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ABSTRACT

The main purpose of this study is to analyze the natural frequencies of
space frames using dynamic stiffness matrix method. The paper is going
to present how to establish the dynamic stiffness matrix of the linear frame
element bearing axial, torsion and bending in two planes on the basic of
inertia to find the exact root of the dynamic balance equation using Euler
- Bernoulli beam theory. Then, the matrix above was employed to
establish the dynamic stiffness matrix of space frame elements and applied
to analysis the natural frequencies of space frames. Comparing the
analysis results of the dynamic stiffness method with those of the finite
element method showed the accuracy of the dynamic stiffness method. The
dynamic stiffness method gave accurate results as soon as the frame was
viewed as a single element while the finite element method failed to
perform the similar task.

TOM TAT

Mouc tiéu ciia nghién ciku la phén tich tan sé dao dong riéng ciia hé thanh
khong gzan bang phm‘mg phap do cung dong luc. Nghién ciru trinh bay
cach xdy dung cac ma trdn do cung dong luc cua phan tir thanh thang
chiu lc doc truc, chiu xodn va chiu uon trén co sé tim nghiém chinh xdc
cia phieong trinh cdan bang déng hoc theo Iy thuyét dam Euler — Bernoulli.

Tir do, cac ma trdn trén duoc sur dung de xdy dung ma tran do cung dong
liee cho phdn tir thanh chiu lyc tong qudt va iing dung né vao viéc phan
tich tan s6 dao dong riéng ciia hé thanh khéng gian. So sanh cdc két qua
tinh todn ciia phwong phdp d@é cing déng hec véi cdc két qua ciia phirong
phdp phan tir hitu han cho thdy dé chinh xdc ciia phirong phdp d¢ cimng
déng liee. Phwong phdp dg cieng dong lwc cho két qua phdn tich chinh xdc
ngay khi xem thanh la mét phan tir duy nhat — diéu ma phwong phép phan
tir hitu han khong lam dwoc.

1. GIOI THIEU

Trong thyuc té, phuong phap phan tir hiru han
(Finite Element Method — FEM) thuong duoc su
dung dé xéac dinh céc tan so dao dong riéng va dang
dao dong riéng cua két cau. Tuy nhién, FEM lai sir

dung ham dang la truong chuyen vi tinh dé xap xi
chuyén vi ciia két cdu, bo qua yeéu t6 dong luc khi
mo ta img XU cua két cau trong cac bai toan dong
luc hoc tong quat. Pay 1a mot nhuge diém cua FEM
trong phan tich bai toan dong luc hoc khi can phai
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101 rac két ciu thanh nhiéu ph?m ttr nho dé dat do
chinh xac mong muon.

Xuét phat tir cac van d& vira néu, phuong phap
dd cung dong luc (Dynamic Stiffness Method —
DSM) ra doi véi y tuong chu dao la sa dung ham
dang ctia phan tir hitu han 14 truong chuyén vi dong
thoa man phuong trinh cin bang dong. Khi d6 cac
ham dang 1a cac ham s6 phu thudc vao tan sb cua tai
trong tac dong, do do ta cd thé tim dugc chinh xac
tan s6 dao dong riéng cia két cau. Banerjee (2003)
da str dung phuong phap nay aé nghién ciru vé dao
dong tu do cia dam sandwich, D& Huynh Phudc
(2008) sur dung phuong phap DSM dé phén tich tan
s6 dao dong riéng ciia cac hé thanh phang. Bai bao
nay trinh bay viéc ap dung phuong phap DSM vao
viéc xac dinh tan so dao dong riéng ciia hé thanh
khong gian.

Ma tran d¢ cung dong luc trong hé¢ toa do d‘ia
phuong trong truong hop khong can cé dang (Tran
Van Lién, 2005):

D(w) = K(w) — w?*M(w) (1)

Trong d6, K(w) va M(w) an luot 1a ma tran do
cling va ma tran khoi lugng ctia phan tir, ching phu
thudc vao cac dic trung hinh hoc, vat lidu ciia phan
tir va tan sd tai tic dong .

