai ¥ € X, sao
cho inf,,cxE[® (%, x', w)] = 0.

Mic di Bb dé 2.1 1a mot két qua kha téng quat
nhung duoc phat biéu théng qua phiém ham ky
vong. Do dé, trong nhiéu truong hop ta kho kiém tra
cac gia thiét. Dinh 1i 2.1 dudi day dua ra cac diéu
kién trén dit lidu cu thé cua bai toan.

Dinh nghia 2.1 Gia sir rang X 1a mot khong gian
métric, (Q, F, P) 1a mot khong gian xac suat, va @ :
XX XXQ - R.®duoc goi l1a anti-tya don diéu
vong quanh ngdu nhién néu voi  bat ky
X1,X, o, Xm € X, tON tai i € {1,2,...,m} sao0 cho
@ (x;, X;41, ) = 0 hau khip noi (h.k.n.).

Tim x € X, sao cho
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Mot s6 vi du cua cac ham anti-tua don di¢u vong
guanh ngau nhién dugc cho trong Vidu 2.1 va Vidu
2.2.

Pinh li 2.1 Gia st rang X 1a mot khong gian
métric compact, (O, F,P) 1a mét khong gian xac
suit, va @ : X x X xQ — R. Gia s ring cac
diéu Kién sau day dugc thoa man.

®(x,x’, -) kha tich cho mdi x,x’ € X;

® 1a anti-tya don diéu vong quanh ngiu nhién;

Vi moi x' € X, d(,x', w) 1a nira lién tyc trén
hau khap noi;

V6i mdi x' € X, ton tai ham kha tich khong 4m
u(x', w) sao cho véi bat ky x € X, O(x,x",w) <
u(x', w) hau khap noi.

Khi ds, ton tai € X, sao cho
inf,,exE[® (%, x", w)] = 0. !\Iéu thrém nira, Véi moi
x€X, ®(x,x,w) =0 hau khap noi, thi x €
argmin{E[® (X, x", w)]: x' € X}.

Chiing minh. LAy bat ky x;, X5, ..., X, € X. Thé
thi, boi gia thiét (ii), ton tai i € {1, 2, ..., m} sao cho
d)(xi,xi+1, (l)) >0 h.k.n., tic la E[q)(xi,
Xip1, )] = [, PO Xp4q , w)dP(0) 2 0. Dicu
nay c6 nghia la song ham E: X X X - R, xéac
dinh boi E(x,x") = E[®(x, x', w)] 14 anti-tya don
diéu vong quanh. Ta chung minh:

leviE[®(, x", w)]:
={xe X: E[®(x,x",w)]
> 0}

la dong cho mdi x’ € X. That vay, goi {x,} 1a
mot day bat ky trong tap muc lev, E[® (-, x", w)] sa0
cho x, — x,.Khido,

E[®(x,, x,w)] = j D (xy, x', w)dP(w) = 0.
Q

Do B d Fatou, ta c6:

0 < limsup f &(x,, x', w)dP(w)

n
n—sco

n—oo

= 1! (limsup D(x,, x', cu)) dP(w)

= j ®(xp, x', w)dP(w)
0

= E[®(x,, x', w)].



Tap chi Khoa hoc Truong Pai hoc Cén Tho

Vay, xo € lev.E[D(,x", w)]. Do do,
lev,E[®(,x",w)] 1a dong. Ap dung B6 d¢ 2.1 ta
suy ra ton tai diém x€ X sao cho
inf,,exE[®(X,x",w)] = 0. Khi ®(x, x,w) =0
hkn, ta co E[®(x, x,w)] = Do do,
inf,,exE[®(X, X, w)] = 0 twong duong voi X €
argmin{E[® (%, x", w)]: x € X}.

Trong truong hop riéng, khi @ (x,x",w) =

@(x',w) — p(x,w) tasuy ra két qua sau cho bai
toan t6i vu ngau nhién.

Hé qua 2.1 Gia sir rang X la mot khong gian
métric compact, (Q, F,P) 1a mot khéng gian xac
suat,va @ : X x Q — R.Giasurang

@(x,) kha tich cho mdi x € X;

@ (, w) nia lién tuc dudi hau khip noi;

V6i mdi x’ € X, ton tai ham kha tich khong 4m
u(x’,w) sao cho vaoi bat ky x € X, o(x',w) —
@(x,w) < ux', w) hkn.

Khi d6, argminE[p(-, w)] #

Chirng minh. Hé qua 2.1 la mot hé qua tryc tiép
cia Pinh li 2.1 khi  &(x,x",0) = p(x', w) —
o(x,w) .

