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ABSTRACT

In this paper we investigate existence of solutions, optimality
conditions, and solution stability for a class of optimal control
problems governed by semi linear elliptic partial differential
equations. In the class of optimal control problems, distributed
controls and boundary controls will be considered, they may
appear nonlinearly in the state equation. This class of control
problems is more general and complicated, investigation of them
is interesting and meaningful.

TOM TAT

Trong bai bao nay ching toi nghién ciru su ton tai nghiém, cdc diéu
kién toz wu, va si on dinh nghiém cho mét I6p cdc bai toan diéu
khién toz wu lién quan dén cdac phicong trinh dao ham  riéng elliptic
nua tuyen tinh. Trong lop cde badi todn diéu khién téi wu ndy, cdc
dieu khién phdn bé va diéu khién bién sé ciing dwoc xem xét, dong
thoi chiing c6 thé xudt hién phi tuyén trong phirong trinh trang thdi.
Pay la mot\6p bai todn khd tong qudt va phirc tap, Viéc nghién ciru
chiing thét thii vi va rdt ¢6 y nghia khoa hoc.

Trich dan: Nguy&n Thanh Qui, 2020. Bai toan diéu khién phan bé va diéu khién bién cho phuong trinh dao
ham riéng elliptic ntra tuyén tinh. Tap chi Khoa hoc Truong Pai hoc Can Tho. 56(S6 chuyén dé:

Khoa hoc tu nhién)(1): 1-7.

1 GIOI THIEU

va cac rang budc diéu khién

Trong bai bdo ndy chung t6i nghién citu Vé su
ton tai nghiém, cac diéu kién téi wu, va su 6n dinh
nghiém cho mét I6p cac bai toan diéu khién téi wvu
lién quan dén cic phuong trinh dao ham riéng
elliptic nira tuyén tinh dugc mé hinh héa nhu sau:

min J(y,v,w) = [, ¢ (%, (), v(x))dx +
L (e y@o,ux))ds  (1.1)

thoa diéu kién

{—Ay +d(x,y,v) =0 trongQ

Oy + b(x,y,u) =0 trénT (1.2)

{va(x) <v(x) <vp(x) véih.h. x € Q (13)

Uz (x) < ulx) <up(x) véih.h. x €T,

trong d6 O < RY 1a mot tap mé bi chin, ' 1a bién
cua Q, va A(*) 1a toan tir Laplace (tirc Ay 1a tong cua
cac dao ham riéng bac hai ciia ham y). Trong biéu
thiec (1.1), cac tich phan dwoc hiéu theo nghia
Lebesgue, trong d6 viéc xay dung do do Lebesgue
N — 1 chiéu trén bién I' dé dinh nghia tich phan
Lebesgue trén bién I' co thé xem trong Tréltzsch
(2010) (Subsection 2.2.2). Trong biéu thic (1.2),
8,y = Vy - n1a dao ham phap tuyén ctia ham y, tirc
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1a dao ham cua y theo hudng vécto phap tuyén don
Vi n huéng ra phia ngoai cua I'. Ta ky hiéu tap cac
diéu khién chap nhan duoc lan lugt 1a

Vaa =
{ve l?m(ﬂ)lva(x) <v(x) <vy(x) véih.h. x € Q},
(1.4)

Usa =
{fue L%“(F)Iua(x) <u(x) <up(x) véih.h. x € T}
(L5)

Cac diéu khién v € V,,; duoc goi 1a cac diéu
khién phan b, va cac diéu khién u € U,y dugc goi
a cac diéu khién bién.

Trong md hinh bai toan diéu khién ti wu (1.1)—
(1.3), ta thay rang ca hai bién diéu khién phan b6 va
diéu khién bién déu duoc xét t6i. Vi vay, mo hinh
bai toan nay tong quat hon mot sé mé hinh dugc
xem x¢t trude day Troltzsch (2010) (Chapter 4) ma
& d6 cac diéu khién phan bd va cac diéu khién bién
dugc xét riéng trong cac truong hop khac nhau. Chu
¥ rang mo hinh bai toan cuia chung t6i trong bai bao
nay ciing dwoc nhic dén trong Troltzsch (2010)
(Chapter 4), tuy nhién viéc nghién ciru m6 hinh nay
Mot cach bai ban va chi tiét van chua duoc thuc hién.
Do d6, viéc trién khai nghién ctru bai toan diéu khién
t6i wu (1.1)—(1.3) 1a rat can thiét va mang lai nhiéu
y nghia khoa hoc.

