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ABSTRACT

In this paper, we study characterizations of minimal solutions to multi-
objective optimization problems under with data containing the
uncertainties defined in a given set. Firstly, we recall preliminaries of
topological vector space ordered by a cone along with concepts related
to the closedness, boundedness and properness properties of sets. Then,
we consider properties of the nonlinear scalar function Gerstewitz in the
topological vector space ordered by a solid cone and its generalizations.
Finally, we introduce a concept of minimal solutions to the considered
problems, and then based on properties of the generalization nonlinear
scalar function, we establish characterizations of the minimal solutions.
Besides, we give many examples to illustrate general concepts and
properties to make the article easier to read.

TOM TAT

Trong bai bdo ndy, ching téi nghién ciru cdc dic trung ciia nghiém toi
tiéu doi véi bai toan 16i wu da muyc tiéu voi dii liéu cé chira cdc yéu 16
khong chdc chdn dwoc xac dinh trong mot tdp cho trude. Cu thé, trude
tién, chiing t6i nhdc lai cdc kién thirc co ban cia khéng gian vector topo
duoc scfp thir ty boi noén nhu tinh dong, tinh bi chan va tinh chinh thuong
cia cdc tdp. Sau do, ching téi xem xét cdc tinh chat ciia ham vé hwéng
héa phi tuyén dang Gerstewitz trong khéng gian vector topo dwoc sdp thir
tir theo nén va cdc dang mé rong cia né. Cudi cing, ching téi gidi thiéu
khdi niém diém tdi tiéu ciia bai todn dang xét va dwa vao cac tinh chét cia
ham vé hiedng phi tuyén suy réng vira dé xudt dé thiét lgp cac ddic trung
cua nghiém. Bén canh do, chung téi dwa ra cac vi du dé minh hoa cho céc
khdi niém va tinh chdt tong quat nham gitip cho bai viét dé doc hon.

1. GIOI THIEU

hudng trong thuc té ciia cudc séng 1a cac dit liéu cua
bai toan thong thuong sé khong thé tranh khoi viéc

Tur nhitng ndm 50 cia thé Ky trudc, t8i uu hoa da
cho thiy duoc vai tro trong viéc nghién ciru nhiéu
van dé thyc té thudc cac linh vuc khac nhau, nhu vat
1y, héa hoc, sinh hoc, y hoc, kinh té, k§ thuat,... Mot
trong nhimg khé khan 16n nhét khi xem xét cac tinh
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chta dung nhitng yéu t5 khong chic chén. Tinh
khong chic chin cua dir liéu cua cac bai toan vira
néu duong nhu 13 sy tit yéu, do dit liéu caa nhitng
bai toan nay c6 thé 1a ngiu nhién hoac do sai s, né
cling c¢6 thé dén tir sai 1am caa phép do hoic thiéu
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cac tham s6 dé do ludng, va doi khi, tinh khong chin
chin con dén tir kha ning vat 1y khong thé hoan
thanh chinh x4c cac nhiém vu dugc yéu cau trong
bdi canh thyc té cua cudc sdng. Chinh vi vay, 16p
cac bai toan nay ngay cang dugc nhiéu nha toan hoc
quan tdm nghién ctru, song hanh véi viéc cac chuyén
gia mo hinh héa nghién ctru phat trién cac phuong
phap, k¥ thuat diéu tra danh gia dé co duoc s6 liu
chinh xdc dén mirc c6 thé.