Diéu kién (iii) trong Hé qua 2.1 c6 thé duogc thay
thé bang diéu kién sau: “ton tai ham kha tich khéng
am v(w) sao cho vdi bat kyx EX, p(x,w) <v(w)
h.k.n.”. That vay, néu diéu kién nay thoa thi lay
u(x', a)) = 2v(w), ta ¢o: (', w) — p(x,w) <
lp(x, )| + lox, w)| < 2v(w) =u(x,w).
Diéu nay co nghia l1a gia thiét (iii) thoa.

Xét mot truong hop riéng khac ctia bai toan
(SEP2(®, X, Q)). Goi X va Q la cac tip con dong
ciaR", P 1a do do xac suit Borel trén Q va
T: X xQ - R" Kihiéu (-, -) 1a tich vd hudng
trong R™. Bai toan bt dang thirc bién phan ngiu
nhién c6 cong thirc nhu sau:

(SVI(T, X, Q) Tim X € X, sao cho
(E[T(%,w)],x'— x) = 0voimoix' € X, & day

E[T% )] = [, TX w)dP(w) .

Ta noi rang T 14 anti-twra don diéu vong quanh
ngau nhién néu song ham ®;: X X X X O » R, x4c
dinh boi @4 (x, x', w) = (T(x,w), x' — x), 1a anti-
tya don diéu vong quanh ngiu nhién.

Hé qua 2.2 Gia sir raing X la mot tap con
compact cia R, Q 1a mot tap con dong cia R™, P
1a d6 do xéac suit Borel trén Q, va T: X x O —» R™.
Gia sir rang cac diéu kién sau day duoc thoa man,
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T(x, -) kha tich cho mdi x € X;
T 12 anti-tya don diéu vong quanh ngau nhién;
T(-,w) lién tuc hau khap noi;

Ton tai mot ham kha tich khong am v(w) sao
cho véi bat ky x € X, ||IT(x, w)|| < v(w) hau khap
noi.

Khi d6, ton tai x€ X, sao
(E[T(%, w)],x' — X) = 0véimoix' € X.

cho

Ching minh. Xét song ham & (x,x',w) =
O, (x,x",0) :=(T(x,w), x'—x). T cac diéu
kién (i)-(iii) ciia Hé qua 2.2, ta khong kho khan dé
thiy rang cac diéu kién (i)-(iii) cua Dinh 1i 2.1 dugc
thoa cho @. Vi X compact, ton tai C > 0 sao cho
llx|l < € véi moi x € X. Lay u(x’, w) = 2Cv(w).
Boi (iv) ciia Hé qua 2.2 va bat dang Schwarz ta co:
d(x,x',w) = (T(x,w), x' —x) <
1T Cx, )l|lx" — x|| < 2Cv(w) = u(x,w).Piéu
nay ching to gia thiét (iv) cua Dinh li 2.1 dugc thoa
min. Vdy, ap dung Pinh 1i 2.1 ta suy ra két luan cua
H¢ qua 2.2.

Khi X la tap con cia mot khong gian Banach
phan xa, vai gia gia thiét co thé lam nhe hon va diéu
kién X compact c6 thé thay bang diéu kién birc nhu
trong hé qua dudi day.

Hé qua 2.3 Gia st rang X 1a mot tap con déng
yéu cua mot khong gian Banach phan xa, (Q, F, P)
1a mét khong gian xac suat, va @ : X X X X Q -
R. Gia st rang cac dieu kién sau day dugc thoa
man.

V&i mbi x,x’ € X, ®(x,x',) kha tich;

® 1a anti-tya don diéu vong quanh ngau nhién;

Véi mdi x,x’' € X, d(, x',w) nira lién tuc trén
yeu (tue la nira lién tuc trén doi voi topd yeu trong
X) hau khap noi;

Vé6i mdi x' € X, ton tai ham kha tich khong am
u(x’,w) sao cho véi bat ky x € X, ®(x,x",w) <
u(x', w) hau khap noi;

Tontai ® € X sao cho limsup ®(x,%,w) <
llx||>o0,xEX
0 hk.n

Khi d6, tn tai x€ X, sao cho
infy,ex E[®(X, x', w)] = 0. Néu thém nira, véi moi
x€X, P(x,x,w) =0 hau khép noi, thi ¥ €
argmin{E[® (%, x", w)]: x' € X}.

Chimg minh. Boi gia thiét (v) va Bo dé Fatou,
ton tai ¥ € X sao cho
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limsup E[®(x, X, w)]

[lx||—>00,xEX

= limsup fcb(x,a?,w)dp(w)

[l || - 00,xEX
Q

< limsup ®(x, %, w) <O.

llx|| > o0, xeEX

Bat dang thic nay cho phép ta chon duoc R >
0 du l6n sao cho:

lx][ = lIX]l >R = E[®(x,%, w)] <O.