Bai toan xéc dinh tan sé dao dong riéng cla két
céu trong DSM tr¢ thanh bai toan tri riéng phi tuyén
(Non-Linear Eigenproblem). bac diém khac nhau
noi bac ctia DSM so vdi FEM 1a ta s€ xac dinh duoc
s6 lugng vo han céc tin s6 dao dong riéng tmg voi
mot sb Iugng hitu han cac bac ty do cta két cAu. Mot
diém khac nhau nita giira hai phuong phap 1a bac tu
do cua két cdu khi sir dung DSM s& it hon so voi
FEM, diéu nay la do trong DSM, su rdi rac hoa két
céu thanh nhiing phén tir riéng biét chi thyc hién khi
két cdu co su thay d6i vé tiét dién, vat lidu hodc tai
vi tri ¢6 tai trong tap trung hodc lién két.

Bai toan tri riéng phi tuyén ctia phuong phéap do
cung dong luc trong trudng hop khong can c6 dang:
[D(@Ha}={0} (2

Trong d6, [D(w)] la ma tran d6 cing dong luc
phu thude vao tan s6, {q} 1a vecto chuyén vi nit cta
két cau.

2. COSOLY THUYET
2.1. Ma trin d¢ cirng dong luc cia phin tir
thanh chiu kéo nén

Xét mot ph?m tr thanh thé“ing chiu luc doc truc
nhu Hinh 1.
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Hinh 1. Phin tir chiu kéo (nén)

Phuong trinh vi phan cha dao ciia phan
ti dao dong doc truc tu do:

2

¢"(x) + ¢(x) =0

Nghiém cua phu’ong trinh vi phan trén c6 dang:

¢ = AjcosPpé + Aysinpé (3)

voi:  y la tham sb dong luc cua thanh chiu luc

doc truc,
— oL |2
p=ollz @

Trong d6, & 1a tham sb chiéu dai khong tha
nguyén cua thanh, § =¥/,

A, Az 1a cac h?mg sb phu thude vao diéu kién
bién:

{¢(x=0) = U
¢(x=L) =U,
Thay (3) vao cac diéu kién bién trén, ta duoc:
A =U
U, (5)
A —cotgy. U
2= Sing cotgy. Uy
Thay gia tri A1, A2 vao phuong trinh (3) ta dugc:
1!15
¢ = (cosipé — cotgyp.simp§)Uy + — i U2 (6)

Hay ta c6 thé viét lai: ¢ = N.U
trong do:

N = [Ni N] la vertor ham dang ctia phan tu
thanh chiu luc doc truc:

sinyé
siny

U =[U; Uz]" 1 vertor chuyén vi nut

N = [cosybf — cotgy.sinpé (7

Theo phuong phap phan tir hitu han:

M,(w) = f [NT"[p]IN1dY, (8)

Ve
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K@) = [ B DIBIY, ©)
Trong do, [D]
hoi

= [E] 1a ma tran cac hing s dan

[B]: ma tran bién dang ctia phan tir chju kéo nén,
c6 dang:
_ (le sz)
~ \dx dx
St dung cac ham dang & (7), tr (8) va (9) ta
duoc:
M, (w)
PAL 1y — cosysing  siny — Pcosy
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‘Ma d¢ ciung dong luc cua phan tir thanh chiu
xodn:
GK; x cosx

DT (w) = —L X ]

(W) =— pr cosy (14)

voi:  ylatham ) dong lyc cua thanh chiu X04n
duoc tinh theo:

Plo
X = wL ’GK (15)

2.3. Ma tran do cu’ng dong luc ciia phin tir
thanh chiu uén trong mit phing xy

~Xeét mot phan tir thanh thang chiu udn trong mat
phang xy nhu hinh 3

- 2ysin?y |siny —Pcosy P — cosysing (10) b

K. (w) ) Us

_ AEY [ Y+ cosysing  —sin — Pcosy 1 Ui El.p / .