Hai trong s6 cac phuong phap pho bién nhat giai
quyét cac bai toan véi dir lieu chira yéu to khong
chac chan trong tdi wu hoa 1a tdi wu ngau nhién va
t6i wu virng. Doi véi tdi wru ngau nhién, cac yéu td
khong chin chin cua dir lidu cac bai toan thuong ¢
thé dwoc mo phong bang cac bién ngau nhién co
phan phdi xac sudt duoc xac dinh hodc chung co thé
udc tinh véi do chinh xéac du 16n. Dé rd thém cac chi
tiét vé toi wu hoa ngiu nhién, ban doc ¢6 thé tim hiéu
& mot s6 cong trinh dién hinh va quan trong cia linh
vuc nay (Popescu, 2007; Birge & Louveaux, 2011).
Trong khi d6, tdi uu vimg danh de xem cho viéc
nghién ciru cac bai toan tbi uu véi yéu td khong chan
chan cua dir lidu dugc gia dinh 14 khong biét thong
tin vé phan phdi xac suat chinh x4c ciia chiung, ma
thay vao do, cac yéu td khong chac chan nay dugc
gia dinh rang thudc vé tap hop cho trude va thudng
duoc goi 1a tap chtra yéu té khong chic chin cua dir
liéu cac md hinh dang xem xét. Dé ¢ thém cac
thong tin vé cac mé hinh tdng quat va cac tng dung
thuc té cua cac bai toan t6i wu viing, ban doc ¢ thé
xem cac cong trinh (Ben-Tal et al., 2009; Kuhn et
al., 2016; Doolittle et al., 2018; Jiao & Lee, 2019).
Mot trong nhitng phuong phap hitu hig¢u dugc nhiéu
nha toan hoc quan tdm trong viéc nghién clru cac bai
toan tdi wu da muc tiéu, tirc 14 ham muc tiéu c6 gia
tri vector, la phuong phéap vo huéng hoa. Trong do,
ham v6 hudng hoa dang Gerstewitz la mot trong
nhitng cong cu da to ra rat hiru dung trong viéc
nghién ciru tinh chat nghiém cua nhiéu 16p bai toan
trong t6i wu héa nhu bai toan tdi wu vector (Durea et
al., 2017), bai toan tdi wu véi ham muyc tidu co gia
tri tip (Khan et al., 2016), bai toan cin bang
(Tammer & Zalinescu, 2014).

Lay cam hing tir nhimg cong trinh nghién ctu
da dé cap & trén, trong bai bao nay chiing t6i xét bai
toan toi wu da muc tiéu véi dit lidu c6 chira cac yéu
t6 khong chac chan. Chung toi phat trién khai niém
ham v6 hudng hoéa Gerstewitz va nghién ctru cac
tinh chit co ban cia ching. Dya trén nhiing khai
niém nghiém hitu hiéu da co trong tdi uu vector,
chung t6i d& xuat khai niém nghiém tdi tiéu cho bai
toan t6i wu da muc tiéu véi yéu td khong chic chan
va sir dung céac tinh chét cia ham vé hudng héa
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Gerstewitz mo rong, chung toi dwa ra déc trung cta
nghiém ti tiéu cho cac bai toan dang xem xét.

2. KIEN THUC CHUAN BI

Trong bai béo nay, ching ta xét ¥ 1a mot khong
gian topo tuyén tinh thuec.

Pinh nghia 2.1 Tap C c Y duoc goi 1a tap 10i
néu véi modi x,y €C va a €[0,1] ta c6 ax +
1-a)yec.

Pinh nghia 2.2 Tap € c Y duoc goi 1a noén néu
v6i moi x € € vamoi a > 0 taludn c6 ax € €. Non

C dugc goi 1a nén c6 dinh néu € n (=C) = {Oy}
Non € dwoc goi 1a nén 16i néu € 1a non va 1a tap 15i.

Vi du 2.1 Trong R, ta chi c6 cac nodn
R,R,,R_, {0}. Trong khi do, doi véi R? ta c6 vo so
cé4c non thtr tu, trong d6 néon R2 1a non dugc nhiéu
ngudi quan tdm boi y nghia thuc té cta no.

Pinh nghia 2.3 Mot tap khac rdng A c Y duoc
goi la

C-déng néu A + C 1a mot tap dong;

C-bi chin néu véi mdi 1an can V caa 0y ton tai
s6t>0saochoA ctV +C;

C-chinh thuong néu A + C # Y.

Ta ky hiéu g (Y) 13 mét ho cac tdp con khong
rong C-chinh thuong cua Y va M ((Y), R) la tap
hop tat ca cac ham tir o(¥) vao R.

Vidu 2.2 Trong R, ta c6

TapA =[0,1)1aR,-déngvid + R, =[0,1) +
R, = [0, +0) la mét tap dong.

TapA={x?—-1:x € R,x # 0}1aR,-bi chin
vi A 1a tap bi chan dudi.

Véi mdi A,B € p(Y), ta xét quan hé so sanh
gitra cac tap, ky hiéu bgi <, nhu sau

A< BnéuvachinéuB c A+C,

A < BnéuvachinéuB c A +intC.

Vidu 2.3 C6 2 em hoc sinh An va Binh vira tham
du ky thi t6t nghiép THPT nam hoc 2020. Goi A va
B lan luot 1a hai tap hop diém sb cac mon Toan,
Vén Anh Vin va mdén Té hop cua hai em nhu sau:

=1{9,8,6,10} vaB = {8,9,8.5,7}. Nhu vy, trén
co s& diém sb nhur trén ta co thé néi rang A < B vi
BcA+R,.