Sau Muc 1 vé phan gidi thiéu, phan noi dung con
lai ciia bai bao dugc chia thanh ba phan chinh va
dugc trinh bay trong ba muc. Muc 2 néu 1én céac gia
thiét can ban cua ly thuyét diéu khién téi wu va
ching minh sy ton tai nghiém yéu ciia phuong trinh
trang thai va su ton tai nghiém t6i wu cia bai toan
(1.1)-(1.3). Trong Muc 3, ching t0i s& nghién ctiu
cac diéu kién can tdi wu cho bai toan (1. 1)—-(1.3)
duéi cac gia thiét da néu. Muc 4 khao sat s 6n dinh
Lipschitz toan bg cho cac diéu kién can ciia bai toan
(1.1)~(1.3) duoc thiét lap duéi dang cac bat ding
thirc bién phan (ttc 13, cac phuong trinh suy rong,
theo Robinson (1979)).

2 CAC GIA THIET VA SU TON TAl
NGHIEM

Dé thiét lap cac két qua vé sur ton tai nghiém yéu
cua phuong trinh trang thai (1.2) va sy ton tai
nghiém cua bai toan diéu khién tbi uu (1.1)-(13) ta
Can dén cac gia thiét can ban cua ly thuyét diéu khién
t6i vu sau day:

(A1) Tap @ c RY 1a mot mién Lipschitz bi chan.

(A2) Cacham ¢, d: QX RX R = R (twong tng
Y,b:T X R X R - R) do dugc theo bien x vai moi
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(y,v) € R x R (twong ng (v,u) € R x R). Bong
thoi, cac ham nay kha vi cap hai theo bién (y,v) €
R x R (trong tng (y,u) € R x R) véi hau hét x €
Q va thoa man tinh bi chin va Lipschitz dia phuong
cép hai sau ddy: Ton tai K > 0 sao cho

{l(p(x, 0,0)| + |<py(x, 0,0)| + |(pyy(x, 0,0)| <K
[¥(x, 0,0)] + |1, (x,0,0)| + |1y, (x,0,0)| < K
(2.1)

va véi moi M > 0, ton tai L > 0 sao cho

|(pyy(x: Vi) — (pyy(x: V2, u2)|
< L[y, uq) — (72, u2)l| (2.2)
|1/)yy(x; Vi, Ug) — lpyy(x; Y2, u2)|
< L[ u) — (2w
(A3) Cac ham d,(x,y,v) > 0 véi hau hét x €
Qvavéimoiy € R, by (x,y,u) = 0Véi hau hétx €
I' va véi moi y € R. Hon nita, ton tai cac tap E4 ©
QvaE, cT codddoduong va cac hang so 4, > 0
va A, > 0 sao cho
dy(x,y,v) =2 Aq,Vx € E4,V(y,v) ERX R
by (x,y,v) = Ap,Vx € Ep,V(y,u) € RX R,
(2.3)
(A4) Cac ham v,, v, € L(Q) va ug,uy €
L% (T) thoa man diéu kién
{va(x) <v,(x) véih.h. x € Q

U, (x) < up(x) voi h.h. x €T. 2.4)

Str dung cong thirc tich phan timng phan
f glAydx = f g0,yds — f Vy-Vgdx
Q r Q

~va dieu kign 9,y = — b(x,y,u) trong (1.2), tir
biéu thuc (2.5) ta suy ra

ny-ngx+f d(x,y,v)gdx
Q Q
+Jb(x,y,u)gds =0
r

voi moi ham g € C*(Q) (xem dinh nghia cic
khéong gian ham C*(Q), véi k =0,1,2, ..., trong
Troltzsch (2010) (page 25)).

Dinh nghia 2.1. Mot ham y € H1(Q) (v6i
HY(Q) = W'2(Q) la mot khong gian Sobolev)
duoc goi 1a nghiém yéu cua phuong trinh (1.2) néu

JoVy - Vgdx + [, d(x,y,v)gdx +
J.b(x,y,u)gds =0, Vg € H'(Q) (2.6)
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Dinh Iy sau day cho ta mot két qua nhu mot minh
hoa vé su ton tai nghiém yéu cua phuong trinh trang
thai (1.2) ang véi mét 1ép cac ham d(x,y,v) va
b(x,y,u).