= JLsinZyp | —simp — posyp 1 + cosypsinp | av e
L 4 -

Ma d6 cung dong luc cua ph?m tr thanh chiu kéo
nén:
DA (W) = K, (w) = M, ()
EA —
_EA Y feosy | az
L siny|l -1 cosy
2.2. Ma trin d9 cirng dong luc cia phin tir
thanh chju xoan

Xét mot phan tir thanh thang chiu xoan nhur hinh

Hinh 2. Phan tir chiu xoin

V& hinh thitc, phuong trinh dao ddng tu do ciia
phan tir thanh chiu xoédn tuwong ty nhu (3):

n

(13)

Trong do:
¢ — gbc xoan cua tiét dién

— ply — quan tinh xoan trén mot don vi chiéu
dai, voi p la khoi lugng riéng cia vat liéu, o 1a
momen quan tinh doc cuc cua tict dién

—  GK,— d% cing chong xodn cua tiét dién, véi
G 1a modul dan hoi truot va K, 1a hang so xodn cta
mat cat.

Hinh 3. Phin tir chiu udn trong mit phing xy

Phuong trinh vi phén cua phan ta dao dong tu do
clia thanh chiu udn tmg véi tan s6 o:

P (x) - ¢(x) =0 (16)

Nghiém cua phu’ong trinh vi phan trén c6 dang:
¢(x) = CycosAE + C,sinAé + C3coshAé
+ C,sinhAé (17)
Hay viét dudi dang ma tran:

cosA&ENT (¢,

_ ) sinAg C,
¢ = coshAé Cs (18)

sinhA& C,

vOi:

/1 tham sd dong lyc cua thanh chiu udn, duoc

xac dinh bai:
) Acw? 1/4
A= L( 1 ) (19)
z
£ 1a tham s chiéu dai khong thr nguyén cia
thanh, § =¥/,

. C1, C>, C3va Cy1a cac hang s6 phu thudc vao
di€u kién bién:

U1,¢(x 0~ =Uz
U3, ¢(x =L) " =Us

¢(x=0)
¢(x=L)

Thay (17) vao cac diéu kién bién va giai hé
phuong trinh, ta dugc:
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C B —FA Rl
C|_ 1| —Fs LA2 + F,L
G 283[2+Fa1 -FLa
Cy F LA? — F,L

trong d6 cac ham F; (i=1+6) 1a cac ham tan so:
F, = A[sinhA — sind] /&

F, = A[sinAcoshA — cosAsinhA]/6

F; = 2%[coshA — cosA]/6
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“FA FLAY (U,
_F5 _F3L Uz
FA  —FLA|\U; (20)
F FL |\U,

Fg = A3[sinAcoshA + cosAsinhA]/6
6 =1 — coshAcosA

Thay (20) vao (17) va biéu dién két qua dudi
dang ma tran:

¢(x) =[N|{U, U, Us Ug"

= —A?[sinhAsinA]/& 21
— 23[sinhA + sinA] /8 v6i [N] 1a ma tran cac ham dang:
cosAE\ A2 —F,A F,LA —F;A  FLA
N1 = i sinAé —F LA+ FL —F —F;L 29
NI =3B coshag ( (@ +Fa  —-Ria  Fa —mLa|  C
sinhA& F, LA*—FL Fs F3L

St dung cac ham dang ¢ (22), tir (8) va (9) ta thu
duoc ma trn d6 cting dong luc cua thanh chiu uén
trong mat phang xy:

D*(w) = K, (0) — w*M,(w)
F, -FL Fs F3L
_EL Fl? —-FL FI?
e Fy F,L
dx F,1?
2.4. Ma tran d¢ cu’ng dong luc cia phin tir
thanh chiu uén trong mit phang xz

(23)

Trong mat phang xz, cac chuyén vi nat Uz, Usva
cac lyc nat P2, Py d6i déu so véi trong mit phang xy.

Nhu véy, ma trén d6 cimg dong luc cua phan tir
thanh chiu ubn trong mit phang xz duge xac dinh
glong nhu ma trin d¢ cing dong lyc trong mat
phing xy, nhung thay thé momen quan tinh L bang
I, va céc phan tir ctia ma tran do cing phai nhan véi
hé s6 bang (-1)**?, trong d6 a va b 1an lugt 1a s6 hi¢u
cua hang va cdt ciia ma tran.

F, FRL F —KL
El 2 F,I?