Pinh nghia 2.4 (Hernandez & Rodriguez-Marin,
2007) Trong g (Y) ta xét quan hé ~ gilta cic tap
duoc xac dinh nhu sau A~B & A < BvaB < A.
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Khi d6, quan hé ~ 1a mét quan hé twong duong
trén o(Y). Lop tuong duong cua tap A € p(Y)
dugc ky hiéu boi [A]. Bing cach kiém tra tryuc tiép
ta co

BE[A] ®A+C=B+C.

Pinh nghia 2.5 (Han, 2019) Choa € Y vae €
—intC. Ham Gerstewitz ¢,,:Y - R duoc dinh
nghia nhu sau

Yeq(¥) =min{t ER:y Ete+a+C}, Vy €
Y.

Vidu 2.4 Trong R?, chona = (0;0) € R%,C =
R%,e =(—1;-1) € —intR%. Khi do, véi y =
(-1;2),taco
@Yoo (—1;2) = min{t € R: (—1;2)

€ t(—1;—-1) + (0; 0) + R3}
=min{t € R: (—1;2)
€ (—t;—t) + R%}
=min{t € R:(—1+¢t;2 +1t) € R%}
=min{ft eR:—1+t>0va2+t
> 0}
=min{t ER:t > 1vat> -2} =1.

B6 dé 2.1 (Hernandez & Rodriguez-Marin,
2007)Chot € R,e € —intC va y € Y. Khi do,

Qe a(y) <t e yEte+a+intC;
Yea() St yeEte+a+(;
Yea) >t yéteta+C.

Néu chiing ta thay thé a bing mét tap con khong
rong AcY, ta s& duoc ham ¢.4:Y > RU
{—o0} nhu sau

Pea(y)=inf{t ER:yEte+ A+ C(C}, VY €Y.
Mot cich tuong duong, gea(y) = infp.q(y)
véimdiy €Y.
Tiép theo, ching ta s& mo rong ham Gerstewitz
cho hai tap con khac rong cia Y nhu sau

Ge():p(Y) X p(Y) — R U {0}
(4,B) » G.(A B) = sup{ga(b)}.
beB
Bo dé 2.2 (Zhang et al., 2009) Cho A 1a tap C-
dong va B 1a tap C-bi chan. Khi d6, ta co
G.(A,B) =min{t e R:Bcte+A+C(}.

B6 dé 2.3 (Zhang et al., 2009) Cho t € R, A la
tap C-dong va B la tap C-bi chan. Khi do, ta co

G.(A,B)<te Bcte+A+C.
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B dé 2.4 (Zhang etal., 2009) Gia st k, € intC,
AA,A;,BEp(Y),teR A A A, 1a tip C-dong
va B 1a tap C-bi chan. Khi do,

G.(A+¢cky,B) =G.(A,B) + ¢,Ve = 0;

G.(A,B +¢cky) = G.(A,B) — &,Ve = 0;
Néu A; < A,, thi G,(4,,B) < G,(A,,B);
G.(A,B)<t e Bcte+A+intC.

B6 dé 2.5 (Hernandez & Rodriguez-Marin,
2007) Cho A € g(Y). Khi d6, ham G, (-, 4) 1a ham
tang trén g (Y).

B6 dé 2.6 (Hernandez & Rodriguez-Marin,
2007) Cho A € p(Y) la mot tap C-dong. Khi do,
nhitng phat biéu sau day 1a dung

Néu A € [B] thi G,(4,B) = G,(B,A) = 0.
A < B khi va chi khi G,(4,B) < 0

DPinh nghia 2.6 (Hernandez & Rodriguez- -Marin,
2007) Cho ho cac tap con H c (Y). Mot ham so
T: (Y) — R U {400} duoc goi 1 ting trén H néu
A BeH vaiA<BtasuyraT(4) <T(B).

Vidu25ChoY =R,C =R, va H la ho cac
tap con compact trong R. Xétham T: p(R) — R U
{£ o0} duge x4c dinh béi T(A) = infA. Khido, T 1a
tang trén H.

3. NGHIEM TOI TIEU CUA BAI TOAN
TOI UU HOA PA MUC TIEU VOI YEU TO
KHONG CHAC CHAN

Cho X, Y, Z 1a cac khong gian vector to pd tuyén
tinh, C € Y 13 nén 16i, dong, co dinh va co phan
trong khac rong. Bai toan téi wu vector duoc xac
dinh ¢ dang
min

s.t.