Pinh Iy 2.1. Gia sir cac gia thiét (A1)—(A4) duoc
thoa man. Khi d6, néu cac ham d(x,y,v) va ham
b(x,y,u) trong phuong trinh trang thai (1.2) dugc
biéu didn duéi dang

{d(x. y,v) =a()y+pxy) +v

(2.7)
b(x,y,u) =y(x)y +0(x,y) +u,

thi véi moi (v,u) € L*(Q) x L®(T) cho trudc,
phuong trinh trang théi (1.2) c6 mot nghiém yéu duy
nhity € H1(Q) n C(Q).

Chiing minh. Ap dung cac k¥ thuat ching minh
trong Troltzsch (2010) (Theorem 4.7) ta suy ra dugc
khang dinh cua dinh 1y. m|

Nhan xét 2.1. Khing dinh cia Dinh 1y 2.1 ciing
dung khi (v,u) € L"(Q) X L5(T) voi r > N/2 va
s > N —1; xem trong Troltzsch (2010) (Theorem
4.7). Lién quan dén sy ton tai nghiém cua phuong
trinh trang thai (1.2) c6 thé xem thém Bayen et al.
(2014) (Proposition 2.4).

T Dinh 1y 2.1 va Nhan xét 2.1 ta c6 thé gia thiét
rang ton tai cac nghiém yéu cua phuong trinh trang
thai (1.2) dudi cac gia thiét da cho. Ta ky hiéu todn
tir nghiém yéu cua phuong trinh trang thai (1.2) nhu
sau G:L®(Q) X L) » H@Q)nC@)  véi
(v,u) »y=G,u). (2.8)

V6ig € [1,0] vae > 0, ky hiéu B (@) = {v €
Le(Q): |lv — tllecq) < €} 1a qua cau mé trong
khéng gian L8(Q) c6 tAm tai 7 € L2 () va ban kinh
g, va ky hiéu B? (1) 1a qua cau déng tuong tng cia
BE (@) trong khong gian L(Q). Dinh nghia va tinh
chat cua cac khong gian Le(Q), Le(T) Véi o €
[1,00) va L*(Q), L*(T) c6 thé xem trong Troltzsch
(2010) (Subsection 2.2.1).

Pinh nghia 2.2. Mot cap diéu khién (7,7) €
Vaa X Ugq duoc goi 1a cap diéu khién toi wu (hay
nghiém toan cuc) cia bai toan (1.1)—(1.3) ung véi
trang thai toi vu y € H(Q) n C(Q) néu

](}_/,17,17) S](y!v'u): V(v,u) € Vad X
Uyg va y=G(v,u). (2.9)

Cap diéu khién (7,11) € Vg X Ugy duoc goi la
cap diéu khién téi wu dia phuong (hay nghiém dia
phuong) cua bai toan (1.1)~(1.3) theo nghia
L2(Q) x Le(I) néu ton tai mot qua ciu dong
B8 () x BS (@) trong Le(Q) x Le(T) sao cho

](37,17:71) S](y'v,u)' V(U,u) € (Vad X
Uaa) N (BE(#) X BE@)) vay = G(v,u). (2.10)
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Nghiém dia phuong (7, %) dwoc goi 1a chat néu
trong (2.8) ta co J (7, 7, ) < J(y,v,u) v&i moi cap
didu  khién  (v,u) € (Vaq X Ugg) N (BE(¥) x
BE(@)) vay = G(v,u) thoa (v,u) # (¥, 0).

Pinh ly 2.2. Gia sir cac gia thiét (A1)—(A4) thoa
mén, cac ham ¢ va ¥ lan luot 16i theo bién v va u,
cac ham d(x,y,v) va b(x,y,u) c6 dang (2.7). Khi
d6, bai toan (1.1)—(1.3) c6 it nhat mot diéu khién téi
wu (7,) € Vyg X Uyg VOI trang thai t6i vu twong
tng ¥ € H(Q) n C(Q).