Liy r = R + |||l va dat X, ={x e X| ||x]| <
r}. Ta s€ chung to rang ton tai ¥ € X, sao cho
inf,,cxE[® (X, x',w)] = 0. Gia sir trai lai, véi mdi
x € X, ,tontai x' € X thoa E[®(x,x’, w)] < 0, tic
la

ﬂ{x X, |E[0(% x', w)] > 0} = 0.
x'ex
Vi X, la tap compact yéu va cic tap {x €
X, | E[®(x,x',w)] = 0} laddng yéu, ton tai mot tap
con hiru han N cua X sao cho

ﬂ (x € X, [E[®(F x', w)] > 0} = 0,
x'eN
hozc twong duong, véi mdix € X, , ton tai x' €
N thoa E[®(x, x', w)] < 0.

Bay gio dit vy = max{r, max{||x'|| | x" € N}} va
L={xeX||lx|| <ry}=B[0,ry]NX, ¢ day
B[0,7y] la qua cdu déng c6 tim 0 va ban kinh 7.
Thé thi L la tap con compact yéu caa X chia N va
%. Ap dung Dinh 1i 2.1 véi L va @ |, ;<o thay cho X
va @ ta thu dugc ¥ € L sao cho
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Néu x € L\X, thi ||x]| >r =R+ |%], tac la
x| - ||x|| > R.Dodo E[(D(x %, w)] < 0.DPiéu nay
mau thuan vai (1). Néu ¥ € L N X, thi ton tai ton
tai x' € N c L thoa E[®(x,x',w)] < 0. Didu nay
cling mau thuan vai (1). Vay phai ton tai X € X,
sao cho inf,,cxE[® (X, x', w)] = 0.

Sau day la vai vi du dé minh hoa cho cac két qua
& trén.

Vi du 2.1 Goi X la mot tap con compact cua
mot khong gian métric, (Q, F, P) 1a mét khong gian
x4c suat, Q: @ - R,  1a mot bién ngiu nhién kha
tich va nhan cac gia tri khéng &m, va f: X X X -
R la song ham anti-tya don diéu vong quanh sao
cho f(-,x") la nia lién tuc trén va bi chan trén cho
mdi x' € X. Ta xét bai toan can bang ngau nhién
trong cac truong hop sau:

@ ®: Xx XxQ- R duogc xac dinh boi

D(x,x",w) = f(x,x") + Q(w).
(b) ®: X x XX Q- R dugc xac dinh boi
®(x,x',w) = Q(w)f(x,x").

Baoi vi voi moi w € Q, Q(w) =0 va f la song
ham anti-tya don diéu vong quanh, cac song ham @
trong (a) va (b) la cac song ham anti-tya don di¢u
vong quanh hau khap noi. Vi £, x") la nira lién tuc
trén cho mdi x’' € X, ®(, x, w) 1a nira lién tuc trén
hau khip noi cho mdi x” € X. Ngoai ra, boi gia thiét,
voi mdi x” € X, f(x,x") < M cho moi X, Vi M nio
d6. Trong trudng hop (a) lay u(x’, w) = M + Q(w)
, va trong truong hop (b) ldy u(x’, w) = MQ(w) ta
suy ra gia thiét (iv) cua Dinh li 2.1 dugc thoa mén.
Viy, 4p dung Pinh 1i 2.1 ta thay bai toan c6 nghiém.

Vidu 2.2. Goi X 1a mét tap con compact cia R™
va Q:Q — R la bién ngiu nhién co phan b xic

E[®(%,x',w)] =0 véi moix’ € L. [€h) SUAt nhu sau:
Q 3 2 1 0 1 2 3
P(Q=k;) 3 3 r 1 1 1 1
' 28 7 14 7 14 7 28

Chod: X X X XxQ - R dugc xac dinh bai
Q(x, x', w) = |Ix]|Q(w) + IX'Il.

Ta co:

E[O(x,x', w)] = Z(lell Q(w) + lIX'IDP(= k)

i=1
= llxll £7=1 Q(@)P(Q = k) + IIx'|
= =Kl = lxID + =121l
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RO rang song ham E(x,x") = E[®(x, x', w)] =
ﬁ(llx’ll —IxID + %llx’ll la anti-tva don diéu
vong quanh. Hon ntia,

lev E[®(,x",w) ={x € X: E[D(x,x",w)]
> 0}

— fx € X] llxll < 21|
= {x x _11x}

la dong cho mdi x’ € X. Vay, bai B6 dé 2.1, ton
tai X € X sao cho inf,,xE[®(X, X", w)] = 0.
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3. KET LUAN

Trong bai bao nay, mot két qua ton tai nghiém
méi dugc thiét lap cho bai toan can bang ngau nhién
Vi cac gia thiét duoc cho truc tiép trén dir liéu cua
bai toan, khong thong qua phiém ham ky vong va
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