(P) £

x €K

trong d6 f: X — Y 1a mot ham muyc tiéu va K C
X 12 mot tap chap nhan dugc. Bay gio, ching ta gia
sir thém rang ham muc tiéu f s& phu thugc vao yéu
t6 khong chic chin & duoc cho trong tap U c
Z\{@}, va s& duoc goi la tép diéu kién khong chic
chan. Nhu vay, bai toan t6i wu da muc tiéu khong
chic chin P(U) duogc cho bai mot ho {P(€): & € U}
clia c4c bai toan tdi wu & dang

P(§) min  f(x,$)
st. xe€K
trong d6 f : X xU — Y la mdt ham muyc ti€u va

K < X 1a mot tap chap nhan duoc.
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Xét ham da tri F: X 3Y duoc xac dinh boi
F(x) = fy(x) = {f(x,&):& € U}, v6i mdi x € X.

Pinh nghia 3.1 Cho bai toan t6i wu da muc tiéu
khong chic chan P(1). Biém x duoc goi 1a nghiém
t6i tiéu cua bai toan P(U) néu fy(x) < fy(X) voi
x € Ktasuyra fy(x) < fyy(x).

Vidu 31 Xét X =R, Y=27Z= R? xét C =
R2,U = [0,1] x [0,27]. Haim f: R X U — RZ x4c
dinh  boi f(x, &) = (&1 cosé, + x; &, siné, —x)
véi mdi x € Rva & = (&,&,) € U. Khi do,

F(x) ={f(x,&) = (§1cos & + x;&;siné, —x): &

= (£, &) U
={rLy2): (v —x)* + (y, +0)* < 1}
v
i i X
Cpommee- R AL
i X
S I el
.
Yl x xIx x-Ix 0 x

Béng cach kiém tra truc tiép ta thay rang tap
nghiém tdi tiéu cua bai toan 1a tap R.

Pinh Iy 3.1 Cho e € —intC. Xét bai toan P (1),
gia sir rang U 1a tap compact, fy,(x) co gia tri C-bi
chan, C-déng va C-chinh thuong trén X. Khi do, x €
X 1a mot nghiém t6i tiéu cua bai toan P(U) néu va
chi néu ham G, (., , fu(¥)) € M(9(Y),R) ting trén
oY) va véi mdi x € X néu Ju(x) € [fy(x)] thi
G (fy (), fu(¥)) =0; va néu ngugc lai thi
G.(fyy(x), fy (%)) > 0. Hon ntta, véi moi A € p(Y)
sa0 cho 4 < fy (%) ta ludn c6 G, (4, f,(x)) < 0.

Chtrng minh

(=) Gia str X 1a mot nghiém tdi tiéu cua bai toan
P(U).Ta cb dinh bat ky gié tri e € —intC. Ap dung
B6 dé2.5, tasuy raham G, (-, fu(X)) € M(p(Y),R)
tang trén (Y). Vi thé theo Bo dé 2.6 (a), chung ta
6 néu x€X, fy(x)c fu(®+C va fy(x)c
fu(x) + € thi G, (fy (x), fu (%)) = 0.
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Boi vi & 12 mot nghiém téi tiéu cua bai toan
P(U) v6i mdi x € X sao cho fu(x) € [fu(x)] taco
fu(@) % fu(®). Vi vay tir B6 dé 2.6 (b), ta dugc
Go(fy (@), fu(®) > 0. Tr A< fy(x) ta cd6 duge
Ge(4, fu(x)) < 0.

(&) Nguoc lai, néu nhimg diéu kién ding cho
ham G, khi d6 ta phai ching minh rang X la mét
nghiém to6i tiéu ctia bai toan P(U).

~ Gid sir nguoc lai, néu & khong la mot nghi¢m toi
tiéu cua bai toan P(U) khi d6 ton tai x' € X sao cho
fu@®) < fu(® nhung fy(%) £ fu(x), va do do
fu(x") & [fy(X)]. Theo gia thiét cua diéu kién can,
ta co G, (fy(x"), fu(¥)) > 0.

Mit  khac, vi fux) < fu(x) ta <6
Go(fyu(x"), fu (%)) < 0. bay la diéu vo 1y va dinh ly
duogc ching minh.

4. KET LUAN

Trong bai bao nay, chung t6i nghién ciru didu
kién cho nghi¢ém t6i tiéu ciia bai toan toi wu da muc
tiéu voi yéu t6 khong chic chin thong qua céc dic
trung ciia ham vo huéng hoéa phi tuyén dang
Gerstewitz. Cach tiép can va cac két qua dat dugc 1a
moi va khéc véi cac két qua da c6. Hon nira, ching
t6i cho rang véi nhing diéu chinh thich hop, phuong
phap v6 huéng hoa nay ciing co thé dung dé xem xét
diéu kién nghiém cho cac dang nghiém hitu hiéu
khac trong toi uwu khong chéc chan.
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