Charng minh. Trong Troltzsch (2010) (Theorem
4.15), sy ton tai nghiém (diéu khién t6i wu) cho bai
toan diéu khién téi wu phan bd da duogc phét biéu va
chang minh chi tiét. Chu y rang trong Tréltzsch
(2010) (Theorem 4.15) diéu khién bién da khong
dugce xét dén. Trong bai toan diéu khién t&i wu (1.1)—
(1.3) thi ca hai bién diéu khién phan b va diéu khién
bién déu duoc xem xét. Tuy nhién, cac ky thuat
chung minh cho Troltzsch (2010) (Theorem 4.15)
van c6 thé ap dung dé ching minh cho sy tn tai
nghiém cua bai toan (1.1)—(1.3). O

3 PIEUKIEN TOI UU

Trong muc nay, bang cach sir dung phwong phap
ham Lagrange chiing t6i s& thiét lap cac diéu kién
can tdi wu cho bai toan diéu khién tdi wru (1.1)—(1.3).
Ham Lagrange £() cho bai toan diéu khién t6i wu
(1.1)—(1.3) dugc dinh nghia mét cach hinh thicc nhu
sau

L(y' v,u, p) = ](J’: v, u) - fﬂ(_Ay +
d(x,y,v))pdx — [.(8ny + b(x,y,u))pds (3.1)

trong d6 ham p = p(x) la nhan tir Lagrange. Ta
thdy ring ham Lagrange £(-) duoc dinh nghia hinh
thirc boi (3.1) khong mang lai nhiéu ¥ nghia ap dung
vi tinh dac thu trong cAu tric cua bai toan (1.1)—
(1.3). Do d6, ta s& bién d6i ham Lagrange £(-) vé
dang tuong duong va tién dung dé thiét lap cac diéu
kién téi wu cho bai toan (1.1)~(1.3). Str dung cong
thirc tich phan ting phan

JopAydx = [ pd,yds
va cong thuc (3.1) ta suy ra
Ly, v,u,p) = Jy,v,u) + [ pdyyds —

Jo VY - Vpdx — [ d(x,y,v)pdx — fr(any +
b(x,y,uw))pds. (3.3)

Ham Lagrange £() dugc viét lai mot cach twong
duong nhu sau:

— Jo,Vy - Vpdx (3.2)
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Ly, v,up) = J@,v,u) — [,(Vy-Vp +
d(x,y,v)p)dx — [.b(x,y,u)pds. (3.4)

Ta s& st dung ham Lagrange L() duoc cho
trong (3.4) dé thiét Iap diéu kién tdi uu cho bai toan
(1.1)—(1.3) trong dinh 1y duéi day.

Pinh 1y 3.1. Néu (7,11) € Vg X Ugy la diéu
khién t6i uu cua bai toan (1.1)—(1.3) véi trang thai
t6i wru twong Gng y € H(Q) N C(Q) thi ton tai ham
p € H'(Q) n €(Q) thoa man diéu kién:

Dy L(y,v,u,p)y =0, Yy € H(Q),
D,LF,7,u,p)(v—7) =0, Vv E Vg, (35)
D LY, 7,0, p)(u—1) 20, Yu € Uy,

trong 46 D, L, D, L, D, L lan luot 1a cac dao ham
riéng cua £ theo cac bién y, v, u.

Chszng minh. Thong qua ham Lagrange £(°)
duoc dinh nghia bdi (3.4), ta vit lai bai toan dicu
khién t6i wu (1.1)—(1.3) duéi dang nhu sau:

min L(y,v,u,p) véidiéukién ye€
H'(Q) N C(Q) va (v,u) € Vg X Ugy. (3.6)

Vi bién y € H1(Q) n €(Q) khong bi rang budc
nén theo quy tac Fermat ta phai c6

Dy,L(y,7,u,p)y =0, Vy € H'(Q).

V6i cac bién rang budc (v,u) € Vg X Uyy ta
suy ra

Dy £, 7,1, p)((v,u) — (7,1)) = 0, V(v,u)
€ Vg X Upg.

Hay ta co

DU‘C(:)_]! ﬁlﬁl p)(v - 17) + D‘LLL(}_/! ﬁ: a! p)(u - ﬁ)
>0, V(v,u) € Vyg X Uyy.

Nhu vy, phai ton tai ham p € H'(Q) n C(Q)
théa man diéu kién (3.5). O

Tir Dinh 1y 3.1, ta thdy rang néu tinh duoc cac
dao ham riéng theo hudng cua ham Lagrange L(+)
lin lwot theo cac bién Y, v va u, ta s€ thu duoc cac
diéu kién can t6i uu dang hién. Trong phan chimng
minh ciia dinh 1y dwoc phat biéu ngay sau ddy ching
t6i s& tién hanh tinh toan cac dao ham riéng ctia ham
Lagrange £(-) theo cac hudng y,v va u, va tir do
thiét lap cac didu kién can téi wu dang hién thong
qua cac dir liéu da cho.