D% () = FL 1;?:: e
dx F2L2

V6i Fi (i=1+6) 1a cac ham tan s tinh theo (21),
Aw? 1/4
phu thugc vao A1 =L (pE )

Iy

2.5. Ma trin d9 cirng dong luc ciia phin tir
thanh khong gian

Gia thiét cac blen dang doc truc, bién dang xoan
va bién dang udn trong hai mit phang quan tinh
chinh cua thanh la doc 14p nhau, ma tran do cung
dong lyc cua phan tir thanh khong gian dugc xay
dung bang cach ghép ndi cac ma tran d6 cing dong
lyc thanh phan. Ghép ndi cac ma trén (12), (14), (23)
va (24) ta dugc ma tran do cung dong lyc cua thanh
khong gian & hé toa d6 dia phuong c6 dang:

qio 4-
110 g

qs

qi qs

Hinh 4. Phin tir thanh khong gian
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k,, O 0 0 0 0
0 ks 0 0 0 ke
0 0 ksz 0 ks 0
0 0 0 kyw 0 O
0 kO ks 0 kss O
0 62 0 0 0 6,6

PD@=lg,, 0 o o o 0
0 ksz 0 0 0 kse

0 0 ko3 0 kg5 O

0 O 0 ks 0 0

0o 0 kiiz 0 ki 0
| 0 kizp 0 0 kize

Trong d6, cac thanh phan kij véi ij=1,7 tuong
g véi bién dang doc xéac dinh theo (12); i,j=4,10
tuong tmg véi bién dang xodn xac dinh theo (14);
1,j=2,6,8,12 tuong ung voi bién dang udn trong mat
phang xy xac dinh theo (23); 1,j=3,5,9,11 twong tmg
v6i bién dang udn trong mit phang xz xac dinh theo
(24).

3. PHAN TICH PONG LUC KHUNG
KHONG GIAN

Khac vé6i bai toan phan tich tan s6 dao dong
riéng bang phuong phap phan tir hitu han 14 bai toan
tri riéng tuyén tinh, bai toan phan tich dao dong
riéng bang phuong phap ma tran do ctimg dong luc
13 bai todn tri riéng phi tuyén. Phuong trinh x4c dinh
tan s6 dao dong riéng trong trudng hop khong can

Tdp 57, 86 44 (2021): 1-8

ki 0 0 0 0 0
0 kg 0O 0 0  kyip
0 0 k3,9 0 k3,11 0
0 0 0 kio O 0
0 kO ksg 0 ksi; O
0 68 0 0 0 6,12
kyy O 0 0 o o0 | 23
0 ksg 0 0 0 kg2
0 0 koo O kgyy O
0 O 0 ko 0 0
0 0 kyyo 0 kygyy O
0 kizg 0 0 0 12,124

[D(w){q} =0 (26)

De giai quyét bai toan nay, trén thé gidi da co
mot s6 nghién ciru dd dua ra cach giai quyét nhu:
giai thuat Wittrick — Williams, phuong phap lap
Newtonian,... Trong bai bdo nay, giai thudt Wittrick
- Williams (Lee Usik et al., 2002) dugc ap dung dé
xéc dinh céc tan sb dao dong riéng cua két cu.

Bai toan 1:

Xét dam console ¢6 cac tham s hinh hoc: a =
254 mm, b = 3.175 mm, L = 0.6 m va vat liéu:
modul dan hdi Young E = 205.7 GN/m2, modul dan
hdi truot G = 73.46 GN/m?, khéi lugng riéng p =
7800 kg/m? (Pretlove, 1999).

d»

Hinh 5. DAm console

c6 dang:
A
Z [ Y %
A
X
Bai toan 2:
L1
Z v
| é Ls L3
X
L e -
- e/

Secm D

Scm Dit liéu ddu vdo:
E=2199x10°N

G = 9.163x10° N/cm?
p=10.79x102kg/cm?
L;=100cm

L>=2L1.L3=1.5L

Tiét dién cot

I15¢cm |:|

Scm

Tiet dién dam

Hinh 6. Khung khong gian
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4. KET QUA VA THAO LUAN
4.1. Két qua bai toan 1

Két qua bai toan 1 duoc trinh bay trong Bang 1
va Hinh 7.