Pinh 1y 3.2. Néu (7,11) € Vyy X Ugy l1a diéu
khién t6i uu cua bai toan (1.1)—(1.3) véi trang thai
t6i wru twong Gng y € H(Q) N C(Q) thi ton tai ham
p € HY(Q) n C(Q) thoa cac diéu kién:
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(i) V&i moi y € H(Q), ta c6

fQ (py(x! }_11 ﬁ)ydx + f]" lpy(xl }_}l ﬁ)yds -
Jo Vy - Vpdx — [, dyy(x, 7, D)ypdx —
Joby(x, 7, @W)ypds = 0. (3.7)

(i) Vi moi v € V4, ta cod
f (0o(x,7,5) — pdy(x, 3, 9)) (v — B)dx = 0.
Q

(3.8)

(iii) Véi moi u € Uyy, tacod
f W (x,3,0) — phy(x, 3, ) (u — Wyds > 0.
r

(3.9)

Cheng minh. Bé chimg minh dinh 1y, trudc tién
chung ta tién hanh tinh toan cac dao ham riéng theo
hudng cia ham Lagrange L£(-) cho bai (3.4). Vi
moi y € H1(Q), ta co

DyL(y,v,u,p)y =]y, 7,0y
- f (Vy-Vp
Q [ —
+d,(x,y,V)yp)dx

_fby(x'}_/:a)ypds'
r
Nghia la, ta c6
DG, 5. wp)y = [ 9,03, 9)ydn
Q

+ f W, (x, 7, Byds
T

—J-Vy-Vpdx —J- dy(x,y,7)ypdx
Q Q
—fby(x,)_/, )ypds.
r

(3.10)

Tir (3.10) va Dinh nghia 2.1 ta thay ring p €
H'(Q) N C(Q) thoa phuong trinh

D,L(y,v,4,p)y =0, Vy € H'(Q)
khi va chi khi p 1a nghiém yéu ciia bai toan gid
tri bién tuyén tinh sau day
{—Ap +dy(x,y,7)p = ¢y(x,y, ) trongQ

Onp + by(x: y,Wp = Ipy(x: y,u) trénT.
(3.11)

Talai co
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Dy L(y,7,4,p)h = [(¢y(x,7,7) —
pd,(x,y,7))hdx, Yh € V4, (3.12)

DuL(y' ﬁr ﬂ' p)h = fr(lpu(x' )71 a) -
pb,(x,y,u))hds, Vh € U,y (3.13)

trong do p 1a nghiém yéu cua bai toan gia tri bién
tuyen tinh (3.11). Ap dung Dinh 1y 3.1 ta suy ra cac
khang dinh cta Dinh 1y 3.2. O

Chting t6i trich dan lai mot vi du trong Tréltzsch
(2010) (page 222) dé minh hoa cho cac két qua vé
diéu kién toi wu da duoc thiét 1ap trong Pinh 1y 3.1
va DPinh 1y 3.2 sau day.

Vi du 3.1. Xét bai toan diéu khién téi uu
min J(y, v,w) = [,(y* + yay + 4v* +
vov)dx + [ A,ubds (3.14)
thoa diéu kién
trong ()

{—Ay+y+ey =v
trén T

Oy + lyly® = u*
va cac rang budc diu khién
{—1 <v(x)<1véihh x€Q
0<u(x)<1véihh x€T,

(3.15)

(3.16)

trong d0 yq, vq € L*(Q) va yqy 1a tich theo
nghia ham so cua yq va y. Trong bai toan nay, cac
ham ¢, d: Q X R X R — R x4c dinh boi

— A2 2
{‘P(X,J’;U)—y +}’Qy+/11‘7 +vﬂ.v (317)

dx,yv)=y+e¥=v
vacac ham ¥, b: T X R X R — R xac dinh boi

{1/)(95' y,u) = Au® (3.18)
b(x,y,u) = |yly* —u*

thoa man cac gia thiét (A1)—(A4). Do do, ta c6
thé 4p dung Dinh 1y 3.1 va Dinh ly 3.2 dé thiét lap
diéu kién can cho cac diéu khién téi vu nhu sau. Gia
st (7,7) € Vg X Uyy 12 cac didu khién t6i wu cho
bai toan diéu khién (1.1)~(1.3) vai trang thai téi uu
tuong tmg 1a y € H(Q) n C(Q) (¥ 1a nghiém yéu
cua phuong trinh trang thai (3.15)), trong doV,4 =
frel*(@)|-1<v(x) <1véihh x€Q}
(3.19)

va

a={uwel”M0<u(x) <1 véihh xel}
(3.20)

Khi d6, ton tai mot nghiém yéu p € H1(Q) N
C(Q) ctia phuong trinh lién hop
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{—Ap+p+e7p=2)7+y9 trong Q (3.21)

Onp + 47?|¥lp =0 trénT

thoa man cac bat dang thic bién phan (3.8) va
(3.9) trong Pinh ly 3.2 sau day

JoRAT +vg +p)(v — D)dx 20, Vv € Vg,
(3.22)

J.(8,@”
(3.23)

Viéc md ta mot nghiém yéu cua phuong trinh
lién hop (trang thai lién hop, hay ham s6 p) dudi
dang mot ham sé cu thé thoa man cac gia thiét da
cho ¢6 thé xem thém trong Qui and Wachsmuth
(2018).

Nhan xét 3.1. Cac diéu kién can ti uu duoc thiét
lap trong Pinh 1y 3.1 va Pinh 1y 3.2 1a rit quan trong
vi ching duoc biéu dién dudi dang cac bat dang thic
bién phan va hudng nghién ciu vé sy 6n dinh
nghiém cho céc bat dang thic bién phan 1a mot trong
nhitng hudng nghién ctiru quan trong trong toan hoc.
Vi vy, dua vao cac két qua tong quat ctia huéng
nghién cttu vé su on dinh nghiém cho céc bat dang
thirc bién phan, ta co thé suy ra cac két qua 6n dinh
cho céc bai toan diéu khién ti wu c6 tham sb.

Nhan xét 3.2. Ta nhan thay rang cac diéu kién
du t6i wu cho bai toan (1.1)—(1.3) véi cap diéu khién
phan b va diéu khién bién xuat hién dong thoi van
chua duogc trinh bay trong Troltzsch (2010), tham
chi theo chiing t6i huéng nghién ctru nay van con la
mot huéng mé. Vén d& nghién ciru cac diéu kién du
t01 uu cho bai toan (1.1)—(1.3) kha phuc tap nhung
rat tha vi, ching toi s& xem xét van dé nay trong
tuong lai.

4 SU ON PINH LIPSCHITZ TOAN BQ

Trong muc nay chung t6i s& dé cap dén khai
niém on dinh Lipschitz toan b¢ (Lipschitzian full
stability) cho cdc diéu kign can téi uu clia bai ton
diéu khién tdi uu (1.1)—(1.3) dudi tac dong cua nhiéu
co ban (basic perturbation) va nhiéu xién (tilt
perturbation). Viéc khao sat sy 6n dinh nay dwa vao
cong cu giai tich bién phan va dao ham suy rong cua
Mordukhovich; xem Mordukhovich (2006) (I and
). Mot s cong trinh mé dau vé sy 6n dinh toan bo
cho cac hé théng bién phan c6 tham sb la
Mordukhovich and Nghia (2016) va Mordukhovich
et al. (2018). Cha y rang trong mot sb truong hop
dac biét khai niém nay twong duong véi khai niém
6n dinh toan bd cla cac bai toan tbi uu ¢6 tham sd.
Lién quan dén sy 6n dinh Lipschitz toan bo cho cac
nghiém dia phuong cua bai toan tdi uru cd tham sd
doc gia co thé xem Levy et al. (2000),

+4u3p)(u — W)ds = 0, VYu € Uyy,.
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Mordukhovich and Nghia (2014) va Qui and
Wachsmuth (2019). Trong mét sé truong hop dac
biét d6i véi bai toan (1.1)~(1.3) ma & d6 ham muc
tiéu khong chira dang toan phwong di vai bién diéu
khién thi bai toan (1.1)—(1.3) s& ¢6 céu triic bang-
bang. Mot s6 cong trinh vé I6p bai toan didu khién
bang-bang chang han nhu Casas (2012), Casas et al.
(2017), Qui and Wachsmuth (2018) va Qui (2020).