— So sanh két qua thu dugc voi Kkét qua thuc
nghiém ciia Pretlove (1999), DSM cho két qua chinh
xac ngay khi xem thanh 1a mot phan tir duy nhat. Tir
Béng 1 ta c6 thé thay két qua phan tich cua két cau
khong phu thude vao viéc chia nho phén tr khi su
dung DSM.

— FEM cho két quéa tan s6 dao dong riéng ¢
mode 1 gan v6i két qua cia DSM, con cac tan so
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khac thi chénh 1éch kha 16n véi két qua chinh xac.
Tuy nhién két qua hoi tu kha nhanh khi chia thanh
thanh 4 phan tu.

— Khi phén tich thanh console bang SAP2000,
khi xem thanh 12 mot phan tir duy nhét thi chuong
trinh chi phéan tich dugc 3 tan s6 dao dong riéng, va
két qua sai léch rt nhiéu so v6i két qua chinh xac.
Khi chia thanh thanh nhiéu phan tir, két qua tién dan
dén két‘ qua chinh xac, tuy nhién tdc d6 hoi tu cham.
Mot diém dic biét, khi sir dung SAP2000 dé phan
tich thi khong tim thay gia tri tan s6 dao dong riéng
tmg v6i mode thir 6 khi tinh bang DSM hay FEM
(mode thir 6 1a mode dao dong xoan).

Bing 1. Gia tri tin s6 dao dong riéng f tinh bang cic phwong phap

Phwong f (Hz)
phap Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
DSM
le 7.3163 45.8505 585303 1283825  251.5787  304.4595
2 e 7.3163 45.8505 585303 1283825  251.5787  304.4595
FEM*
le 73511 58.8086  72.4219 335.7145 579.4231 2359.3879
3e 7.3198 462395  58.5587 1563905 3123324  369.9163
4e 7.3165 459039  58.5323 129.3766 2552320  306.4193
8 e 7.3163 458541  58.5305 128.4607 252.1422  304.9487
SAP2000*
le 5.0970 40.7455  1926.431
2 e 6.5675 33.8265 524907 268.6010 2085.155 -
6 e 7.1123 41.8000  56.8368 110.6688 192.8341 -
10 e 7.2828 45.1275  58.1858 125.0710 242.4691 -
20 e 7.3078 45.6628  58.3954 127.5092  249.1453 -
Két qua thuc
nghi¢ém cta 7.32 45.9 58.5 128.4 251.6 304.4

Pretlove, 1999

*n_e: thanh dwoc chia thanh n phan tir ¢6 kich thiée bang nhau

12_ """""""" £
! [-a~ FEM3e
i | == FEM4e
L] i | - FEM8e
i | - saPse
! | -p- SAP10e
L0 nii i [ —e- SAP20e
o : '
w ! '
C 1.05f--=nmrmmmmaen
@ H H
= :
° :
L . Lo
> S t """""""
0.95—-----------7-'-'-?'- --------------
0.9f----nrmrmmaee fronneneene
i I
0.85; 5

Mode

Hinh 7. Ty s6 cac tin s6 dao dong riéng tinh bang FEM va SAP2000 so v6i DSM
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4.2. Két qua bai toan 2

Két qua bai toan 2 duoc trinh bay trong Bang 2
va Hinh 8.

Béng 2 ghi két qua tinh toan 6 tan sb dao dong
riéng dau tién cia khung trén hinh 6 theo DSM,
FEM va SAP2000.

— Khi m6 hinh mot thanh 13 mét phan tir thi
FEM cho két qua céc tan s6 dao dong riéng gan voi
két qua cia DSM, khi chia thanh thanh hai phan tir
thi c6 thé xem két qua ctiia FEM 1a két qua chinh xac.
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— Khi ding SAP2000 dé phan tich khung, néu
md hinh mdi thanh 1a mot phan tir thi cac tan s6 dao
dong riéng & mode 1,2,5,6 rat gﬁn voi DSM, con &
mode 3,4 thi két qua phan tich ciia FEM sai khac véi
két qua ciia DSM kha nhiéu. Khi chia thanh thanh
hai phan tir thi két qua tién dan dén két qua cua
DSM. Tuy nhién néu tiép tuc chia nho phan tir thi
ngoai trir & mode 3, thi cac tan sé dao dong riéng &
cac mode con lai ¢6 khuynh hudng tién ra xa dan két
qua phan tich cuia DSM.