Nhu ta dé biét trong Muc 2 rang néu céc gia thiét
(A1)—(A4) dugc thoa man thi véi moi cap diéu khién
(v,u) € L*(Q) x L*(T") phuong trinh trang thai
(1.2) luén c6 mot nghiém yéu duy nhit y €
H'(Q) n C(Q). Nhu vay, ta s& ky hiéu

Jw,uw) =Jly,v,u), vV(v,u) € L(Q) X
L) va y =G(v,u). (4.1)

Ta thiy ring néu (7,10) € Vyy x U,y l1a diéu
khién téi uu dia phuong cua bai toan (1.1)—(1.3) thi
(v, w) thoa phuong trinh suy rong sau day:

0 € J(yoy (@, 1) + N((7,%); Vaa X Ugq), (4.2)

trong d6 N (7, &); Voq X Ugq) 1anén phép tuyén
cua tap Vyq X Uggq tai (7, u) theo nghia giai tich 1i.
Dé cho ngan gon va tién loi ta s& dinh nghia toan tir
nén phap tuyén N (+) sau day

Nw,u) = N((v, u); Vg X Uad), V(v,u) €
Vaa X Ugq. (4.3)

Nhu vy, dé khao sat suﬁm dinh nghiém cua
(4.2) dudi tdc dong cua nhicu trong khong gian
Hilbert LZ2(Q) x L*(T) ta co the gia thict rang ham
muc tiéu J(v,u) kha vi dén béc hai trong khong
gian L*(Q) x L*(I"). Ta xét phuong trinh suy rong
¢6 tham so dudi day

W, u) € Jipuy (0, u, 0) + N(v,u), (4.4)

trong d6 w € W (Vol W 1a khong gian Hilbert)
duoc goi 1a tham sé nhiéu co ban va cap tham s6
(v*,u*) € L2(Q) x L3(T") dugc goi 1a tham sé nhiéu
xién cua phuong trinh suy rong (4.4). Ky hiéu
S:L2(Q) X L2(T) X W - [2(Q) x L2() 1a 4nh xa
nghiém cia phwong trinh suy rong c6 tham s (4.4)
xac dinh bai

S u,w) = {(v,u) € Vyg X Ugg|(v*,u*) €
Iy u,0) + N (v,u)}, (4.5)

Pinh nghia 4.1. Xét cap didu khién (7,10) €
S, u*, @) véi (v, u", @) € L2(Q) x L>(T) x W.
Ta noéi rang (, i) 1a nghiém 6n dinh Lipschitz toan
b6 cua (4.4) tng vai bo tham sé (7%, 1", @) néu ton
tai mot dia phuong héa 9(-) don tri 9: Vg z+) X
Vs = V) xdc dinh trong mot 1an can Vg« g+ X
Vs X Vg Sa0 cho véi moi cip tham sb
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(vi,ui, w1), (V3,u3, w3) € Vg gy X Vg ta 6 tinh
chat & dang Lipschitz sau day

”(viklu;) - (U;, u;) - Zk(ﬁ(vik' u;l wl)
—9(v3,u3, )| |L2(n)xL2(r)
< |wi,up) — W3, ullz@yxzay + £llws —
w2|lw, (4.6)

trong d6 k > 0 va £ > 0 la cac hang sb.
V&i moi (v*,u*) € NV (v,u), taky hiéu

Cw,u,v*,u") =Ty, xu,, (W) N {{w",u)}
4.7

trong d6 Ty, xy,, (v, u) 1a nén tiép tuyén cua tap
Vg X Uyg tai diém (v,u) € Vg x Uyy. Véi cap
didu khién (7,00) €V x U,y va (95,0%)€
N (7, %), ta xét cac gidi han sau

cw(ﬁl aﬁ ﬁ*! ﬁ*) =

: w
lesup(vk,uk,v;;,u;‘c)a(ﬁ,ﬁ,ﬁ*,ﬁ*)C(vk' Uk, vlt' u;;)' (48)

65(17! a’ ﬁ*! ﬁ*) =

: s
lesuP(vk,uk,v;;,u;;)—»(17,17,17*,17*)C(vk' Uy, Vp, Ug), (4.9)

trong d6 (vg,uy) € N (vy, ug) Vi moi k € N,
giéi han trén trong (4.8) dugc hiéu theo nghia
Painlevé-Kuratowski va gidi han trén trong (4.9)
dugc hiéu theo nghia twong tu nhu Painlevé-
Kuratowski ma trong do sy hoi tu yéu tuong ting
trong (4.8) dugc thay thé bang su hoi tu manh. Lién
quan dén cac dinh nghia cia cac tap trong (4.7),
(4.8), (4.9) xem Mordukhovich et al. (2018) va Qui
and Wachsmuth (2019).

Dinh 1y sau day thiét lap diéu kién can va diéu
kién du cua su 6n dinh Lipschitz toan bd cho cac
nghiém ctia phuong trinh suy réng (4.4). Viéc ching
minh dinh 1y nay dua trén mot két qua
Mordukhovich et al. (2018) (Theorem 8.4) ma & d6
chc tac gia thiét 1ap cho céac bat dang thirc bién phén
tong quat va doi hoi tap rang budc phai thoa tinh chit
polyhedric; dinh nghia tinh chét polyhedric cua mot
tap c6 thé xem trong Mordukhovich et al. (2018) va
Qui and Wachsmuth (2019). Trong md hinh bai toan
diéu khién t6i wu (1.1)—(1.3), chung téi chirng minh
dugc rang tap rang budc cua phuong trinh suy rong
(4.4) lu6n thoa tinh chét polyhedric.

Pinh Iy 4.1. Gia sir cac gia thiét (A1)—(A4) duoc
théa man. Xét (v,u) € S(v",u", @) Gtng voi by tham
sb (7%, 1%, @) € L2(Q) x L2(I) x W va dat

@47 = (T, 0") — J(py (0, 4, @) €
N(7,1). (4.10)
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Khi 0, ta c6 cac khang dinh sau day:

(i)Néu cap didu khién (7,%) 1a mot nghiém 6n
dinh Lipschitz toan b caa (4.4) twong tng véi bo
tham s6 (7%, u*, @), thi diéu Kién xac dinh dwong sau
day théa man

Tt @, @) ((v,w), (w,w) >0, V(v,u) €
C.(5,4, 5", aO\{(0,0)}. (4.11)

(i) Néu dang toan phuong Q(v,u):=
Ity (@, 1, @)((v,u), (v, u)) 1a mot dang Legendre
trén L2(Q) x L2(T) va didu kién xac dinh duong sau
day thoa man

(7(,1’;_14)(17’ ﬁ! 5)((v, u), (17, u)) > 0, V(U, u)
€ Cy (7, 77, a)\{(0,0)},

(4.12)

thi cap diéu khién (7, ) 1a mot nghiém 6n dinh
Lipschitz toan b cua (4.4) tuong tng véi b tham
s6 (7, 7", @).

Chieng minh. Dya vao cau triic cua céac tap diéu
khién chap nhan duoc V,, va Uy, xac dinh boi (1.4)
va (1.5) va ap dung Bayen et al. (2014) (Lemma
4.13) ta suy ra Vg va Ugy 1a cac tap polyhedric 1an
luot tai 7 € Vg vau € Uyy VO Mol (U, %) € Vg X
Ugq. T day ta suy ra Vg va Uy la céc tap
polyhedric, va do d6 V,; X U,y cling 1a mdt tap
polyhedric. Str dung cac gia thiét (A1)—(A4) ta kiém
chimg dugc rang cac gia thiét trong Mordukhovich
etal. (2018) (Theorem 8.4) dugc thoa méan. Ap dung
Mordukhovich et al. (2018) (Theorem 8.4) ta suy ra
cac khing dinh (i) va (i) cia dinh Iy. O

Chu y 4.1. Xem dinh nghia dang Legendre xac
dinh trén khong gian Hilbert chang han trong
Mordukhovich et al. (2018) va Qui and Wachsmuth
(2019).

~ Nhan xét 4.1. Ta c6 thé mé rong nghién ciu su
on dinh Lipschitz toan by cho cic nghiém cua
phuong trinh suy réng (4.4) sang phuong trinh suy
rong sau day
(v*,u*) € Jév,u) (v, u, w) + N (v, u, w), (4.13)
trong do

N@,u,0) = N((v,u); Vag(w) X
Uga(@)), Y(0,u) € Vag(w) X Ugg(w). (4.14)
‘Nghia Ia, trong (4.13) va (4.14) tap diéu khién
chap nhan dugc Vag X Ugq bi tac dong boi nhiéu
w €W, va ta c6 tap diéu khién chap nhan duoc
nhiéu twong tng 1a V4 (w) X Uyg(w).
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