Bing 2. Cic gi tri tan s6 dao dong riéng (Hz) tinh bing cic phuwong phap

Phwong f (Hz)

phap Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6

DSM 10.3017 10.3244 12.7785 243874 26.1860 27.3407
FEM*

le 10.3126 10.3543 12.7821 24.4175 26.9918 27.5663

2 e 10.3024 10.3273 12.7796 24.3976 26.2331 27.3551

3 e 10.3019 10.3248 12.7787 24.3896 26.1953 27.3436

4 e 10.3018 10.3246 12.7785 24.3881 26.1889 27.3417

SAP2000*

1e 10.2453 10.3267 10.5302 21.4936 26.9751 27.0554

2 e 10.2673 10.3010 12.0752 24.3748 26.3477 27.3474

3 e 10.2646 10.2908 12.4276 24.3763 26.2231 27.2955

4 e 10.2634 10.2870 12.5574 24.3647 26.1677 27.2727

10 e 10.2621 10.2827 12.7015 24.3488 26.1038 27.2465

*n_e: thanh dwoc chia thanh n phan tir ¢6 kich thiée bang nhau

1.04[--mmmmmmennnnees pemnmeeemmeenozmnoaes
' -=— FEM1e

=4+ FEM2e
—+— FEM3e
; - FEM4e

1021 --smmmmeee e bomeennooaad -o- SAP2e
: =% SAP3e

y 1 7 || SRR 5. ............... -o- SAP4e

1.03f--mmemmmmmees bommmemnennee

—$- SAP10e

Ty so tan so

Bai bao da xay dung dugc cac ma trén do cimg
dong luc cho cac phan tir thanh chiu kéo nén, xodn
va uon trén co s¢ tim nghiém chinh xac cua phuong
trinh vi phan dao dong tu do theo 1y thuyét dam
Euler-Bernoulli. Khi tin sb o dan dén 0, ta s& thu

Mode
Hinh 8. Ty s6 cac tin s6 dao dong riéng tinh bang FEM va SAP2000 so véi DSM
5. KET LUAN

dugc cac ma tran do ctng tinh, ma tran khéi luong
cua phan tur thanh trong phuong phap phan tir hiru
han. Diéu d6 ching to, két qua ciia phuong phap
phan tir hitu han 1 mot trudng hop dic biét cua
phuong phap d6 ciing dong luc.
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Khi st dung DSM, d9 chinh xac cua két qua
phéan tich khong phu thudc vao viéc roi rac hoa phﬁn
tir (s ri rac hod két cau thanh nhimng phén tir riéng
biét chi thyc hién khi két cAu co sy thay doi vé tiét
dién, vat liéu hoac tai vi tri c6 lién két).

FEM str dung md hinh khéi lugng tuong thich
cho két qua gan véi két qua chinh x4c & nhiing tan
sO co ban dau khi xem mdi thanh 1a mot phan tir, tuy
nhién cdc tan sd bc cao thi sai sd rat 16n. SAP2000
st dung mo hinh khéi luong thu gon, néu roi rac
phan tir qua tho thi két qua phan tich sé sai s rat 16n
so voi két qua chinh xac, néu roi rac thanh thanh
nhiéu phan tir thi két qua sé tién dan vé két qua phan
tich ciia phuong phéap d¢ cting dong luc.

Mot uu dlem khac cua phwong phap do cung
dong luc 1a s6 lugng céc tan sé dao dong riéng tim
duogc 1a vo han, khong phu thude vao viéc chia phan
tu. Trong khi do, phuong phap phﬁn ta hitu han (hay
SAP2000) chi tim duoc mét s0 lwong hiru han cac
tan s6 dao dong riéng, vi s6 lugng tan s dao dong
riéng phy thudc vao s6 béc tu do khac khong cua két
cau.

Tir cac két qua chinh xac Kkhi phan tich cac bai
toan h¢ thanh khéng gian bang phuong phap do
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cting dong luc va su tién 11 ctia phuong phép, ta nén
st dung phuong phap nay nhu 1a mot cong cu tinh
toan dang tin cay khi phan tich dong Iuc hoc két cau
cong trinh.
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